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АНОТАЦIЯ

Журавльов Ю.С. Метод ефективних форм-факторiв в квантових iнте-

гровних моделях. - Квалiфiкацiйна наукова праця на правах рукопису.

Дисертацiя на здобуття наукового ступеня доктора фiлософiї за спецiаль-

нiстю 01.04.02 ҡТеоретична фiзикаә (104 - Фiзика та астрономiя). - Iнститут

теоретичної фiзики iм. М. М. Боголюбова Нацiональної академiї наук Укра-

їни, Київ, 2024.

Ключовi слова: фiзика конденсованого середовища, квантовi iнтегровнi

системи, спiновi ланцюжки, нерiвноважна фiзика, транспорт в одновимiрних

системах, асимптотичний аналiз, метод форм-факторiв.

Дисертацiя базується на роботах [1,2,3], де розглядалися асимптотичнi

властивостi кореляцiйних функцiй одновимiрних квантових систем. Є кiлька

причин для вивчення одновимiрної квантової фiзики.

Перш за все, квантовi одновимiрнi моделi завжди привертали велику ува-

гу завдяки багатcтву математичних структур, якi виникали при дослiдженнi

їхнiх кореляцiйних функцiй, i завдяки можливостi дослiдження непертурба-

тивних явищ. Кульмiнацiєю цих розробок стало формулювання моделi Лат-

тiнжера, що є ефективною теорiєю поля при низьких температурах.

Ще одна причина є бiльш практичною. З розвитком експериментальних

технiк в екпериментах з холодними атомами було спостережено багато неочi-

куваних властивостей в поведiнцi одновимiрних квантових систем. Вiдмiтимо

роботу Kinoshita et al (2006), в якiй автори спостерiгали, що для системи хо-

лодних атомiв, обмежених рухатися лише в одному вимiрi, початково збурена

система не переходила до стану рiвноваги. Така поведiнка є типовою для iн-

тегрованих систем, якi мають багато iнтегралiв руху, що запобiгають терма-

лiзацiї системи. Зацiкавленiсть у нерiвноважнiй динамiцi або динамiцi високо

збуджених станiв стимулювала багато теоретичних дослiджень, що призвели

до виникнення нових концепцiй, таких як узагальненi ансамблi Гiббса, метод

квенч-дiї (quench action), узагальнена гiдродинамiка та iншi.

Одна з додаткових причин для дослiдження одновимiрних квантових си-

стем полягає у мiнiатюризацiї електронних пристроїв. Вважається, що одно-

го дня електричнi проводи можуть стати ефективно одновимiрними. Тому
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варто вивчати транспорт в одновимiрних системах. Одним iз найбiльш ди-

вовижних явищ у цiй областi є квантування провiдностi в квантових точко-

вих контактах. Теоретичне пояснення цього явища було зроблено за допомо-

гою формалiзму Ландауера-Бюттiкера, який пов’язує матрицю проходження

(transmission matrix) з провiднiстю. Xоча в елементарнiй теорiї тунелювання

ймовiрнiсть проходження визначається в стацiонарнiй постановцi задачi, було

також придiлено багато уваги нерiвноважному пiдходу до задачi транспорту.

Потужнi аналiтичнi методи, що включають технiку Келдиша для фун-

кцiї Грiна, були розробленi рiзними авторами. З точки зору одновимiрних

iнтегровних моделей, зацiкавленicть до подiбних проблем була спричинена

розглядом квантових квенчей (quantum quench). Останнi виникають в зада-

чах, в яких необхiдно знайти часову еволюцiю iзольованої квантової системи,

яка в початковий момент часу знаходиться в високонерiвноважному станi,

створеному або за допомогою швидкої змiни гамiльтонiана, або мiстить ма-

кроскопiчнi просторовi неоднорiдностi.

Щодо об’єкта дослiдження, увага в дисертацiї переважно зосереджується

на кореляцiйних функцiях. Основним пiдходом до обчислення кореляцiйних

функцiй в iнтегровних моделях є пряме пiдсумовування форм-факторiв у

спектральному розкладi. Обчислення кореляцiйних функцiй при cкiнченiй

температурi або, бiльш загально, в станах зi скiнченною ентропiєю дуже вiд-

рiзняється вiд вакуумного випадку через те, що форм-фактори як функцiї

вiд розмiру системи спадають експоненцiйно, а не степеневим чином. Тому

були розробленi рiзнi методи для розв’язання такого роду проблем, вклю-

чаючи квантовий метод матрицi переходу (transfer matrix), нелiнiйнi дифе-

ренцiальнi рiвняння, якi виводяться за допомогою задачi Рiмана-Гiльберта,

аксiоматичне визначення теплових форм-факторiв в iнтегровних квантових

теорiях поля, а також часткове пiдсумовування кiлькох частинково-дiркових

збуджень i видiлення найбiльш сингулярних частин форм-факторiв.

Дисертацiйна робота базується на трьох статтях. В [1] розглядався кван-

товий XY спiновий ланцюжок. Ця модель була розглянута вперше в Lieb et

al (1961) як окремий випадок моделi XYZ спiнового ланцюжка Гейзенберга

(Jx ̸= Jy ̸= 0, Jz = 0). Основним посиланням для ознайомлення з цiєю мо-

деллю є Izergin et al (2000), де автори вивели представлення кореляцiйної
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функцiї G(m) двох спiнових операторiв (m — вiдстань мiж ними) у термi-

нах рiзницi двох детермiнантiв Фредгольма. На основi цього результату на-

ми було розроблено метод асимптотичного аналiзу кореляцiйної функцiї для

випадку, коли вiдстань m прямує до нескiнченностi. Метод полягає у визна-

ченi ефективних форм-факторiв для одновимiрних граткових фермiонiв iз

довiльними фазовими зсувами. Далi вводиться тау-функцiя, що є рядом по

цим форм-факторам. З одного боку, було виконане точне пiдсумовування тау-

функцiї в термодинамiчнiй границi та представлено вiдповiдь за допомогою

детермiнантiв Фредгольма. З iншого боку, простi вирази для форм-факторiв

дозволили представити вiдповiднi ряди як iнтеграли вiд елементарних фун-

кцiй. Використовуючи цей пiдхiд, були переотриманi асимптотики статичних

кореляцiйних функцiй квантового XY ланцюжка при скiнченнiй температурi.

У [2] вивчалась модель одновимiрних непроникних енiонiв на гратцi. Ця

модель була введена Paţu (2015) як узагальнення моделi квантового XXO

спiнового ланцюжка. Автором знайдено двоточкову кореляцiйну функцiю

G(x, t) у термодинамiчнiй границi у виглядi рiзницi двох детермiнантiв Фре-

дгольма. Для опису поведiнки цiєї кореляцiйної функцiї, у випадку коли час

та вiдстань прямують до нескiнченностi, в дисертацiї був використаний пiдхiд

ефективних форм-факторiв. Вiдстань x та час t прямували до нескiнченностi

таким чином, щоб їх вiдношення залишалося постiйним x/t = const. Знайденi

асимптотичнi вирази вiдрiзняються в просторово-подiбнiй (x/t > 1) i часопо-

дiбнiй (x/t < 1) областях. Зокрема, у часоподiбнiй областi, окрiм експонен-

цiального спаду, спостерiгався додатковий степеневий множник. Було пока-

зано, що цей результат є унiверсальним, оскiльки вiн пов’язаний виключно

iз розривною поведiнкою функцiї фазового зсуву. При спецiальному значеннi

енiонного параметра, κ = 1, була переотримана асимптотика спiн-спiнових

динамiчних кореляцiйних функцiй у моделi квантового XXO спiнового лан-

цюжка.

У [3] дослiджувався транспорт в одновимiрних системах вiльних фермiо-

нiв пiд впливом довiльних локальних потенцiалiв. Була розглянута система,

що складається з двох частин. Умова, необхiдна для початку транспорту,

моделювалася початковим дуже нерiвноважним розподiлом, для якого, насе-

леною була лише половина системи. На додаток до цього, локальний потен-

5



цiал також раптово змiнювався, коли починався рух частинок. Для такого

квенч протоколу (quench protocol) було обчислено повну статистику пiдра-

хунку (Full Counting Statistics) кiлькостi частинок F(t) у частинi системи, що

початково була порожньою. У термодинамiчнiй границi F(t) була виражена

через детермiнант Фредгольма з ядром, яке залежить вiд даних розсiювання

та функцiй Йоста для потенцiалiв до квенча та пiсля. Була дослiджена асим-

птотика отриманого детермiнанта у випадку, коли час прямує до нескiнчен-

ностi. Було спостережено, що якщо два або бiльше зв’язаних стани присутнi в

спектрi потенцiалу пiсля квенча, то iнформацiя про початковий стан проявля-

ється у виглядi стiйких коливань F(t). Навпаки, коли зв’язаних станiв немає,

то асимптотична поведiнка F(t) визначається виключно даними розсiюван-

ня потенцiалу пiсля квенча. Асимптотичний струм, порахований як перший

момент F(t) для цього випадку, вiдтворює формулу ЛандауераҫБюттiкера.
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ABSTRACT

Yurii Zhuravlov The method of effective form-factors in quantum integrable

models. - Manuscript.

Thesis for the Doctor of Philosophy degree in specialty 01.04.02 łTheoretical

physicsž (104 - Physics and astronomy). ś Bogolyubov Institute for Theoretical

Physics of National Academy of Sciences of Ukraine, Kyiv, 2024.

Keywords: condensed matter physics, quantum integrable systems, spin

chains, non-equilibrium physics, transport in one dimensional systems, asymp-

totic analysis, form factor approach.

The thesis is based on papers [1,2,3], where asymptotic properties of correla-

tion functions of one dimensional quantum systems were considered. There are

several reasons to study one-dimensional quantum physics.

First of all, quantum one-dimensional models have always attracted a lot of

attention due to the rich mathematical structures, which appeared when their

correlation functions were studied, and due to the possibility to address non-

perturbative phenomena. The culmination of these developments resulted in the

formulation of the Luttinger model which is an effective field theory at low tem-

peratures.

Another reason is more practical. With the advancement of experimental tech-

niques in cold atom experiments, it was observed a lot of unexpected properties

in the behavior of 1d quantum systems. One of them is a remarkable result of

Kinoshita et al (2006), where the authors observed for the system of cold atoms

confined to move only in one dimension, that initially perturbed system did not

approach an equilibrium state. Such behavior is typical for integrable systems,

having a lot of conserved charges, which protect the system from thermaliza-

tion. The interest in the non-equilibrium dynamics or dynamics of highly excited

states motivated a lot of theoretical research resulting in new concepts such as

generalized Gibbs ensembles, the quench action, generalized hydrodynamics, and

others.

One more reason to study one dimensional quantum systems is due to minia-

turization of electronic devices. It is believed that one day, leads may become ef-

fectively one dimensional. That is why, one should study transport in 1d systems.
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One of the most remarkable phenomenon in this area is a quantization of conduc-

tance in quantum point contacts. Theoretical explanation of this phenomenon

was done using LandauerśBüttiker formalism, which relates transmission matrix

with conductance. Even though, according to the elementary theory of tunnel-

ing, the transmission probability is defined in a stationary setup, there was a

lot of attention related to the non-equilibrium approach to the transport. The

powerful analytic approaches involving Keldysh Green’s function techniques were

developed by different authors. From the point of view of the one-dimensional

integrable models, the attention to similar problems was renewed in the context of

the quantum quenches, which are specifically, understood as the evolution of the

isolated quantum system initialized in the highly non-equilibrium state created

either via the rapid change of the Hamiltonian or containing macroscopic spatial

inhomogeneities.

As for the object of study, we mainly focus on correlation functions. The main

approach to the correlation function in integrable models is a direct summation

of the form-factors in the spectral expansion. The computation of the correlation

functions at finite temperature, or more generally at finite entropy (density of

states) is very different from the vacuum case due to the different decay rate of the

form-factors with the system size (exponential vs power-law). Therefore, different

approaches were developed to tackle this kind of problems including Quantum

Transfer Matrix approach, non-linear differential equations, mainly based on the

RiemannśHilbert problem approach, the axiomatic definition of the thermal form-

factors in the Integrable Quantum Field Theories, as well as partial summations

of the few particle-hole excitations and extracting the most singular parts of the

form-factors.

The thesis is based on three papers. In [1] the quantum XY spin chain was

considered. The model was introduced in Lieb et al (1961) as a particular case of

the Heisenberg XYZ spin chain model (Jx ̸= Jy ̸= 0, Jz = 0). The main reference

for introducing into the subject is Izergin et al (2000), where authors derived a

presentation for correlation function G(m) of two spin operators (m is a distance

between them) in terms of a difference of two Fredholm determinants. Based on

this result we developed a method for asymptotic analysis of the correlation func-

tion for large distance m. We introduce effective form factors for one-dimensional
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lattice fermions with arbitrary phase shifts. We study tau functions defined as

series of these form factors. On the one hand we perform the exact summation

and present tau functions as Fredholm determinants in the thermodynamic limit.

On the other hand simple expressions of form factors allow us to present the cor-

responding series as integrals of elementary functions. Using this approach we

re-derive the asymptotics of static correlation functions of the XY quantum chain

at finite temperature.

In [2], we considered the one-dimensional impenetrable lattice anyons. The

model was introduced by Paţu (2015) as a generalization of the XXO quantum

spin chain model. The author found two point correlation function G(x, t) in

the thermodynamic limit in terms of a difference of two Fredholm determinants.

To describe large time and long distance behavior of these objects we used the

effective form factor approach. In our study, we considered large distance x and

large time t limit in such a way that its ratio remained a constant x/t = const.

The asymptotic behavior is different in the space-like (x/t > 1) and time-like

(x/t < 1) regions. In particular, in the time-like region we observed the additional

power factor on top of the exponential decay. We argued that this result is

universal as it is related to the discontinuous behavior of the phase shift function

of the effective fermions. At particular values of the anyonic parameter (κ = 1),

we recover asymptotics of spin-spin correlation functions in XXO quantum chain.

In [3], we studied transport in the free fermionic one-dimensional systems

subjected to arbitrary local potentials. We considered a system consisting of two

parts. The bias needed for the transport is modeled by the initial highly non-

equilibrium distribution where only half of the system is populated. Additionally

to that, the local potential is also suddenly changed when the transport starts.

For such a quench protocol we computed the Full Counting Statistics (FCS) of

the number of particles in the initially empty part. In the thermodynamic limit,

the FCS was expressed via the Fredholm determinant with the kernel depending

on the scattering data and Jost solutions of the pre-quench and the post-quench

potentials. We studied the large-time asymptotic behavior of the obtained deter-

minant and observed that if two or more bound states are present in the spectrum

of the post-quench potential the information about the initial state manifests it-

self in the persistent oscillations of the FCS. On the contrary, when there are
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no bound states, the asymptotic behavior of the FCS is determined solely by

the scattering data of the post-quench potential, which for the current (the first

moment) is given by the LandauerśBüttiker formalism.
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Introduction

Actuality of theme.

This thesis is based on the papers [1, 2, 3] and devoted to the study of correla-

tion functions in one dimensional quantum integrable systems. Below, we present

a few key directions in this area and also review existing methods for computation

and asymptotic analysis of correlation functions.

There are several reasons to study quantum one dimensional systems. One

of them originates from the richness of mathematical structures of quantum in-

tegrable systems. The exact solvability of such systems allows to study non-

perturbative effects. Let we say more about methods used in this area. The main

subject of the study is correlation functions. Their computations can be divided

into several steps. First of all, we mention the algebraic and coordinate Bethe

ansatz which allow one to find spectrum and wave functions [4] and analytically

address the thermodynamic properties of these systems [5]. The second step is

usually devoted to the computation of the matrix elements of physical operators.

They can be found analytically in many cases [6, 7, 8, 9], but the computation of

correlation functions, which is presented as a form factor series, still remains quite

challenging. For the vacuum correlation functions there are effective numerical

methods based on integrability [10]. The asymptotic behaviour of the correlation

functions can be investigated by means of effective field theory (Luttinger liquid)

[11]. The origin of this behavior has been linked to the finite-size scaling of the

matrix elements computed by means of the Bethe Ansatz [12, 13, 14, 15, 16]. For

dynamical correlation functions based on this approach the corresponding effec-

tive field theory bears the name of non-linear Luttinger liquid [17, 18, 19]. At

finite temperature, or more generally at finite entropy (density of states), both the

numerical and field theory approaches experience some difficulties. In the numer-

ical approaches one has to scan a much larger portion of Hilbert space to saturate

the sum rules, as the form-factors (matrix elements of the physical operators)

decay exponentially with the systems size contrary to the power-law decays at
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zero temperatures (see for instance [20, 21]). The field theory approach is based

mainly on the linear spectrum for the soft modes (low-energy excitations) which

is valid only for very low temperatures [22, 23]. A more rigorous approach was

developed to evaluate finite temperature correlation function in integrable lattice

models of YangśBaxter type, based on the Quantum Transfer Matrix (QTM) [24].

The notion of the thermal form factor was introduced [25], which turned out to be

useful for the asymptotic analysis of two-point correlation functions [25, 26, 27].

In the scaling limit, thermal form factors also arise axiomatically in the context of

Integrable Quantum Field Theory [28, 29, 30, 31, 32, 33, 34, 35, 36]. Less rigorous

but numerically accurate approaches are based on the thermodynamic limit of the

form-factors and restricting summation to a finite number of particle-hole pairs

[37, 38, 39, 40].

Another reason to study one dimensional quantum systems is motivated by

the development of experimental techniques, where usually a system somehow

becomes confined to move only in one dimension. For instance, in cold atom

experiments [41, 42, 43]. It is hard not to mention the work [44], where authors

observed that the considered system of cold atoms initially disturbed out of min-

imum did not tend to the equilibrium state even after a very long time. Such

experiments boosted the interest in the non-equilibrium dynamics or dynamics

of highly excited states and motivated a lot of theoretical research resulting in

new concepts such as generalized Gibbs ensembles, the quench action [45, 21],

generalized hydrodynamics (GHD) [46, 47, 48], and others. Another big area of

experiments deals with the transport in one dimensional quantum systems. There

is a remarkable phenomenon ś quantization of the conductance [49] of the elec-

tric current through the quantum point contact. The theory which explains such

phenomena called LandauerśBüttiker formalism [50, 51, 52]. It directly allows

one to express the conductance in terms of the transmission matrix, this way

relating transport and quantum properties [53, 54]. From the point of view of

the one-dimensional integrable models the attention to transport problems was

renewed in the context of the quantum quenches, which are specifically, under-

stood as the evolution of the isolated quantum system initialized in the highly

non-equilibrium state created either via the rapid change of the Hamiltonian or

containing macroscopic spatial inhomogeneities [55, 56, 57, 58, 59]. The latter is
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more pertinent to the quantum transport setup and is dubbed as the partition

approach [60, 61]. The large-time behavior of such systems can be described by

the generalized hydrodynamics [62, 46], which allows one to get analytic treat-

ment of the non-equilibrium steady currents, describe anomalous diffusion, and

address the correlation functions (for review see the special issue [63]).

The dissertation is devoted to the study of correlation functions in one di-

mensional quantum systems. More precisely, it focuses on derivation of exact

expressions for correlation functions and asymptotic analysis of them in the ther-

modynamic limit (size of the system goes to infinity). We develop a new method

called the effective form factor approach, which allow one to study asymptotics

of the correlation functions presented in terms of Fredholm determinants.

Scientific programs, plans, topics, grants related to the dissertation.

The dissertation work was carried out in the Department of Mathematical

Methods in Theoretical Physics of Bogolyubov Institute for Theoretical Physics

of the National Academy of Sciences of Ukraine within the framework of the aca-

demic theme "Symmetries, deformations and integrability in models of quantum

fields and particles", state registration number in UkrINTEI 0117U00023 (2017 -

2021) and also "Deformation and symmetry aspects and integrability and exact

solvability of quantum physics models", state registration number in UkrINTEI

0122U000888 (2022-2026).

In addition, the works included in the thesis were partially supported by

the National Research Foundation of Ukraine grant 2020.02/0296 "Equilibrium

and non-equilibrium processes in quantum integrable models in condensed matter

physics" (2020 - 2021, 2023).

The purpose and objectives of the research.

The objectives of this thesis address equilibrium and non-equilibrium processes

in one dimensional quantum systems. The main peculiarity of these systems is

that the standard methods usually cannot be applied there. For instance, the

Landau Fermi-liquid theory that describes fermions in 3D is not applicable for

one-dimensional quantum systems. Instead, one has to introduce Tomonagaś

Luttinger theory, along with new mathematical methods such as bosonization

and soft-modes summation. The applicability of the Tomonaga-0Luttinger the-

ory and its various generalizations to the description of the specific physical one-
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dimensional systems is of interest to many groups in the world and presents the

main direction of the thesis. The thesis is focused mainly on quantum integrable

systems. Integrability allows us to advance in the exact computations and ad-

dress nonperturbative regimes. Even when it is impossible to perform analytic

calculations to the very end, the intermediate results significantly facilitate nu-

merical calculations and asymptotic analysis. The exact computations require

application of the modern algebraic and analytical mathematical methods: two-

dimensional conformal field theory, the nonlinear steepest descent method in the

matrix RiemannśHilbert problem, combinatorial methods of the form factor sum-

mations etc. The necessity to apply these mathematical methods to specific phys-

ical problems naturally brings yet another goal of this thesis Ð the improvement

and expansion of the methods themselves. The obtained results are expected to

be important both for physical applications and pure mathematics.

Object of the research is equilibrium and non-equilibrium processes in one

dimensional quantum integrable systems.

Subject of the research is correlation functions and its asymptotics for the one

dimensional quantum integrable systems, which allows one to study static and

dynamical properties of the system.

Methods of the research.

We use a synthesis of various mathematical methods. In particular, we em-

ploy methods for summing form-factors in quantum models associated with free

fermions (XY model, impenetrable bosons, etc.). The result of such summations

consists in the presentation of the correlation functions as Fredholm determinants.

Our main method to find the asymptotic behavior of the correlation functions

consists in the direct extraction of it from the form-factor series in the finite sys-

tem. However, the number of summands in the form-factor series for correlation

functions at finite temperature or in the non-equilibrium setup is increased expo-

nentially with the system size. Therefore, in this thesis, we develop an alternative

method that modifies form factors but reduces the sums to the vacuum case, this

way simplifying the form factor summation. Finally, to check predictions for cor-

relation function in integrable models we use numerical methods based on [64],

which allow one to compute Fredholm determinants directly via discretization

procedure.
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Scientific novelty of the obtained results.

The following original results were obtained in the dissertation:

• The method of effective form factors was introduced and applied to the study

of asymptotics of correlation functions in different quantum one dimensional

models.

• In particular, it was re-derived asymptotics for correlation functions in the

XY model and more general asymptotics of Toeplitz determinants with

continuous symbol having arbitrary integer winding number.

• Additionally, it was obtained asymptotics of the correlation functions in

the anyonic model for large time and distance in time-like and space-like

regimes. In the time-like regime, the effective phase ν(p) becomes discon-

tinuous. We developed regularization procedure and obtained additional

power-law prefactor on top of the exponential decay.

• We derived the Full Counting Statistics for the 1d transport via an arbi-

trary defect from the first principles. The answer was expressed via the

Fredholm determinant. Large-time asymptotic behavior of the obtained

Fredholm determinant was reduced to the determinant of the sine-kernel

type. The answer depends only on the transmission coefficient of the post-

quench potential, while traces of the original state are present only as the

energy distribution. When there are two or more bound states present in the

spectrum of the post-quench potential, the FCS gets persistent oscillating

behavior.

Personal contribution of the PhD candidate.

In work [1], it was found finite-size scaling of the effective form factors for neg-

ative values of the winding number δ, having the form very similar to the work

of [65]. It was obtained the relation between two representations of G(m), the

first one as the difference of two Fredholm determinants and the second one as

the single Fredholm determinants. Obtained analytical formulas for asymptotics

of correlation functions G(m) was presented in a convenient way for compar-

ing with existing results [66, 65]. For values of the winding numbers δ > 1, it

was performed a summation of the tau function in the Fredholm determinant.
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Using discretization methods for computing Fredholm determinants [64], it was

performed numerical checks for the obtained analytical formulas for correlation

function G(m) for different values of the winding number δ = 0,±1.

In work [2], it was rewritten the answer obtained in [67] for the correlation

function in the anyonic model in a way convenient for using the effective form

factor approach. It was observed that solutions of the equation for phase shift

ν(p) may have discontinuities for large time and distance in the time-like regime.

It was developed a regularization procedure for singular solutions of the equation

for phase shift ν(p), which led to the additional power law behavior of the cor-

relation function. Using generalization of the steepest descent method, namely

Watson‘s lemma, the integral over holes was performed in the time-like regime.

The obtained formula was compared with [68], where a similar result was obtained

for the correlation function of the XX model. Numerical checks was performed

for the obtained analytical formulas for correlation function G(x, t) in space-like

and time-like regimes.

In work [3], it was observed that introducing Green’s function G(x, y, t) dras-

tically simplifies taking thermodynamic limit for the full counting statistics. For

comparison, one can read Appendices F and G, where the similar computations

is done but without introducing the Green’s function. The case of two delta po-

tential barrier was analyzed, where by properly setting parameters two bounded

states may appear. In this case, it was observed that the current through the

barrier and the full counting statistics oscillate with the frequency proportional

to the difference of the energies of the bounded states. Numerical checks was

done for the full counting statistics, showing that it can be approximated by the

Fredholm determinant with more simple kernel, namely sine kernel.

Practical significance of the obtained results. The results obtained in

the dissertation can be used in the study of dynamical properties of quantum

systems as an alternative to the existing methods such as the Riemann-Hilbert

approach, thermodynamic Bethe ansatz, the Luttinger liquid theory etc. The

main advantage of the effective form factor approach is its relative simplicity

compared to the existing methods.

Approbation of the results of the dissertation. The results highlighted

in the dissertation were presented at the seminars of Bogolyubov Institute for
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Theoretical Physics of the NAS of Ukraine, as well as on international conferences

held in Kyiv, see Appendix J.

Publications. The results of this dissertation are presented in 3 journal

publications [1, 2, 3], see also Appendix I.

Structure of the dissertation. The dissertation consists of an introduction,

3 chapters corresponding to logically completed stages of research, conclusions,

bibliography, which contains 182 references and 10 appendices. The dissertation

includes 10 figures. The total volume of work is 159 pages of printed text.
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Chapter 1

Effective free-fermionic form factors and the XY

spin chain

1.1 Introduction

This chapter is based on [1], where we developed a heuristic approach to address

correlation functions at finite density of states. Our main motivating example is

the XY spin chain in a transverse magnetic field. On one hand it allows to get

exact answers for spin-spin correlation functions in terms of Toeplitz or Fredholm

determinants and on the other hand matches the complexity of generic systems.

As we have mentioned above, this complexity is combinatorial in nature and re-

ŕects the fact that each form factor for the thermal states is exponentially small

so the number of relevant form factors is exponentially large. This makes direct

computation of the corresponding sum for the correlation functions notoriously

difficult and force researchers to focus at most on the two particle-hole excita-

tions [37, 38, 39, 40], consider semiclassical approximations [69] or develop other

approximation schemes [70, 71].

We deal with this problem in a different manner. Namely, to describe the spin-

spin correlation function evaluated on a state with finite density of entropy (en-

ergy) we introduce effective form factors for the fermions with the modified phase

shift that absorbs information about the state and significantly simplifies com-

binatorics of excitations making it essentially analogous to the zero-temperature

case. Here we have to emphasize that the expressions of form factors was inspired

by the XX spin chain [72, 73, 74, 75], rather than genuine spin form factors in the

Ising/XY models [76, 77, 78, 79, 80].

We focus on the static correlation functions for which we demonstrate that af-

ter complete summation of the effective form factors series and taking the thermo-

dynamic limit the answer can be presented in the form of Fredholm determinants.
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For the proper choice of the phase shift the kernels in the Fredholm determinants

differ from the exact ones [75] by the exponentially small (in distance between

spin operators) terms. Conversely, by first taking the thermodynamic limit of the

effective form factors and then performing their summation we manage to present

the Fredholm determinants as integrals of elementary functions. This kind of

asymptotic behavior for models in the continuum (not the lattice) arises similarly

from the solution of the RiemannśHilbert problem for operators acting on the

whole real line [81]. This asymptotics was conjectured to be universal for corre-

lation functions of any gapless model of statistical mechanics at any temperature

and for an arbitrary coupling constant [82].

An important ingredient for our asymptotic analysis is the winding number of

the state-dependent phase shift ν(q) defined as the difference across the Brillouin

zone, namely

ν(+π)− ν(−π) = δ ∈ Z. (1.1)

We recover the correlation length in the lattice version of the asymptotics in Ref.

[82] at δ = 1 and additionally give an analytic expression for the prefactor. For

δ = 0 and δ = ±1 we derive asymptotic behavior for the correlation function in

the XY spin chain at finite temperature and compare it with the known answer

[66]. Different winding numbers correspond to different values of the magnetic

field and anisotropy. The winding number |δ| ≥ 2 does not have a direct physical

interpretation in this model, but we perform the asymptotic analysis anyway

and find the results consistent with the generalization of Szegő formulas [65].

Moreover, we have observed a peculiar identity between Toeplitz determinants

and Fredholm determinant of sine-kernel type with finite rank, which, to the best

of our knowledge, is new

det
(
1 + Ŝν + δV̂ν

)
− det

(
1 + Ŝν

)
= det

1≤j,k≤x
Tj−k, (1.2)

where the operators Ŝν and δV̂ν are generalized sine-kernels that act on L2([−π, π])
and are defined by their kernels

Sν(p, q) =
e2πiν(p) − 1

2π
ei(p−q)/2

sin x(p−q)
2

sin p−q
2

, (1.3)

δVν(p, q) = −e
2πiν(p) − 1

2π
e−ix(p+q)/2, (1.4)
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and

Tk = − 1

2π

π
ˆ

−π

dφ e−i(k−1)φ+2πiν(φ). (1.5)

Notice that the right hand side of this formula can be also be presented as a

Fredholm determinant but with modified shifted ν(k) [83]. For ν(q) corresponding

to the XY spin chain Eq. (1.2) gives different representations of the spin-spin

correlation function, the left hand side was obtained in [75] and the right hand

side in [84, 66].

The chapter is organized as follows. In Sec. 1.2 we define the tau function

together with the effective form factors and outline the derivation of the Fredholm

determinant presentation resulting from the summation of form factors. The

details of this derivation are presented in Appendix A. In Sec. 1.3 we study the

thermodynamic limit of the form factors and argue for an explicit presentation of

the form factors series as integrals of elementary functions. All necessary technical

results are given in Appendices B and C. Sec. 1.4 deals with the application of

the general formulas to the XY spin chain. In Sec. 1.5 we discuss connection of

the general result to the Toeplitz determinant and relations such as Eq. (1.2).

Sec. 1.6 concludes the chapter and offers an outlook.

1.2 Effective form factors

We start with the formal definition of the static correlation function (tau function),

as a form-factor series

τ(x, t) ≡
∑

q

|⟨k|q⟩|2e
−ix(

N+1∑
i=1

ki−
N∑
i=1

qi)
, (1.6)

here the ordered set k = {k1, . . . kN+1} consists of N+1 distinct shifted momenta

inside the Brillouin zone (ki ∼ ki + 2πn, n ∈ Z) each being a solution of the

transcendental equation

eikL = e−2πiν(k) (1.7)

for a smooth function ν(k). This function plays the role of the phase shift and is

assumed to be compatible with the Brillouin zone structure, i.e.

ν(π)− ν(−π) = δ ∈ Z. (1.8)
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The integer δ is the winding number (index). One can easily argue that the

number of solutions of Eq. (1.7) is L+ δ, each root defined up to O(1/L2) terms.

The set q = {q1, . . . , qN} is an ordered set of N distinct solutions of equation

eiqL = 1. (1.9)

Motivated by the spin form factors for quantum XY chain written in the XXO

basis [75], we postulate the following form-factor

|⟨k|q⟩|2 = − 4L
N+1∏
i=1

(1 + 2π
L ν

′(ki))

(
N+1∏

i=1

eg(ki)/2 sin πνi
L

)2 N∏

i=1

e−g(qi)(detD)2, (1.10)

where detD is a trigonometric Cauchy type determinant that can be presented

in two equivalent forms

detD =

∣∣∣∣∣∣∣∣∣∣

cot k1−q12 . . . cot kN+1−q1
2

... . . . ...

cot k1−qN2 . . . cot kN+1−qN
2

1 . . . 1

∣∣∣∣∣∣∣∣∣∣

=

N+1∏
i>j

sin
ki−kj

2

N∏
i>j

sin
qj−qi
2

N+1∏
i=1

N∏
j=1

sin
ki−qj
2

. (1.11)

Furthermore, since we do not specify the specific operator we will sometimes refer

to Eq. (1.10) as to the overlap, and use this term interchangeably with form

factor.

We assume that the index is of order δ ∼ O(1) as both the system size and the

number of particles are approaching the thermodynamic limit N → ∞, L → ∞
such that N/L = 1. In this case, the summation over q can be performed exactly

(see Appendix A) and the result for the tau function reads

τ(x)
N→∞
= det(1 + V̂ + δV̂ )− det(1 + V̂ ), (1.12)

where the determinants are taken in the space L2(S1) and the corresponding

operators are defined by their kernels

V (k, q) =
sin2(πν(k))

4π
eg(k)e−i(k+q)x/2ei(k−q)/2

E(k)− E(q)

sin k−q
2

, (1.13)

δV (k, q) = −2

π
sin2(πν(k))eg(k)e−i(k+q)x/2, k, q ∈ [−π, π) (1.14)
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with

E(k) =

π
ˆ

−π

dq

π
e−g(q)+iqx cot

q + i0− k

2
− 4ie−g(k)+ikx

e−2πiν(k) − 1
. (1.15)

The diagonal terms k = q are understood as in L’Hopital’s limiting procedure.

Further, we impose the relation

e−g(k) = e−2πiν(k) − 1. (1.16)

to present tau function as

τ(x) = det(1 + Ŝν + δV̂ν + R̂)− det(1 + Ŝν + R̂) (1.17)

with Ŝν being a generalized sine-kernel

Sν(k, q) =
e2πiν(k) − 1

2π
ei(k−q)/2

sin x(k−q)
2

sin k−q
2

, (1.18)

δV (k, q) = −e
2πiν(k) − 1

2π
e−ix(k+q)/2. (1.19)

This way, the remainder R̂ = V̂ − Ŝν consists of integrals in Eq. (1.15), which are

exponentially suppressed1 for large and positive x. Let us call the tau function

with discarded R̂ as τS, namely

τS(x) = det(1 + Ŝν + δV̂ν)− det(1 + Ŝν). (1.20)

This particular generalization of the sine-kernel is contained in the prefactor

(e2πiν(k) − 1) and allows one to describe a modification of the system from the

vacuum state for which ν(q) is constant within the arc k ∈ [−kF , kF ] and zero

everywhere else, to the finite-entropy state, where, for instance, for the thermal

state of the fermionic system the prefactor would be proportional to the single-

particle Fermi distribution function2. In Sec. 1.4 we relate this type of kernel to

the static spin-spin correlations in the XY chain. Then ν(k) will depend not only

on the state but also on the parameters of the model.

1We assume that exp(−2πiν(q)) is an analytic function within some vicinity of the real line.
2See, for instance the discussion in Appendix A in Ref. [85].
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1.3 Thermodynamic limit and direct summation

of form factors

1.3.1 Winding number δ = 1

In the previous section, we considered the summation of the form factor series and

subsequent taking of the thermodynamic limit. This leads to the presentation of

the tau function as a Fredholm determinant. The essence of this derivation,

which is outlined in Appendix A, is that each momentum qi ∈ q was treated

independently. In this section, we focus more on the detailed structure of the

ordered sets q in the sum of Eq. (1.6). The total number of solutions of the

equation eiqL = 1 inside the Brillouin zone is L, which can be presented as

qj =
2π

L

(
−L+ 1

2
+ j

)
, j = 1, 2, . . . , L. (1.21)

As we have already pointed out above, the number of solution of Eq. (1.7), depends

on the winding number δ. In particular, for δ = 1 there exist exactly L + 1

solutions inside the Brillouin zone

kj =
2π

L

(
−L+ 1

2
+ j − νj

)
, νj = ν(kj) ≈ ν(qj), j = 1, . . . , L+ 1. (1.22)

If we choose the set k = {k1 . . . , kL+1} in Eq. (1.6) then summation over q will

only involve one term q = {q1, . . . qL}. In the large L limit the corresponding

overlap reduces to a constant which is slightly counterintuitive from the orthogo-

nality catastrophe point of view [86]. The explicit value of this constant is given

by Eq. (C.11). The difference of momenta in Eq. (1.6) can be evaluated in the

large L limit as

∆P ≡
L+1∑

i=1

ki −
L∑

i=1

qi ≈ π −
π
ˆ

−π

ν(q)dq. (1.23)

Combining these observations together we obtain explicit equality for the Fred-

holm determinants in Eq. (1.12), and approximation for the generalized sine-

26



kernel

τS(x) ≈ τ(x) = exp


−iπx+ ix

π
ˆ

−π

ν(q)dq




× exp


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)− (q − k)/2π

2 sin q−k
2

]2
 . (1.24)

It is interesting to note that only the periodic (i.e. having winding number δ = 0)

part of ν(q) has entered the final answer.

1.3.2 Winding number δ = 0

For δ = 0 we proceed similarly to the previous subsection. This time however

the maximal possible number of the ki ∈ k is L, so the maximal set q consists of

N = L−1 momenta. There are exactly L such sets and they can be parameterized

by the position of the łholež

q(a) = {q1, . . . , qa−1, qa+1, . . . , qL}, a = 1, 2, . . . , L. (1.25)

The overlap is given by

|⟨k|q(a)⟩|2 = A[qa]e
g(qa)

L

[
Γ(L− a+ 1− νa)Γ(a+ νa)

Γ(L− a+ 1− ν+)Γ(a+ ν+)

]2(
π + qa
π − qa

)2ν+−2νa

.

(1.26)

The derivation can be found in Appendix C.3 along with the explicit expression

for A[qa] (see Eq. (C.25)). For a ∼ L and L− a ∼ L the last two factors cancel

each other, which yields the following explicit expression

|⟨k|q(a)⟩|2 = e−2πiνa − 1

L

× exp


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)

2 sin q−k
2

]2
−

π
ˆ

−π

ν(q) cot
q − qa + i0

2
dq


 . (1.27)

On a technical side, we have used a variation of SokhotskiśPlemelj formula

 π

−π
ν(q) cot

q − k

2
dq =

ˆ π

−π
ν(q) cot

q − k + i0

2
dq + 2πiν(k), (1.28)

27



to transform the integral in the exponential. For a ∼ 1 and L−a ∼ 1, the overlap

is still O(1/L), so we can replace the sum in tau function Eq. (1.6) by an integral

τ(x) = e
−ix

L∑
j=1

(kj−qj) L∑

a=1

|⟨k|q(a)⟩|2e−ixqa = T0(x)Y0(x) (1.29)

with

T0(x) = exp


ix

π
ˆ

−π

ν(q)dq − 1

2

π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)

2 sin q−k
2

]2
 , (1.30)

and

Y0(x) =

π
ˆ

−π

dk

2π
(e−2πiν(k) − 1)e−ikx exp


−

π
ˆ

−π

ν(q) cot
q − k + i0

2
dq


 . (1.31)

Equivalently we may re-write Y0(x) as a contour integral in the variable z = eik

Y0(x) =
1

2πi

˛

C>

dz

z
(e−2πiν(k) − 1)z−xS(z), (1.32)

where the contour C> is a circle centered at the origin with slightly larger than

unit radius and

S(z) = exp


i

π
ˆ

−π

dq ν(q)
z + eiq

z − eiq


 . (1.33)

We assume that ν(q) is non-singular in the region of integration, thus S(z) is

holomorphic outside the unit circle on the Riemann sphere, so the asymptotic

for large positive integers x is defined by the analytic behavior of ν(k) in the

upper-half plane. For example, if e−2πiν(k) is a meromorphic function (of z = eik)

outside the unit circle in the complex plane having simple poles at z1, z2, . . . ,

with 1 < |z1| < |z2| < · · · , then for large x the leading contribution comes from

the smallest pole

Y0(x) ≈ −z−x−1
1 S(z1) resz=z1 e

−2πiν(k), z = eik. (1.34)

Applying this formula together with Eq. (1.30), we have an asymptotic expression

for the sine-kernel Fredholm determinant for δ = 0

τS(x) ≈ τ(x) ≈ −T0(x)
zx+1
1

S(z1) resz=z1 e
−2πiν(k). (1.35)
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Remark. Notice that even for δ = 1 one could have chosen k = {k1, . . . kL}.
This would not affect the derivation of the Fredholm determinants, but instead

of one term in the form factor series as in the previous section, we still get a sum

of L terms. Using Appendix (C.3) and specifically Eq. (C.27), we obtain

τ(x) = e
−ix

L∑
j=1

(kj−qj) L∑

a=1

|⟨k|q(a)⟩|2e−ixqa = τδ=1(x)

×
L∑

a=1

eixπ−ixqa
sin2(πνa)

π2
e2F (qa)+g(qa)

e2F (π)+g(π)

[
Γ(L− a+ 1− νa)Γ(a+ νa)

Γ(L− a+ 2− ν+)Γ(a+ ν+)

]2
. (1.36)

Here, by τδ=1(x) we mean the r.h.s of Eq. (1.24). Notice that contrary to the

δ = 0 scenario, the middle parts a ∼ L and L−a ∼ L, are suppressed as 1/L2, so

their contributions are negligible as L→ ∞. The soft-modes at the edges a≪ L

and L− a≪ L now start to play more important role because the corresponding

overlaps are O(1). The prefactor in front of the Gamma functions simplifies to

one and the whole series reads

τ(x) = τδ=1(x)
sin2(πν−)

π2

L∑

a=1

[
Γ(L− a+ 1− νa)Γ(a+ νa)

Γ(L− a+ 2− ν+)Γ(a+ ν+)

]2
+O(1/L). (1.37)

In order to compute this sum in the L→ ∞ limit we expand it at the edges and

then perform the summation of the simplified expression extending the upper

limit to infinity. Namely, the asymptotics

Γ(L− a+ 1− νa)Γ(a+ νa)

Γ(L− a+ 2− ν+)Γ(a+ ν+)
=




(a+ ν−)−2 , a≪ L

(L− a− ν−)−2 , L− a≪ L
, (1.38)

leads to

τ(x)

τδ=1(x)
=

sin2(πν−)

π2

( ∞∑

a=1

1

(a+ ν−)2
+

∞∑

a=0

1

(a− ν−)2

)

=
sin2(πν−)

π2

∞∑

a=−∞

1

(a+ ν−)2
= 1. (1.39)

This way we restore the correct result even in the different formulation of the

form-factor series.
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1.3.3 Negative winding number δ < 0

Let us consider δ = 1− n for positive integers n ∈ Z>. The maximal number of

solutions of Eq. (1.7) is ℓ = L+ δ. We choose all of them to comprise our set k

k = {k1, . . . kℓ}, ki =
2π

L

(
−L+ 1

2
+ i− νi

)
. (1.40)

The set qa1,...an is obtained from the complete set q in Eq. (1.21) by the omission

of the łparticlež (creating a łholež) at positions qai

qa1,...an = {q1, . . . q̂a1, . . . q̂an, . . . qL}. (1.41)

The total difference of momenta for such a state reads

∆Pa1,...an =
ℓ∑

i=1

ki −
L∑

i=1

qi +
n∑

i=1

qai ≈ δπ −
π
ˆ

−π

ν(q)dq +
n∑

i=1

qai. (1.42)

The corresponding overlap is analyzed thoroughly in Appendix C.4 for ai ∼ L,

L− ai ∼ L. It gives the following contribution to the tau function (1.6)

e−ix∆Pa1,...an |⟨k|qa1,...an⟩|2 = Aδ[ν]
n∏

i>j

(
2 sin

qai − qaj
2

)2 n∏

i=1

Yai, (1.43)

where

Aδ[ν] = exp


ix

π
ˆ

−π

ν(q)dq − ixδπ




×


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)− (q − k)δ/(2π)

2 sin q−k
2

]2
 (1.44)

and

Ya = −4
sin2(πν(qa))

L

× exp


−ixqa + g(qa)−

π
 

−π

dq
(
ν(q)− δ

q

2π

)
cot

q − qa
2


 . (1.45)
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In order to evaluate the tau function we proceed similarly to Ref. [87, 88] (see

also [89]). First, we notice that one can present the product of sines in (1.43) as

Vandermonde determinants

n∏

i>j

(
2 sin

qai − qaj
2

)2

=
n∏

k>j

(
eiqak − eiqaj

)(
e−iqak − e−iqaj

)

= det
1≤j,k≤n

(ei(j−1)qak ) det
1≤j,k≤n

(e−i(j−1)qak )

= εj1...jnεj′1...j′ne
i(j1−j′1)qa1 . . . ei(jn−j

′
n)qan , (1.46)

where εj1...jn is a completely antisymmetric tensor; the summation over repeated

indices is implied. This expression is an almost factorized, so in the second step

we render summation over qai to be independent, namely

∑

qa1<···<qqn

=
1

n!

∑

qa1

· · ·
∑

qan

. (1.47)

This immediately allows us to write the tau function (1.6) in the thermodynamic

limit

τ(x) = det
1≤j,k≤n

[Yδ(x+ j − k)]×

exp


ix

π
ˆ

−π

νδ(q)dq −
1

2

π
ˆ

−π

dq

π
ˆ

−π

dk

[
νδ(q)− νδ(k)

2 sin q−k
2

]2
 , (1.48)

where νδ(q) ≡ ν(q) − (q + π)δ/(2π) has zero winding number and Yδ(x) stands

for

Yδ(x) =

π
ˆ

−π

dq

2π

(
e−2πiν(q) − 1

)
×

exp


−i(x− δ)q + iδπ −

π
ˆ

−π

dkνδ(k) cot
q − k + i0

2


 . (1.49)

The integral has been transformed using identities such as Eq. (1.28) to facilitate

finding asymptotic behavior at large positive x. Indeed, the exponential is an

analytic function, so after the proper deformation of the integration contour it
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can be dropped. This way, we demonstrate that, in fact, Yδ(x) depends only on

νδ(x), namely

Yδ(x) =

π
ˆ

−π

dq

2π
e−2πiνδ(q) exp


−ixq −

π
ˆ

−π

dkνδ(k) cot
q − k + i0

2


 . (1.50)

Let us emphasize that Eq. (1.48) gives the exact answer for the Fredholm deter-

minants (1.12). The asymptotic behavior for large x will give also asymptotics for

the generalized sine-kernel determinants (1.20). Similar to the treatment of the

δ = 0, the asymptotic expansion of Yδ(x) is connected with analytic properties of

ν(q). Let us assume that the first n leading terms are given by

Yδ(x) = A1e
−κ1x + · · ·+ Ane

−κnx + o(e−κnx), |κi| ≤ |κi+1|. (1.51)

Then the leading order of the determinant reads

det
1≤j,k≤n

[Yδ(x+ j − k)] ≈
n∏

i=1

Aie
−κix

n∏

i>j

(
2 sinh

κi − κj

2

)2

. (1.52)

For n = 1 we reproduce the results from the previous subsection.

1.3.4 Positive winding numbers δ > 1

For δ > 1, similar to δ = 1, we can keep the maximal available number of

ki ∈ k, so the r.h.s sum in Eq. (1.6) consists of one term, which is of order

O(1/L). This means that the corresponding Fredholm determinants in Eq. (1.12)

vanish identically. The reason for this can already be seen before going into the

thermodynamic limit. Namely, first we notice that the matrix Aij in Eq. (A.10)

can be considered on the full set of momenta k = k1, . . . kL+δ, which will not

change the determinant’s limiting value

lim
L→∞

det
1≤i,j≤L+δ

Aij = det(1 + V̂ ). (1.53)

But since Aij has the form of Eq. (A.8) which can be schematically written as

Aij =
L∑

k=1

φqk(ki)ϕqk(kj) (1.54)
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for some functions φ and ϕ. This means that the rank of this matrix is maximally

L and addition of the rank one matrix δV can increase the rank to at most L+1.

Therefore, for δ > 1

det(1 + V̂ ) = det(1 + V̂ + δV̂ ) = 0. (1.55)

The corresponding determinants with sine-kernels are not zero i.e. det(1+ Ŝν) ̸=
0. In this case we see that even though the difference between V̂ and Ŝν is

exponentially small, it cannot be neglected, contrary to the cases for δ ≤ 1. To

address this issue we modify the definition of the tau function by considering

summation over k in Eq. (1.6) instead of q, namely

τ−(x) =
∑

k

|⟨k|q⟩|2e
−ix(

N+1∑
i=1

ki−
N∑
i=1

qi)
, (1.56)

where the overlaps keep their form (1.10) but with the modified relation between

ν(q) and g(q), namely

e−g(q) = e2πiν(q) − 1. (1.57)

In the thermodynamic limit this sum transforms into Fredholm determinants (see

Appendix A)

τ−(x) = det(1 + V̂− + δV̂−) + (Γ− 1) det(1 + V̂−) (1.58)

with

V−(k, q) =
e2πiν(k) − 1

4π
eix(q+k)/2+i(q−k)/2

E−(k)− E−(q)

sin k−q
2

, (1.59)

Γ =

π
ˆ

−π

dk

2π
e−ixk(1− e−2πiν(k)), (1.60)

δV−(k, q) =
e2πiν(k) − 1

2π
(E−(q)− iΓ/2) (E−(k) + iΓ/2) eix(q+k)/2, (1.61)

E−(q) =

π−i0
ˆ

−π−i0

dk

4π
e−ixk(e−2πiν(k) − 1) cot

k − q

2
+ ie−ixq. (1.62)

For large x > 0, we notice that Γ is exponentially suppressed and E−(q) ≈ ie−ixq,

so τ−(x) transforms into a generlized sine kernel Fredholm determinant Eq. (1.20)

up to terms in exponentially small x. The corresponding asymptotic can be
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obtained in a way similar to δ < 0, however instead of summation over łholesž

qa we will have summation over extra particles ka. We demonstrate how it works

for δ = 2. In this case the set q consists of L elements and the set k of L + 1

elements, which we parameterize by the omission one of the L+2 momenta from

the all possible solutions of Eq. (1.7). Namely,

k(a) = {k1, . . . , ka−1, ka+1, . . . , kL+2}, a = 1, 2, . . . , L+ 2. (1.63)

The relative momentum of this state in the thermodynamic limit reads as

∆P =
∑

k∈k(a)

k −
L∑

i=1

qi = 2π − ka −
π
ˆ

−π

ν(q)dq. (1.64)

The corresponding overlaps are given in Appendix C.2. Taking the thermody-

namic limit we obtain the following presentation suited for the asymptotic analysis

when x→ +∞

τ−(x) = A−

π
ˆ

−π

dk

2π
(e−2πiν(k) − 1)×

exp


ik(x+ 2) +

π
ˆ

−π

(
ν(q)− q

π

)
cot

q − k − i0

2
dq


 , (1.65)

A− = exp


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dk

(
ν(q)− ν(k)− (q − k)/π

2 sin q−k
2

)2

 . (1.66)

For δ > 2 one can obtain similar determinant representation as for τ−(x) as in

Eq. (1.48).

Even though we have constructed τ−(x) to address positive indices δ > 1 it

is possible to describe δ < 1 by the previous choice of g(k) Eq. (1.16) and

considering x < 0.

1.4 Quantum XY spin chain and its correlation

functions

In this section we consider an application of the general results obtained in the

previous sections to the derivation of large distance asymptotics of thermal spin-
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spin correlation functions of the quantum XY spin chain. The quantum XY spin

chain in a transverse field is defined by the Hamiltonian [84, 90]

HXY = −1

2

L∑

m=1

(
1 + γ

2
σxmσ

x
m+1 +

1− γ

2
σymσ

y
m+1 + hσzm

)
, (1.67)

where a periodic boundary condition for the spin operators is assumed σαL+1 = σα1 ,

γ is an anisotropy parameter, and h is the strength of the magnetic field. The

Hamiltonian HXY of XY model can be considered as an anisotropic deformation

of the Hamiltonian HXX of XX model, corresponding to γ = 0. The Hamilto-

nian HXX can be diagonalized in two steps: JordanśWigner transformation to

fermionic operators and a Fourier transform to momenta representation. To diag-

onalize the Hamiltonian HXY an additional Bogoliubov transformation is needed

[84, 90, 75] specified by the angle θ(p):

eiθ(p) =
h− cos(p) + iγ sin(p)

E(p) , E(p) =
√

(h− cos(p))2 + γ2 sin2(p). (1.68)

Here E(p) stands for the spectrum of the effective Dirac fermions Ap, and the

Hamiltonian HXY reduces to the free-fermionic one, namely

HXY =
∑

p

E(p)
(
A+
p Ap − 1/2

)
. (1.69)

We skip the details of the fermions boundary conditions as they are not important

in the thermodynamic limit. We focus on the following spin-spin correlation

function at finite temperature

G(m) ≡ ⟨σxm+1σ
x
1 ⟩T =

Tr
(
σxm+1σ

x
1e

−βHXY
)

Tr (e−βHXY)
. (1.70)

It is the most interesting two point correlation function as the others are either

trivial in the thermodynamic limit: ⟨σxm+1σ
y
1⟩T = 0, can be expressed in terms

of elementary functions as ⟨σzm+1σ
z
1⟩T (see Ref. [66]), or related to G(m) after

the change γ → −γ as ⟨σym+1σ
y
1⟩T . We follow Ref. [75] to present G(m) in the

thermodynamic limit as Fredholm determinants (m > 0):

G(m) = det(1 + Ŵ + δ̂W )− det(1 + Ŵ ), (1.71)
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1.4.1 Paramagnetic phase h > 1 (δ = 0)

We start our consideration with relatively large magnetic field h > 1. For zero

temperature such values of h correspond to the paramangetic phase, while for

finite temperature the corresponding ν(q) has zero winding number δ = 0. This

way, we use formula (1.35) to find asymptotic behavior of the correlation function

G(m) at large m, namely

G(m) = τS(m) ≈ −T0(m)z−m−1
1 S(z1) resz=z1 e

−2πiν(k), z = eik. (1.78)

where T0(m) and S(z) are given by (1.30) and (1.33), respectively. The point z1

is the position of the pole of e−2πiν(k) outside unit circle with minimal absolute

value. To find z1 we factorize

Q(z) = E2(k) = (h− cos k)2 + γ2 sin2 k =

1− γ2

4z2
(z − x−)(z − x+)(z − y−)(z − y+), (1.79)

x± =
h−

√
h2 + γ2 − 1

1± γ
, y± =

h+
√
h2 + γ2 − 1

1± γ
, (x±)−1 = y∓. (1.80)

The exponent of the angle θ(k) of Bogoliubov transformation can also be presented

in a factorized form, which leads to

e−2πiν(k) = e−iθ(k) coth
βE(k)

2
= − 2z

1 + γ

√
Q(z) coth

β
√
Q(z)

2

(z − x+)(z − y+)
. (1.81)

It useful to present
√
Q(z) coth β

2

√
Q(z) as an infinite product

√
Q(z) coth

β

2

√
Q(z) =

2

β

∏∞
n=1

(
1 + β2Q(z)

(2n−1)2π2

)

∏∞
n=1

(
1 + β2Q(z)

(2n)2π2

) . (1.82)

Notice that in such a form the branch cut singularities disappear manifestly.

Moreover, the analysis of the poles of e−2πiν(k) is now a straightforward task, from

which we conclude that the smallest (by the absolute value) pole outside the unit

circle is z1 = y+ for all non-zero temperatures. Therefore using Eq. (1.81) and

Eq. (1.82) we obtain

resz=y+ e
−2πiν(k) = −2

β

y+√
h2 + γ2 − 1

. (1.83)
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Finally, taking into account (1.77) for δ = 0, the asymptotics reads

G(m) ≈ Ae−m/ξ, (1.84)

where

ξ−1 = log y+ − 1

2π

π
ˆ

−π

dq log tanh
βE(q)
2

, y+ =
h+

√
h2 + γ2 − 1

1 + γ
, (1.85)

A =
2

β
√
h2 + γ2 − 1

×

exp


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dp

[
ν(q)− ν(p)

2 sin q−p
2

]2
+ i

π
ˆ

−π

dq ν(q)
y+ + eiq

y+ − eiq


 . (1.86)

The sign of the magnetic field h is irrelevant since it can be ŕipped by the conjuga-

tion of the Hamiltonian with σx acting in each site. Therefore below we consider

0 < h < 1.

1.4.2 Ferromagnetic phase h < 1, γ > 0 (δ = 1)

In the ferromagnetic phase h < 1 with positive anisotropy γ > 0 we use the

asymptotics (1.24) and the integral (1.77) for δ = 1 to obtain

G(m) ≈ Ae−m/ξ, (1.87)

with

ξ−1 = − 1

2π

π
ˆ

−π

dq log tanh
βE(q)
2

, (1.88)

A = exp


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dp

[
ν(q)− ν(p)− (q − p)/2π

2 sin q−p
2

]2
 . (1.89)

For particular values of the parameters we plot exact correlation function G(m)

and its asymptotics (1.87) in the left panel of Fig. 1.2.

Note that even though formulas for the correlation length in different param-

eter regions Eq. (1.85) and Eq. (1.88) look different, the transition h < 1 and

h > 1 is analytic in h. The same is true for prefactors A given by Eq. (1.86) and
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S−1(z) = exp


i

π
ˆ

−π

dq

(
ν(q) +

π + q

2π

)
z + eiq

z − eiq


 . (1.94)

Therefore Eq. (1.52) becomes

∣∣∣∣∣
Y−1(m) Y−1(m+ 1)

Y−1(m− 1) Y−1(m)

∣∣∣∣∣ ≈

16

β2(1− γ)2
S−1(x+)S−1(y+)e

−m(log x++log y+). (1.95)

Finally, the large distance asymptotic for G(m) following from (1.48) is

G(m) ≈ Ae−m/ξ, (1.96)

where

ξ−1 = log x+ + log y+ − 1

2π

π
ˆ

−π

dq log tanh
βE(q)
2

, (1.97)

A =
16

β2(1− γ)2
S−1(x+)S−1(y+)×

exp


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dp

[
ν(q)− ν(p) + (q − p)/(2π)

2 sin q−p
2

]2
 . (1.98)

In the case when h2 + γ2 = 1 we have x+ = y+ and the derivation is changed

slightly (in particular, Y−1(m) ≈ (B + Cm)e−m log x+) however the final formula

for the asymptotic of G(m) is the same. Notice that for non-integer values of m

the right hand side of Eq. (1.96) becomes a complex valued function. We plot

the typical behaviour of G(m) and the real part of its asymptotics in (1.96) in

the right panel of Fig. 1.2.

1.5 Relation to Toeplitz determinants

The traditional approach to the correlation functions in the XY spin chain is

in presenting them via Toeplitz determinants [84, 66]. Asymptotic analysis of

these structures can be performed by means of the Szegő theorem [92, 93] and
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its generalization3 by Hartwig and Fisher [65]. Let us comment on how similar

structures can appear within our effective form factors approach. In addition to

tau functions (1.6) and (1.56) that contained different number of łparticlesž in

bra- and ket- states, we define

τ0(x) =
∑

q

|⟨p|q⟩|2e
−ix

(
N∑
i=1

pi−
N∑
i=1

qi

)

, (1.99)

where the quasi momenta q are solutions of eiqL = 1, while p are solutions of the

following equation

eipL = e−2πiω(p). (1.100)

Here for convenience we have chosen a different notation for the phase shift. We

focus on the case of non-positive winding numbers for this function i.e. ω(π) −
ω(−π) ≤ 0. The corresponding form factors read

|⟨p|q⟩|2 =

N∏
i=1

egω(pi)−gω(qi)

N∏
i=1

(1 + 2π
L ω

′(pi))

(
N∏

i=1

sin πω(pi)

L

)2

N∏
i>j

sin2
pi−pj

2

N∏
i>j

sin2
qj−qi
2

N∏
i,j=1

sin2
pi−qj
2

.

(1.101)

The summation in Eq. (1.99) can be performed using techniques developed in

Appendix (A), which together with the identification

e−gω(p) = e−2πiω(p) − 1 (1.102)

leads to the Fredholm determinant expression of τ0

τ0(x) = det(1 + V̂ω), V̂ω = Ŝω + R̂ω, (1.103)

where

Ŝω(p, q) =
e2πiω(p) − 1

2π

sin x(p−q)
2

sin p−q
2

, (1.104)

R̂ω(p, q) =
e2πiω(p) − 1

4π
e−i(p+q)x/2

rω(p)− rω(q)

sin p−q
2

, (1.105)

3Here we focus only on the smooth symbols with the only łsingularityž given by the non-trivial winding

number
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rω(k) =

π
ˆ

−π

dq

4π
(e−2πiω(q) − 1)eiqx cot

q + i0− k

2
. (1.106)

Notice that definitions of the kernels of V̂ and Ŝν differ from their analogues

introduced in Sec. 1.2 by the conjugation with diagonal matrices, which does not

change the value of the determinant. Comparing overlaps (1.10) and (1.101) (see

Appendix C.5) we conclude that imposing the following relation between ν(q) and

ω(q)

ω(q) = ν(q)− q + π

2π
≡ ν1(q), (1.107)

we obtain exact equality for the tau functions, namely

det
(
1 + V̂ν + δV̂ν

)
− det

(
1 + V̂ν

)
= det

(
1 + V̂ν1

)
. (1.108)

Here the finite rank contribution is modified due the conjugation with the diagonal

matrices

δV (p, q) = −e
2πiν(p) − 1

2π
e−i(x+1)p/2e−i(x−1)q/2. (1.109)

Similar relations can be obtained between τ−(x) and τ0(x) for δ > 1. For large

positive x, functions rω(x) are exponentially small, so Eq. (1.110) holds for the

generalized sine-kernels Ŝν .

det
(
1 + Ŝν + δV̂ν

)
− det

(
1 + Ŝν

)
= det

(
1 + Ŝν1

)
. (1.110)

In fact we can easily demonstrate that this relation is true for any positive integer

x. To do so we will clarify the relation between Fredholm and Toeplitz determi-

nants (cf. [94, 83]). It is convenient to slight deform of the kernel by the set of

functions a0(p), a1(p), ..., ax−1(p)

Saν (p, q) =
e2πiν(p) − 1

2π

x−1∑

n=0

an(p)e
in(q−p). (1.111)

For ai(q) = 1 one can easily see that we recover the kernel Ŝν up to conjugation

with diagonal matrices, which does not affect the value of the determinant

det
(
1 + Ŝν

)
= det

(
1 + Ŝa

) ∣∣∣
a0=a1=...ax−1=1

. (1.112)

Furthermore, we can treat Ŝa as a product of two rectangular matrices

Ŝa = AB, Aqn = eiqn, Bnp =
e2πiν(p) − 1

2π
an(p)e

−inp. (1.113)
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Then using the fact that det (1 +AB) = det (1 + BA) we obtain a relation be-

tween the Fredholm determinant and determinant of matrix x by x, namely

det
(
1 + Ŝa

)
= det

0≤n,m≤x−1
(δnm + Tnm) , (1.114)

Tnm =

π
ˆ

−π

dq

2π
an(q)(e

2πiν(q) − 1)e−i(n−m)q. (1.115)

For an = 1 the matrix Tnm transforms into the Toeplitz one, namely

det
(
1 + Ŝa

)
= det

0≤n,m≤x−1
cn−m, ck =

π
ˆ

−π

dq

2π
e2πiν(q)e−ikq. (1.116)

In order to account for the finite rank we notice that because rank-one contribu-

tions are at most linear in the determinant expansion, we can present

det
(
1 + Ŝν + δV̂ν

)
− det

(
1 + Ŝν

)
=

∂

∂α
det
(
1 + Ŝν + αδV̂ν

) ∣∣∣
α=0

. (1.117)

To account for the finite α one must choose a0(q) = 1−αe−ixq and an(q) = 1 for

n ≥ 1, therefore

det
(
1 + Ŝν + αδV̂ν

)
= det

(
1 + Ŝa

)
=

det




c0 − αcx c−1 − αcx−1 . . . c−x+1 − αc1

c1 c0 . . . c−x+2

. . .

. . . . . .

. . .

cx−1 cx−2 . . . c0




. (1.118)

Since we are looking only to the terms linear in α, we can leave only terms that

are proportional to α in the first row. Moreover we can replace this row with the
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last one. This way we obtain

∂

∂α
det
(
1 + Ŝν + αδV̂ν

) ∣∣∣
α=0

=

(−1)x det




c1 c0 . . . c−x+2

c2 c1 . . . c−x+3

. . .

. . . . . .

. . .

cx cx−1 . . . c1




= det
0≤n,m≤x−1

c̃n−m, (1.119)

where

c̃k = −
π
ˆ

−π

dq

2π
e2πiν(q)e−i(k+1)q =

π
ˆ

−π

dq

2π
e2πiν1(q)e−ikq. (1.120)

Here we see the shift ν(q) → ν1(q) as predicted from the finite size scaling of the

form factors in Eq. (1.107). This shift together with Eq. (1.116) completes the

proof of Eq. (1.110).

Let us also comment on how results of Sec. (1.3.3) reproduce Hartwig and

Fisher asymptotic behaviour (Theorem 4 in Ref. [65]). As νδ(q) has zero winding

number we can expand it as

νδ(q) =
−1

2πi

∞∑

n=−∞
kne

iqn. (1.121)

Then the integral in the exponential in Eq. (1.50) can be evaluated as

−
π
ˆ

−π

dp νδ(p) cot
q − p+ i0

2
=

π
ˆ

−π

dp

2π

ei(q+i0) + eip

ei(q+i0) − eip

∞∑

n=−∞
kne

ipn

= −k0 − 2
∞∑

n=1

eiqnkn. (1.122)

In this derivation we used that |ei(q+i0)| < 1 and expanded the denominator as a

geometric series. Substituting this result back into Eq. (1.50) we immediately see

that Yδ(x) = lx, where the Fourier modes lm are defined through the relation

exp

( ∞∑

n=1

(
k−ne

−iqn − kne
iqn
)
)

=
∞∑

m=−∞
lme

imq. (1.123)
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Finally, expressing double integral in the asymptotic expression Eq. (1.48)

−1

2

π
ˆ

−π

dq

π
ˆ

−π

dp

[
νδ(q)− νδ(p)

2 sin q−p
2

]2
=

∞∑

n=1

nknk−n, (1.124)

we obtain the statement of Theorem 4 in Ref. [65].

1.6 Conclusions

In this chapter we have introduced the form factors (overlaps) to simulate the

static correlation functions for the states with finite entropy. The state was de-

termined by the phase shift function ν(q). For the traditional approaches dealing

with the finite entropy states is notoriously difficult but for our approach it is

rather advantageous situation, since almost all available quantum numbers are

occupied which tremendously simplifies the computation of form factor series.

This allows us, in particular, to re-derive known asymptotics for the static two

point correlators in the XY spin chain and present them in a more compact form.

We hope that the simplicity of this approach will make it possible to obtain the

full asymptotic expansion at large distances.

Apart from the thermal state we can apply our approach to the states resulting

from the long time evolution after a quench [95, 96, 97, 45], to models of 1D anyons

[98, 99, 100, 101, 102], or mobile impurity models [85, 103, 104]. This can be done

by the appropriate modification of the phase shift function. We will discuss it

elsewhere.

It is interesting to note that ν(q) is apparently connected with the auxiliary

functions that appears in the Quantum Transfer Matrix (QTM) approach and

specifies the Bethe roots for QTM [105, 106, 107, 108]. It would be interesting to

completely clarify connection between these two approaches.

The correlation functions at zero temperature (entropy) can be formally ac-

counted by the jump discontinuities in ν(q), which can also be treated by the form

factor summation developed for the critical models [14, 16]. In this case the role of

the lattice is not essential and the exponential asymptotic behaviour is expected

to be replaced by a power-law, which can be obtained from the proper modifi-

cation of the generalized sine-kernels (see section 9 in Ref. [109]). To address
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dynamical correlation functions we must modify appropriately the form factors

and the spectral factor e−i
∑
kix → e−i

∑
(kix−ϵ(ki)t). The detailed constructions and

extraction of the asymptotic behavior in this case is considered in the next chap-

ter. However we can already anticipate that for the space-like region, i.e. when

the saddle point of the expression kx − ϵ(k)t is outside the Brillouin zone, the

asymptotic analysis remains largely unchanged, which can be immediately seen

in the asymptotics of Ref. [82]. For the time-like region the main problem will

be that a suitable ν(q) might have a jump discontinuity which leads to additional

power-law behavior (c.f. Ref. [110]). Finally, there will be extra 1/
√
t terms

connected to the saddle point contributions indicated by the non-linear Luttinger

theory [17, 18, 19].
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Chapter 2

Large-time and long-distance asymptotics of the

thermal correlators of the impenetrable anyonic

lattice gas

2.1 Introduction

In the previous chapter, we developed a method to deal with correlation functions

in finite entropy states. This method allows one to derive the behavior of the

correlation functions in free-fermionic models for the observables that can be

expressed as Fredholm determinants of integrable kernels. In the previous chapter,

we focused mostly on static correlation functions, and applied the method to the

XY quantum chain.

In this chapter, we continue the development of the method of effective form-

factors for dynamical correlation functions. As a model of interest, we choose one-

dimensional impenetrable anyons on a lattice [67]. This model describes quantum

particles with unusual statistics [111, 112, 113, 114, 67, 115], which can be realized

experimentally in ultracold quantum gases confined in optical traps [116, 117, 118,

119, 120, 121, 122, 123, 124]. Furthermore, this type of models appears after the

spin-charge separation in interacting systems of spinful fermions and spin chains

(at certain values of the anyonic parameter) [125, 126, 127, 128, 129, 130, 131, 132,

133]. Similar determinants can also be obtained as the correlation functions of

Wigner strings [134]. Also, they appear in the description of the mobile impurity

propagating in the gas of free fermions [85, 135, 136, 137]. In the latter case the

anyonic parameter can be identified with the total momentum of the system (at

the infinite coupling).

The main idea of the effective form-factor approach is to replace computation

of the correlation functions averaged over some ensemble to zero-temperature

correlators with the appropriately modified phase shift. The correlation functions
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for one-dimensional impenetrable anyons can be presented as a linear combination

of the Fredholm determinants [67]. Therefore, we may identify the phase shift

comparing these determinants to the one that emerges from the summation of the

effective form-factors. For the space-like region we can simplify the corresponding

kernels for large-time and space separation and find the effective phase shift for

all values of the quasi momenta. The time-like region is characterized by the

critical points that separate different types of asymptotic behavior. So we can

robustly find the effective phase shift only away from these points. Even though

the vicinity of critical points where we do not know the solutions vanishes in the

large-time limit, we cannot simply combine solutions in the different asymptotic

regions into a single phase shift as the latter will be discontinuous. To tackle this

problem, we have assumed the existence of the gluing regularization functions.

While we have not been able to find them explicitly, we have demonstrated that

they only affect the overall constant in the asymptotic expression of the Fredholm

determinants.

The structure of this chapter is as follows. In Sec. 2.2.1 we define the anyonic

model and recall its spectrum and the presentation of some correlation functions

in terms of Fredholm determinants. In the subsection 2.2.2, for the reader’s

convenience, we collect the main results obtained in this chapter. In Sec. 2.3 we

recall the effective form-factor approach and give two expressions for the τ function

in the thermodynamic limit. In Sec. 2.4 the effective form-factor approach is

applied to the derivation of the large-time and long-distance asymptotics of the

dynamical correlation functions. We discuss separately space-like and time-like

regimes. In Sec. 2.5 we summarize the main results of the chapter, compare with

the known results in the literature, and discuss different possibilities for further

research. Appendix D contains technical details of the asymptotic analysis of the

form-factors with the regularized effective phase shift.
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2.2 Model

2.2.1 Definition

The one-dimensional impenetrable lattice anyons on L sites can be described by

the following Hamiltonian [67]

H = −
L∑

j=1

1

2
(a†jaj+1 + a†j+1aj) + h

L∑

j=1

a†jaj, (2.1)

aL+1 = a1, a†L+1 = a†1. (2.2)

The operator algebra is specified by the anyonic parameter 0 ≤ κ ≤ 1 and reads

as

aja
†
k = δjk − e−iπκϵ(j−k)a†kaj, (2.3a)

ajak = −eiπκϵ(j−k)akaj, (2.3b)

a†ja
†
k = −eiπκϵ(j−k)a†ka

†
j, (2.3c)

here ϵ(j) = sign(j) and we prescribe that ϵ(0) = 0.

The κ = 0 case corresponds to fermions, and κ = 1 describes operators in

the Hilbert space of the impenetrable bosons. Note also that in the latter case,

the Hamiltonian (2.1) can be identified with the Hamiltonian of the quantum XX

spin chain after the mapping aj = σ+j , a†j = σ−j .

The spectrum of the Hamiltonian H can be found by means of the Bethe

ansatz. The N -particle states are labeled by N momenta {p1, p2, . . . , pN} from

the set of L inequivalent solutions of the equation

eipL = e−iπκ(N−1). (2.4)

The energies of such states are

E({p1, p2, . . . , pN}) =
N∑

j=1

ε(pj), (2.5)

ε(p) = h− cos p. (2.6)
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An interesting and non-trivial problem in the considered model is to analyze

two-point correlation functions

G−(x, t) =
Tr[e−βHa†x+1(t)a1(0)]

Tr[e−βH ]
, (2.7)

G+(x, t) =
Tr[e−βHax+1(t)a

†
1(0)]

Tr[e−βH ]
. (2.8)

It is easy to check the symmetry relations

G±(−x,−t) = G±(x, t)
∗, (2.9)

and also for t = 0

G−(x, 0) + e−iπκ sign(x)G+(−x, 0) = δx,0 (2.10)

which allow us to consider only t ≥ 0. In what follows we will restrict ourselves

to the analysis of the correlator G−(x, t). An analogous analysis can be done for

G+(x, t). It was shown that these correlators in the thermodynamic limit L→ ∞
can be written in terms of Fredholm determinants [67]. We will use the following

equivalent representation for G−(x, t):

G−(x, t) = det(1 + Ŵ + δŴ )− det(1 + Ŵ ), (2.11)

where Ŵ and δŴ are integral operators on [−π, π] with the kernels

W (p, q) =
1

2π
e−(p)e−(q)e

i(p−q)
2
e(p)− e(q)

sin p−q
2

, (2.12)

δW (p, q) =
1

2π
e−(p)e−(q), (2.13)

nF (p) =
1

eβε(p) + 1
, (2.14)

e−(p) =
√
nF (p)e

−ixp/2+itε(p)/2, (2.15)

e(p) = sin2
πκ

2

 π

−π

dq

2π
eixq−itε(q) cot

q − p

2
+

1

2
sin(πκ)eixp−itε(p). (2.16)

Eq. (2.11) allows us to compute the correlation function G−(x, t) numerically.

However, large-time and long-distance asymptotics of the correlation functions

are hard to extract by numerical means due to the oscillatory behavior of integral

kernels. In the present paper, we analyze these asymptotics analytically by means

of the effective form-factor approach (see chapter 1).
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2.2.2 Results

Before presenting an application of the effective form-factor method to the prob-

lem, for the reader’s convenience we collect the main results obtained in this

chapter: the asymptotic formulas for the correlation function G−(x, t) for large x

and t with a fixed ratio v = x/t. To present the answer we will need the effective

phase shift functions ν±(q) defined as

ν±(q) = ± 1

2πi
log
(
1 + nF (q)(e

±iπκ − 1)
)
. (2.17)

The asymptotic behavior of G−(x, t) depends essentially on v. The spacelike

region is specified by the condition v > 1, and the asymptotics there reduces

to the analysis of a single integral (2.60). Depending on the velocity, there are

two additional regimes within the spacelike region: the, so-called, saddle-point-

dominated regime 1 < v < vc, and the pole-dominated regime v > vc. The critical

velocity vc separating these two regimes can be read off from Eq. (2.69).

The asymptotics for 1 < v < vc reads

G−(x, t) ≈ C1K(x, t)t−1/2e−x log zsp+t
√
v2−1+ith, (2.18)

where

zsp = iv + i
√
v2 − 1, (2.19)

K(x, t) = Z2[ν+]e
ix
´ π

−π
ν+(q)dq. (2.20)

For v ≥ vc a pole gives the leading contribution

G−(x, t) ≈ C2K(x, t)e−x log z0+
tπ
β
(1−κ), (2.21)

where z0 is given by

z0 = h0 +
√
h20 − 1, h0 = h+

iπ

β
(1− κ), (2.22)

The prefactors Z2[ν+], C1, and C2 are constants on the rays of fixed v. Their

explicit expressions are given by Eqs. (2.44), (2.71), and (2.73). Note, in the

case of the saddle-point contribution there is an additional power factor t−1/2

correcting the exponential decay of the correlation function. For v < −1 there

are similar regions, and the asymptotics can be obtained from the above upon the

replacement ν+ → ν−.
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For the timelike region, 0 < v < 1, the asymptotics of the correlation function

is given by

G−(x, t) ≈ R∞t
−δ21−δ22ei

´ π

−π
(x−tε′(q))ν(q)dq

×
(
a1e

−ixq1+itε(q1)

t
1
2+δ1

+
a2e

−ixq2+itε(q2)

t
1
2+δ2

)
. (2.23)

For a fixed v, constants a1 and a2 are given by Eq. (2.91), while the constant R∞

still remains unknown. The critical momenta q1 and q2 are defined by

q1 = arcsin v, q2 = π − arcsin v, (2.24)

the effective phase shift ν(q) is piecewise function

ν(q) =




ν+(q) if − π < q < q1 or q2 < q ≤ π,

ν−(q) if q1 < q < q2,
(2.25)

and δ1 and δ2 are the magnitudes of jumps of ν(q) at critical momenta

δ1 = ν−(q1)− ν+(q1), δ2 = ν+(q2)− ν−(q2). (2.26)

Besides the expected exponential decay of the correlation function G−(x, t) we

observe an additional power factor t−δ
2
1−δ22 depending on the parameters of the

model.

2.3 Effective form-factor approach

2.3.1 Effective form-factors and tau function

In this section we recall the effective form-factor approach initiated in the chapter

1. To specify the effective form-factor we require two smooth periodic functions

ν(k), g(k). The first one is called the effective phase shift and defines the shifted

set of momenta as solutions of

eikL = e−2πiν(k). (2.27)

Here L is regarded as a system size. Since ν(k) is periodic, i.e., it has a zero

winding number in terms of the chapter 1, the largest ordered set of the shifted
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momenta has L terms k = {k1, . . . , kL}. Each ki is a solution of (2.27). The

unshifted momenta are solutions of

eiqL = 1. (2.28)

All momenta are considered up to the equivalence k ∼ k + 2π, and it is convenient

to choose them to have real parts in the Brillouin zone [−π, π].
The effective form-factors are defined for the subsets of momenta q of the size

L− 1. Such subsets can be parameterized by the position of the łhole,ž

q(a) = {q1, . . . , qa−1, qa+1, . . . , qL}, a = 1, . . . , L. (2.29)

The effective form-factor then reads

|⟨k|q(a)⟩|2 = L1−2L
L∏

j=1

eg(kj)−g(qj) sin2 πν(kj)

1 + 2π
L ν

′(kj)
× eg(qa)det2Da, (2.30)

where detDa is defined for q(a) and is merely a trigonometric variation of the

Cauchy determinant, in which the row corresponding to qa is omitted and replaced

with the line of 1

detDa =

∣∣∣∣∣∣∣∣∣∣

cot k1−q12 . . . cot kL−q12
... . . . ...

cot k1−qL2 . . . cot kL−qL2

1 . . . 1

∣∣∣∣∣∣∣∣∣∣

, (2.31)

As we deal only with the square of the determinant, we can set this line as the

last one.

The tau (correlation) function is defined as a series over these form-factors

τ(x, t) =
∑

qa

|⟨k|qa⟩|2e−ix(P (k)−P (qa))+it(E(k)−E(qa)). (2.32)

Here we use notations for the momentum and energy of many-particle state |q⟩

P (q) =
∑

q∈q
q, E(q) =

∑

q∈q
ε(q). (2.33)

In chapter 1, we have demonstrated that in the thermodynamic limit L→ ∞ the

tau function can be presented as a difference of two Fredholm determinants

τ(x, t) = det(1 + V̂ + δV̂ )− det(1 + V̂ ), (2.34)
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where V̂ and δV̂ are integral operators on [−π, π] with kernels

V (p, q) =
1

2π
c−(p)c−(q)e

i(p−q)
2
c(p)− c(q)

sin p−q
2

, (2.35)

δV (p, q) =
1

2π
c−(p)c−(q), (2.36)

c−(p) = sin πν(p)e−ixp/2+itε(p)/2+g(p)/2, (2.37)

c(p) =

 π

−π

dq

2π
eixq−itε(q)−g(q) cot

q − p

2
+ cot πν(p)eixp−itε(p)−g(p). (2.38)

This form allows us to relate the correlation function of anyons with the tau

function for a special choice of ν(k) and g(k). This relation will be described in

the next section.

2.3.2 Finite size scaling

In this subsection we give an alternative formula for the tau function based on

first taking the thermodynamic limit of the form-factors and then performing

the summation. The obtained expressions will have a simple form convenient for

asymptotic analysis.

We start by representing detDa in a factorized form

L∏

i=1

sin2 πν(ki)

L2
det2D(a) = Z2Za, (2.39)

Z =
L∏

i=1

i−1∏

j=1

sin
ki−kj

2

sin
qi−qj
2

, (2.40)

Za = sin2
πν(ka)

L

L∏

j ̸=a

sin2
kj−qa

2

sin2
qj−qa

2

. (2.41)

Extracting the hole dependent factors the tau function (2.32) can be rewritten as

τ(x, t) = L ·K(x, t) ·
L∑

a=1

eg(qa)Zae
−ixqa+itε(qa), (2.42)

where K(x, t) is an a-independent part given by

K(x, t) = Z2e−ix(P (k)−P (q))+it(E(k)−E(q)) ×
L∏

j=1

eg(kj)−g(qj)

1 + 2π
L ν

′(kj)
. (2.43)
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The expressions Z2 and K(x, t) have a finite thermodynamic limit,

logZ = −
π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)

4 sin q−k
2

]2
, (2.44)

logK(x, t) = 2 logZ −
π
ˆ

−π

ν(q)g′(q)dq + i

π
ˆ

−π

(x− ε′(q)t)ν(q)dq. (2.45)

The hole dependent factors are suppressed in the thermodynamic limit,

Za ≈ L−2 sin2 πν(qa) exp


−

π
 

−π

dq ν(q) cot
q − qa

2


 , (2.46)

but the whole tau function (2.42) has a finite thermodynamic limit and can be

presented as an integral,

τ(x, t) = K(x, t)

π
ˆ

−π

dk

2π
eg(k) sin2 πν(k)e−ixk+itε(k)

× exp


−

π
 

−π

dq ν(q) cot
q − k

2


 . (2.47)

Thus we have two alternative presentations of the tau function in the thermo-

dynamic limit: Eq. (2.34) as a difference of Fredholm determinants, and Eq. (2.47)

in terms of integrals. The first form is convenient for the identification with other

models, and the second form is convenient for large x and t analysis.

2.4 Asymptotic behavior of anyonic correlation

function

2.4.1 Anyons and effective fermions

To apply the method of effective form-factors for the large x and t asymptotics

of the correlation function G−(x, t) given by (2.11), we have to find suitable

functions ν(k) and g(k). This can be done after the identification of the kernels

in (2.11) and in (2.34). In this section, we focus on the case of h > 0; the case
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h < 0 can be considered similarly. Also, we restrict the value of the parameter of

anyonic statistics to 0 ≤ κ < 1. The peculiarities with the limiting case κ = 1

corresponding to the quantum XX spin chain are brieŕy discussed in Sec. 2.5.

Equating G−(x, t) = τ(x, t), we see that their integral kernels coincide if we

choose ν(p) and g(p) to satisfy the equations

c−(p) = e−(p), c(p) = e(p). (2.48)

The first equation gives a relation between g(p) and ν(p)

e−g(p) =
sin2 πν(p)

nF (p)
. (2.49)

The second equation allows us to obtain an integral equation for ν(p)

ˆ π

−π

dq

2π

(
λ+(q)

tan q−p−i0
2

+
λ−(q)

tan q−p+i0
2

)
eixq−itε(q) = 0, (2.50)

where we have denoted

λ±(q) =
e±2πiν±(q) − e±2πiν(q)

nF (q)
, (2.51)

e±2πiν±(q) = 1 + nF (q)(e
±iπκ − 1). (2.52)

We can solve Eq. (2.50) asymptotically for large x and t. The solution has different

forms for two different values of v ≡ x/t. We call |v| > 1 the spacelike region

and |v| < 1 the timelike region. These names should not be confused with similar

terms in the relativistic theory Ð there the spectrum is linear for all momenta.

In our case the names come from the condition in which the function

Φ(q) ≡ vq + cos q (2.53)

has (timelike) or does not have (spacelike) a critical point for q ∈ [−π, π]. This

function is merely the phase xq − ε(q)t up to rescaling by time and shift by the

constant h.
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2.4.2 Asymptotic behavior of the correlation function in

the spacelike region

To treat Eq. (2.50), we first have to look at each of the integrals separately. It is

useful to present them as
ˆ π

−π

dq

2π

λ±(q)eitΦ(q)

tan q−p∓i0
2

= λ±(p)

ˆ π

−π

dq

2π

eitΦ(q)

tan q−p∓i0
2

+

ˆ π

−π

dq

2π

(λ±(q)− λ±(p))eitΦ(q)

tan q−p
2

. (2.54)

If we assume that ν(q) does not become singular even in the asymptotic region,

then in spacelike region the second term in RHS of Eq. (2.54) becomes exponen-

tially small for large x and t. The remaining integral in (2.54) can be rewritten

as
ˆ π

−π

dq

2πi

eitΦ(q)

tan q−p∓i0
2

= eitΦ(p)(F (p)± 1), (2.55)

where

F (p) = e−itΦ(p)
 π

−π

dq

2πi

eitΦ(q)

tan q−p
2

. (2.56)

For large t > 0 the function F (p) can be approximated up to exponentially small

terms as

F (p) ≈ sign (Φ′(p)). (2.57)

As the spacelike region is characterized by the absence of critical points of Φ(p) for

p ∈ [−π, π), we can put sign (Φ′(p)) = sign v. This way, one of the two integrals

in Eq. (2.50) is exponentially small due to (2.54) and (2.55), while the other allows

us to find the effective phase shift for large t > 0

ν(p) ≈ νsign v(p), (2.58)

where ν±(p) are defined by Eqs. (2.52). We use this asymptotic solution and the

relation (2.49) in (2.47) to obtain

τ(x, t) = K(x, t)T (x, t)eith, (2.59)

where K(x, t) is given by Eq. (2.45) and T (x, t) corresponds to the integral in

(2.47), which after the change of variables z = eik, takes the following form

T (x, t) =
1

2πi

˛

C>

dz

z

etθ(z)S(z)

J(z) + eiπκ
. (2.60)
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Here C> is a counterclockwise circle with a radius slightly larger than 1 and

θ(z) = −v log z − i

2
(z + z−1), (2.61)

S(z) = exp


i

π
ˆ

−π

dq ν(q)
z + eiq

z − eiq


 , (2.62)

J(z) = exp

(((
β

(
h− z + z−1

2

))))
. (2.63)

In what follows we consider v > 1; the other case, v < −1, can be considered in

the same manner. To find large x and t asymptotics of T (x, t), we deform the

contour C> to the steepest-descent curve C1 defined by

Im θ(z) = Im θ(zsp) = −πv/2 (2.64)

going through the saddle point zsp

zsp = iv + i
√
v2 − 1. (2.65)

Deforming the contour we might cross the poles of the integrand, which can only

appear from the denominator, since S(z) is a holomorphic function for |z| > 1.

This way, we get

T (x, t) =
1

2πi

˛

C1

dz

z

etθ(z)S(z)

J(z) + eiπκ
−

n0∑

n=−∞
resz=zn

etθ(z)S(z)

z(J(z) + eiπκ)
, (2.66)

where the points zn are defined as

zn = hn +
√
h2n − 1, hn = h+

iπ

β
(2n+ 1− κ), (2.67)

and n0 is the maximal number of a pole, which was crossed in the deformation

process. This number depends on the velocity v and can be found from the

inequality

arg zn0
<
π

2
− h

v
< arg zn0+1. (2.68)

Schematically, the contours C>, C1, and the positions of poles zn are shown in

Fig. 2.1.

The formula (2.66) allows one immediately to read off the asymptotic behavior.

The residues produce exponentially decaying terms; the leading contribution is
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Figure 2.1: The integration contours (color online). The dashed circle corresponds

to the initial contour of integration C>. The black solid line represents the steepest

descent contour C1. The cross marks the position of the saddle point. Red and

blue dots correspond to the poles zn defined by Eq. (2.67) for non-negative and

negative indices, respectively. The shaded areas show the regions of positive (pink)

and negative (light blue) values of Re θ(z), see Eq. (2.61).
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given by the smallest real part Re θ(zn). For a wide range of the parameters of

the model, we observed that this was achieved for the pole at z0. Another type

of contribution to the asymptotics comes from the saddle-point evaluation of the

integral in (2.66). To find the overall leading contribution, we need to compare

Re θ(z0) and Re θ(zsp). This leads to the equation for the critical velocity vc

separating two regimes,

vc log(vc +
√
v2c − 1)−

√
v2c − 1 = vc log |z0| −

π

β
(1− κ). (2.69)

For v < vc, the saddle point is dominating and T (x, t) is given by

T (x, t) ≈ C1t
−1/2e−x log zsp−

it
2 (zsp+z

−1
sp ), (2.70)

C1 =
S(zsp)

J(zsp) + eiπκ
1√

2π
√
v2 − 1

. (2.71)

For v ≥ vc, the pole gives the leading contribution

T (x, t) ≈ C2e
−x log z0− it

2 (z0+z
−1
0 ), (2.72)

C2 = −2

β

e−iπκ

z0 − z−1
0

S(z0). (2.73)

We also provide the simplified expression for K(x, t),

logK(x, t) ≈ 2 logZ[ν] + ix

π
ˆ

−π

ν(q)dq, (2.74)

where ν(q) is given by Eqs. (2.58) and (2.52), and Z[ν] is defined by Eq. (2.44).

Using the identification G−(x, t) = τ(x, t), the asymptotic behavior of the

correlation function G−(x, t) in the spacelike region can be found from Eq. (2.59)

G−(x, t) ≈ K(x, t)T (x, t)eith, (2.75)

where K(x, t) is given by Eq. (2.74), and T (x, t) is given by one of‘ Eqs. (2.70),

and (2.72) depending on the value of v. We compare these asymptotic expressions

for the correlation functions with numerical evaluation of Fredholm determinants

(2.11) in Fig. 2.2. We see that the asymptotics given by the integral (the red solid

line), i.e. by the tau function, is hardly distinguishable from the true correlation

function even for small x.
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2.4.3 Asymptotic behavior of correlation function in time-

like region

Now let us try to apply the same reasoning for the timelike region, |v| < 1. In

this case there are two critical points q1 and q2

Φ′(qi) = 0, qi ∈ [−π, π), (2.76)

therefore the approximation (2.57) naively gives rise to the solution

ν(p) ≈ νsignΦ′(p)(p), (2.77)

where ν±(p) are defined by Eqs. (2.52). This is valid for all p lying far enough from

the critical points. Indeed, the approximation (2.57) holds everywhere outside

small vicinities of width ∼ t−1/2 around critical points q1 and q2.

It is very tempting to ignore these domains and approximate ν(p) as a truly

discontinuous function, since we are interested in the large-t behavior. This pro-

cedure, however, is not consistent with the approximations made in Eq. (2.54)

where we have discarded critical point contributions (the last integral). But even

bigger problems appear when one tries to use discontinuous ν(p) for the asymp-

totic expression. For instance the double integral (2.44) is divergent for such a

choice.

Therefore, we expect that the solution of Eq. (2.50) will have the following

łregularizedž form:

ν(p) = A(p) + B(p)s(p), (2.78)

where

A(p) =
ν+(p) + ν−(p)

2
, B(k) =

ν+(p)− ν−(p)

2
, (2.79)

and the function s(p) is a regularization of the sign function,

s(p) = f(
√
tΦ′(p)), (2.80)

with f being a smooth function satisfying

f(±∞) = ±1. (2.81)

So away from the critical points on a distance bigger than O(1/
√
t), we recover

the solution (2.77). We demonstrate this schematically in Fig. 2.3. Notice that
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the regularization is needed only for the imaginary parts, and the real parts of

ν+(p) and ν−(p) coincide. Now for the smooth ν(p) we can use all the results

Figure 2.3: The schematic dependence of the effective phase shift ν(p). The

black and blue dotted lines represent ν+(q) and ν−(q), respectively. The red

lines shows the regularized expression for ν(p). The shaded rectangles show the

regions where the transition between ν+ and ν− happens and the regularization is

required to approximate ν(p). These regions are located near critical points q1, q2

and their widths are O(t−1/2). We show only the imaginary part as the real part

is continuous and does not require regularization.

from the previous sections. In particular, we can integrate Eq. (2.44) by parts to

obtain

logZ =
1

2

π
ˆ

−π

dq

π
ˆ

−π

dk ν ′(q)ν ′(k) log

∣∣∣∣sin
q − k

2

∣∣∣∣ . (2.82)

We can perform asymptotic analysis of this expression for large t and obtain

Z ≈ t−
1
2 (δ

2
1+δ

2
2) Zreg, (2.83)

where Zreg is a t-independent factor depending on s(p), and

δ1 = ν−(q1)− ν+(q1), δ2 = ν+(q2)− ν−(q2). (2.84)
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Therefore the only regularization dependence remains in the overall constant pref-

actor. It is remarkable that the exponent of power law t-dependence of Z is uni-

versal [it does not depend on the regularization s(p) for any f satisfying (2.81)].

These computations and the exact form for Zreg are given in the Appendix.

Let us also discuss the asymptotic behavior of the remaining part of the tau

function. In there we substitute already discontinuous ν(q). Namely, we analyze

the integral

T (x, t) =

π
ˆ

−π

dk

2π
nF (k)e

−itΦ(k)e−Y (k), (2.85)

where

Y (k) =

π
 

−π

dq ν(q) cot
q − k

2
. (2.86)

The function Y (k) is logarithmically divergent at q1 and q2 because of the discon-

tinuity of ν(q). It leads to power like singularities in the integrand of (2.85) which

are integrable if Re δj > −1
2 . In our case, ν+(k) and ν−(k) are conjugate to each

other, rendering the real part of the effective phase shift continuous, Re δj = 0.

We separate a regular part Ỹ (k) of Y (k) as

Y (k) = Ỹ (k) + (ν−(k)− ν+(k)) log

(
sin q1−k

2

sin q2−k
2

)2

, (2.87)

Ỹ (k) =

q1
ˆ

−π

dq (ν+(q)− ν+(k)) cot
q − k

2

+

q2
ˆ

q1

dq (ν−(q)− ν−(k)) cot
q − k

2

+

π
ˆ

q2

dq (ν+(q)− ν+(k)) cot
q − k

2
. (2.88)

Now all is prepared to find the asymptotic behavior of T (x, t) for large x and t

coming from the contributions of two critical points q1 and q2

T (x, t) ≈ T1 + T2, (2.89)
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2.5 Conclusions

In this chapter, we found the asymptotics of dynamical correlation functions of

anyonic gas with the parameter of anyonic statistics 0 ≤ κ < 1 using a effective

form-factor approach. The main difficulty of this method is to find the phase-

shift function ν(q) for effective fermions solving an integral equation. For large

x and t we found approximate solutions for this integral equation that depend

on the ratio v = x/t. For the spacelike region, v > 1, the solution ν(q) can

be approximated by the smooth function ν+(q). In this case, the asymptotics

of the correlation function is given by asymptotic analysis of integrals producing

the leading contribution either from a pole or from a saddle point. In the case

of saddle-point contribution, there is an additional power factor correcting the

exponential decay of the correlation function.

For the timelike region, |v| < 1, we approximate the solution ν(q) for a large

finite t by a function having discontinuities at critical points and corresponding to

the solution of the integral equation at t = ∞. Unfortunately, this approximate

solution can not be used directly to find the asymptotics of the correlation function

by the methods of the chapter 1, since the latter requires a smooth ν(q). For

large finite t we consider a class of regularized ν(q) having the same limit at

t = ∞ as the genuine solution. It is remarkable, that the regularized ν(q) lead

to the same asymptotics up to a prefactor independent of t. This universal time

dependence of asymptotics has an additional power-like factor to the exponential

decay of the correlation function. The exponent of this power-like factor is related

directly to the jumps of ν(q) at critical points. We hope that the use of a better

approximation to ν(q) as a solution of the integral equation for a large finite t will

fix the exact form of the constant prefactor. Further analysis of the correlation

functions in the timelike region by the method of effective form-factors will be

presented in future publications.

We believe that the appearance of the power-law corrections is universal and

takes place in all dynamical correlation functions of quantum one-dimensional

models at finite temperature (entropy) in timelike region. It was observed similar

behavior for a continuum model [139]. Equivalent phenomena are present in XX

spin chain [140, 106, 107]. Finally, quite unexpectedly, similar asymptotics appear

67



also while describing large x and t behavior of the classical integrable systems

[141, 142, 143]. Perhaps, it is related to the fact that the tau functions in such

systems can be presented as Fredholm determinants, and the role of momentum

distribution nF (q) is played by the reŕection coefficient [144, 145]. We plan to

investigate these models in the future.

The limiting case κ = 1 of the model corresponds to the quantum XX spin

chain model studied intensively in the literature. Therefore, it is interesting to look

at the limits of our results as κ → 1 and compare with the known formulas. For

the paramagnetic phase, h > 1, in timelike region the results for the asymptotics

were obtained in [68] up to an overall constant depending on β and h. Our results

have the same structure as a function of t. The ferromagnetic phase, h < 1,

was studied in [140, 106, 107] in spacelike region and [140] in the timelike region.

Unfortunately, the direct application of our approach is not possible due to the

appearance of singularities of ν±(q) at q = ± arccosh, where ε(q) = 0. We believe

that these singularities can be properly resolved. But one needs to develop a more

delicate limiting procedure, on which we hope to report in the nearest future.

An important ingredient in the derivation of asymptotics in [140, 68, 146]

is the use of the fact that the correlation function satisfies differential-difference

equations of AblowitzśLadik integrable system. It would be interesting to gener-

alize this approach to the correlation functions with arbitrary anyonic parameter

κ and determine the precise v dependence of R∞ in Eq. (2.92).

Another important application of our approach is to use it to describe the

scaling behavior of the correlation functions of the anyonic gas. One has to be

able to reproduce results for the asymptotics obtained in [147, 148, 149]. Recently,

using effective form-factors, the finite temperature tau function for the continuum

case was investigated in [139].

Finally, an important generalization would be to the interacting case. Re-

cently, the asymptotic behavior of the static one-body correlation function at

zero temperature was derived for the interacting anyonic gas via the Luttinger

liquid approach [150]. To reproduce this result, at least in the TonksśGirardeau

limit, we would have to take into account next to leading asymptotics. Indeed,

the only way to reproduce zero temperature power-law behavior is first to re-

cover finite T CFT predictions, which, roughly speaking, replace power-law as
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1/x∆ → 1/(sinh(Tx)/T )∆ [151]. In the expansion of this expression at large x

one obtains not only the leading exponential but also a bunch of the subleading

ones. One way to capture this could be in a more precise identification between

integral kernels. Right now, we do not know how to generalize our methods to the

fully interacting model, i.e. to the case when Fredholm presentation is not avail-

able. A perspective direction could be to derive it directly from the form-factor

series [71].
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Chapter 3

On LandauerśBüttiker formalism from a quantum

quench

3.1 Introduction

In this chapter, we study the continuous bipartite system with an arbitrary defect

localized around the middle of the system. We consider a bipartite quench proto-

col, in which initially the łrightž part of the system is empty and the łleftž part is

filled up to some energy with fermions subjected to the local short-range potential

V0(x), or distributed according to some probability (to model, for instance, the

thermal initial state). After that, the dynamics of the whole is governed by the

Hamiltonian with the local potential V (x), which may, in principle, be different

from V0(x). We compute the Full Counting Statistics (FCS) of the number of par-

ticles in the right part of the system. We derive an expression for FCS in the form

of Fredholm determinant that is expressed via the Jost functions that correspond

to the potentials V and V0. This is an exact expression in the thermodynamic

limit that describes both the transient dynamics and the formation of the non-

equilibrium steady-state. We argue that in the absence of the bound states in

the potential V (x), the leading terms in the FCS are defined via the transmission

coefficient of the potential V (x) and are given by the LevitovśLesovik formula

[152, 153, 154] (with logarithmic corrections for zero temperature states). If two

or more bound states are present in the system they affect even the properties of

the steady state by introducing persistent oscillations with a frequency equal to

the difference of energies between the bound states. Moreover, the amplitude of

these oscillations depends on the Jost functions of the potential V0(x), this way re-

taining the memory of the initial state. This phenomenon can be observed already

on the level of the current, where even for the constant bias the persistent oscilla-

tions are present on top of the constant LandauerśBüttiker contribution. Similar
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dependencies of the initial correlation in the case when bound states are present

in the system were observed in [155, 156]. This effect seems to be overlooked in

the traditional approach (see for instance footnote 54 in [157]).

The chapter is organized as follows. In Section 3.2 we recall definitions of the

scattering data, the Jost states and adopt notations for one-dimensional systems.

In Section 3.3 we formulate the problem and present the main results. The outline

of the derivation of the main results is presented in Sections 3.4 and 3.5. In Sec-

tion 3.4 we describe a construction of the wave functions in the finite system and

in Section 3.5 we discuss how to obtain the kernel for the Fredholm determinant.

Section 3.6 contains derivation of the LandauerśBüttiker expression for the cur-

rent and its modification in the case when multiple bound states are present in the

systems. A short summary and outlook are presented in Section 3.7. Appendices

E, F, G and H deal with some details of the derivations and contain scattering

data for a few exemplary potentials.

3.2 General properties of scattering

In this section we brieŕy remind some general notions of the one-dimensional

scattering on the local potential V (x). The eigenvalue problem satisfies the

Schrodinger equation

HVΨ =

(
− d2

dx2
+ V (x)

)
Ψ = EΨ. (3.1)

The locality means that the potential vanishes fast enough as |x| → ∞. For

all practical purposes we assume that the potential is nonzero only in the finite

domain |x| < ξ. This way, for |x| > ξ the wave functions that correspond to

the energy E = k2 are the plane waves e±ikx. So for every real k ̸= 0 there

exists a two-dimensional space of solutions. The typical basis in this space can

be conveniently described by the Jost states ψk, φk defined by their asymptotic

behavior, namely

ψk(x) = e−ikx + o(1), x→ +∞, (3.2)

φk(x) = e−ikx + o(1), x→ −∞. (3.3)
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For a real potential these states are connected to their complex conjugated coun-

terparts as ψ−k(x) = ψ̄k(x), φ−k(x) = φ̄k(x). If additionally the potential is sym-

metric V (x) = V (−x), then ψk(−x) and φk(−x) are still eigenfunctions. Consid-

ering the asymptotic behavior one can conclude that in this case ψk(−x) = φ̄k(x).

Using (3.2) we see that the Jost solutions satisfy the following integral equations

ψk(x) = e−ikx −
∞̂

x

sin(k(x− y))

k
V (y)ψk(y)dy, (3.4)

φk(x) = e−ikx +

x
ˆ

−∞

sin(k(x− y))

k
V (y)φk(y)dy. (3.5)

As both Jost solutions form a basis they are connected by the linear transforma-

tion, the transfer matrix,

(
φk(x)

φ̄k(x)

)
= T (k)

(
ψk(x)

ψ̄k(x)

)
, T (k) =

(
ak bk

b̄k āk

)
. (3.6)

Note that for a real potential a−k = āk, b−k = b̄k, while for a symmetric potential

bk is purely imaginary.

Considering the Wronskian of the eigenvalue problem (3.2) we conclude that

the transfer matrix is unimodular

det T (k) = |ak|2 − |bk|2 = 1. (3.7)

The transfer matrix T can be repacked into the S-matrix [158] as follows

S =
1

ak

(
−b̄k 1

1 bk

)
. (3.8)

The unimodularity condition (3.7) means the unitarity for S-matrix SS+ = 1.

The transmission and the reŕection coefficients are defined as the squared absolute

values of the off-diagonal and diagonal components of the S-matrix, respectively,

T (E) =
1

|ak|2
, R(E) =

|bk|2
|ak|2

. (3.9)

Here we present them as the functions of energy E = k2. The unitarity (3.7)

guarantees that T (E) +R(E) = 1.
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The coefficient ak can be analytically continued to the upper half plane where it

might have zeroes that correspond to the bound states. They are purely imaginary

k = iκ so the corresponding energy is negative E = −κ
2. In fact the analytic

properties allow one to present (see for instance [159])

ak =
N∏

n=1

k − iκn
k + iκn

exp


 1

2πi

∞̂

−∞

log(1 + |bq|2)
q − k − i0

dq


 . (3.10)

To describe the wave function of a bound state we can use either φk(x) and ψ̄k(x)

as both these functions can be analytically continued to the upper half plane. In

fact, it turns out that they are proportional φiκ(x) = bκψ̄iκ. Taking into account

the definition of transfer matrix (3.6) this relation is hardly surprising and bκ can

be considered as an analytic continuation of the bk, however, contrary to ak such

continuation is not always possible, and the coefficient bκ should be considered as

additional scattering data.

Finally, let us comment on the normalization conditions of the continuous

spectrum. Similar to [159] we conclude that

∞̂

−∞

dxφk(x)ψ̄q(x) = aqδ(k − q). (3.11)

Theqrefore the Green’s function G(x, y, t) defined as a solution of the Schrodinger

equation in x variable with the initial condition G(x, y, t = 0) = δ(x− y), can be

presented as

G(x, y, t) =

ˆ

C

dk

2π

φk(x)ψ̄k(y)

ak
e−itEk . (3.12)

As for the continuum spectrum the contour C goes along the real line. We notice

however that the integrand can be analytically continued in the upper half plane.

Moreover, in this form we can easily take into account also contributions from the

bound states. To do so the contour C should run above all positions of zeroes

of ak in the upper half plane (see figure 3.2 below). Below we re-derive this

presentation using wave functions in the box (hard-wall boundary conditions),

and demonstrate how to express full counting statistics via the scattering data

and Jost solutions.
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3.3 Quench protocol

The scattering states introduced in the previous section describe an infinite sys-

tem. To correctly formulate transport problem we consider open (hard-wall)

boundary conditions placed at x = ±R, perform computations at finite R, and

send R → ∞ in the end of the computation. At the initial moment of time only

the left part of the system x < 0 is filled. Meaning that the single particle wave

functions Λq are non-zero only in the interval x ∈ [−R, 0], more formally

−d
2Λq
dx2

+ V0(x)Λq = q2Λq, Λq(0) = Λq(−R) = 0. (3.13)

The post-quench wave functions satisfies

−d
2χk
dx2

+ V (x)χk = k2χk, χk(−R) = χk(R) = 0. (3.14)

The initial N -particle state of the system |in⟩ is given in a Fock space by an

ordered set of momenta q1 < q2 < · · · < qN . Formally, it can be presented as a

wedge product

|in⟩ = Λq1
∧

Λq2 · · ·
∧

ΛqN , (3.15)

which in the coordinate space corresponds to a single Slater determinant. The

case of the statistical ensemble in the N → ∞ limit can be described by taking

the typical distribution of qi. To characterize many body dynamics we consider

full counting statistics (FCS). It can be written as

F(λ, t) = ⟨in|eitHeλNRe−itH |in⟩ = ⟨in|e
λ

t́

0

dτJ(τ)
|in⟩, (3.16)

where NR is number of particles in right part of the system and J(τ) is the current

through the point x = 0. Introducing the resolution of the unity, we can formally

present FCS as a form factor series

F(λ, t) =
∑

k,p

⟨in|k⟩⟨k|eλNR|p⟩⟨p|in⟩eit(Ek−Ep). (3.17)

Here |k⟩ and |p⟩ are many-body states of the form (3.15). Theqrefore the overlaps

and the matrix elements are the determinants of the Cauchy type matrices.
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Due to the free fermionic structure of the initial state (3.15) the FCS can be

presented as

F(λ, t) = detXab, (3.18)

with indices a and b corresponding to the momenta in the initial state |in⟩, and

the matrix elements are

Xab = δab + (eλ − 1)
∑

k,p

(Λa, χk)(χk, P>χp)(χp,Λb)√
(Λa,Λa)(χk, χk)(χp, χp)

√
(Λb,Λb)

eit(Ek−Ep). (3.19)

Here P> is a projector on the right part of the system i.e. x ∈ [0, R). This formula

can be obtained from (3.17) using some variant of the CauchyśBinet formula (the

product of determinants is the determinant of product of matrices). Our goal is

to present (3.18) in the thermodynamic limit as a Fredholm determinant of some

trace-class operator. Namely, we present

Xab = δab +
π

R
K(qa, qb) + o(1/R) (3.20)

so that FCS in the thermodynamic limit R → ∞ transforms into a Fredholm

determinant

F(λ, t) = detX → det
(
1 + ρK̂

)
, (3.21)

where ρ in the density of the initial state and the operator K̂ acts on the integrable

functions L2(R) via the convolution with the kernel K(q, q′), namely

K̂f(q) =

ˆ

K(q, q′)f(q′)dq′. (3.22)

We compute this kernel in Section 3.5. It can be presented as

K(q, q′) = K0(q, q
′) + δK(q, q′), (3.23)

where

K0(q, q
′) =

eλ − 1

π
σ(q, q′)

sin
t(Eq−Eq′)

2

Eq − Eq′
(3.24)

with

σ(q, q′) =
i|Φq(0)||Φq′(0)|
Φq(0)Φq′(0)āqaq′

(
ψ̄q′(0)∂xψq(0)− ψq(0)∂xψ̄q′(0).

)
(3.25)

Here ψk are Jost solutions defined by equation (3.4) and by Φk(x) we denote the

Jost solution equation (3.5) on the potential V0. The expression for δK can be

75



found in Section 3.5. It contains, in particular, contributions from the bound

states if they are present in the spectrum of V (x). We see that the kernels are

expressed via the scattering data and the Jost solutions. The separation on K0

and δK is done to facilitate the large t asymptotic analysis. Namely, in this limit

δK contains only oscillating terms, while formally K0 tends to a delta function.

For this reasoning we can heuristically argue that the leading contribution to the

FCS will be given by K0 and δK will results in smooth prefactor for FCS. For a

specific lattice system this effect was observed in [160]. Moreover, since σ(q, q′)

is a smooth function we can replace it with diagonal values σ(q, q′) → σ(q, q).

Further, taking into account that the Wronskian ψ̄q(x)∂xψq(x) − ψq(x)∂xψ̄q(x)

does not depend on x, which can be checked by the immediate differentiation. We

evaluate it at x→ −∞ and arrive to the conclusion that σ(q, q) = 2q/|aq|2. This

allows us to transform the kernel to act on the energy space instead of momentum.

This way, we obtain a Fredholm determinant of the generalized sine-kernel type

F(λ, t) ≈ C̃(λ, t) det

(
1 +

eλ − 1

π
ρ(E)T (E)

sin t(E−E′)
2

E − E ′

)
. (3.26)

Here we have written a kernel of the integral operator. The prefactor C̃(λ, t)

appeared due to discarding δK. Notice that in this form all information about

the Jost function disappears and only the transmission coefficient T (E) for the

post-quench potential remains. Large t asymptotic behavior of the Fredholm

determinant can be easily found either by solving the corresponding Riemannś

Hilbert problem [109, 81, 161] or using the effective form factors developed in the

chapters 1, 2. It is worth to mention the paper [139], where the effective form

factor approach was applied for the case of continuum systems. For the smooth

distribution ρ(E) the result reads

F(λ, t) ≈ C(λ, t)Fs(λ, t) (3.27)

with

logFs(λ, t) =
t

2π

ˆ

log(1 + (eλ − 1)ρ(E)T (E))dE ≡ it

ˆ

νλ(E)dE. (3.28)

The prefactor C(λ, t) contains both C̃(λ, t) and the constant prefactors from

the asymptotic expression for the Fredholm determinant. When bound states
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Finally, when there are two or more bound states in the spectrum, then C(λ, t)

contains persistent oscillatory contributions with the frequency equal to the dif-

ference of energies of the bound states, see figure 3.1(b). Notice that after a few

periods oscillations are described by one harmonic with a constant amplitude. For

a specific defect in a lattice model this was demonstrated in [160].

3.3.1 Entanglement Entropy

Let us also mention that one can relate the entanglement entropy S(t) obtained

after tracing out the left part of the system to the FCS by a simple integral

[166, 167, 168, 169]. We express this relation in a simple and convenient form as

S(t) = 1

4

∞̂

−∞

logF(λ, t)

sinh2(λ/2)
dλ, (3.30)

where the integral at λ = 0 should be treated in the principal value sense. Sub-

stituting instead of complete F its asymptotic expression Fs for instance for zero

temperature case (3.29), we obtain as t→ ∞

S(t) ≈ t

EF
ˆ

0

dE

2π

(
− T (E) log T (E)−R(E) logR(E)

)

− log t

4

∞̂

−∞

νλ(0)
2 + νλ(EF )

2

sinh2(λ/2)
dλ, (3.31)

Here R(E) ≡ 1 − T (E). The linear in time part of this formula is generic for

one-dimensional systems [170], and in this case it has a form of classical Shannon

entropy (see also [171] and [172]), the suitable generalization to the interacting

systems was obtained in [173]. The logarithmic growth becomes important in

the case of the absence of the defect, or for the reŕectionless potential, when the

linear part disappears. The coefficient in front of the logarithm is compatible with

predictions from conformal field theories [174, 175, 171]

S(t) = c

6
log t+O(1), t→ ∞. (3.32)

In our case for T (E) = 1 we get c = 2 after computing the integral in the last line

of (3.31). Notice that the coefficient in front of the logarithmic correction when

the linear part is present can be non-universal similarly to [171].
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3.4 Hard-wall wave functions

The key part in deriving explicit expression of kernels is an explicit presentation

for the hard-wall wave functions (3.13), (3.14) in terms of the Jost functions and

scattering data. We start with χk. Assuming that the range of the potential ξ is

much smaller than R, the wave function can be presented as

χk(x) = Im
[
eikRψk(x)

]
, (3.33)

where ψk is a Jost function that corresponds to the potential V (x) (see (3.4)).

This way the condition χk(R) = 0 is satisfied automatically, while for the large

negative x the behavior reads

χk(x) = Im
[
eikR(āke

−ikx − bke
ikx)
]
. (3.34)

Here the scattering data corresponds to the potential V (x). Demanding χk(−R) =
0 will provide us with the spectrum condition, that can be resolved as

e2ikR =
iIm bk +

√
1 + (Re bk)2

āk
≡ e−2iδ(k). (3.35)

Here we have introduced the scattering phase δ(k). We have to take into account

two possible solutions that correspond to two different branches of the square

root. This way, in fact we have two different scattering phases. For both of them

we have δ(k) = −δ(−k), meaning that if k is a solution than −k is solution as

well, with the same energy Ek = k2. However, they describe the same state as

is clearly seen from (3.33). Theqrefore, we restrict ourselves to the positive k

solutions of (3.35).

Let us also discuss the normalization of the wave function. To this end we

notice that the k derivative of the χk satisfies

(
−∂2x + V (x)− k2

)
∂kχk = 2kχk,

(
−∂2x + V (x)− k2

)
χk = 0. (3.36)

So we can write

2k(χk, χk) =

R̂

−R

dx

[
−d

2∂kχk
dx2

χk(x) + ∂kχk
d2χk(x)

dx2

]

=

[
−d∂kχk

dx
χk(x) + ∂kχk

dχk(x)

dx

] ∣∣∣
R

−R
. (3.37)
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This allows us to present

(χk, χk) = (Re bk +
√
1 + (Re bk)2)

√
1 + (Re bk)2(R + δ′(k)). (3.38)

Here δ′(k) means the momentum derivative. Similarly, we can describe the matrix

elements (χk, P>χp) =
Ŕ

0

dxχk(x)χp(x) of the projector in (3.19) as

(Ek − Ep)(χk, P>χp) =

=

R̂

0

dx
([(

−∂2x + V (x)
)
χk(x)

]
χp(x)− χk(x)

(
−∂2x + V (x)

)
χp(x)

)

=

R̂

0

dx∂x (−χp(x)∂xχk(x) + χk(x)∂xχp(x))

= χp(0)∂xχk(0)− χk(0)∂xχp(0). (3.39)

To describe bound states that might be present in the system, one can argue

that due to finite range of the potential the corresponding wave functions will

be localized around x = 0, and decay exponentially for large x. Theqrefore the

boundary conditions are satisfied automatically with the exponential precision,

and we may put

χbound
k (x) ≈ φiκ(x), k = iκ. (3.40)

Its normalization can be found in a similar manner taking into account the iden-

tification φiκ(x) = bκψ̄iκ(x) discussed in Section 3.2. Indeed, using the fact that

at x→ +∞, the leading term in the momentum in the wave function behaves as

a′iκe
κx, we obtain

(φiκ, φiκ) = ia′iκbκ. (3.41)

Similarly we can find the pre-quench wave function Λq. In this case it is more

convenient to use the Jost solution (3.5) on the potential V0, which we denote as

Φq(x). In this notation we propose the following formula

Λq(x) = Im
Φq(x)

Φq(0)
. (3.42)

Notice that in this form the boundary condition Λq(0) = 0 is satisfied automati-

cally, while the condition Λq(−R) = 0 defines spectrum and the scattering phase
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η(q)

e2iqR =
Φq(0)

Φ̄q(0)
≡ e−2iη(q). (3.43)

Normalization now reads as

(Λq,Λq) =
R + η′(q)

2|Φq(0)|2
. (3.44)

Finally, computation of the overlaps between pre- and post-quench wavefunctions

in (3.19), can be avoided completely, and replaced by the corresponding overlaps

with the Jost’s functions. Namely, as it follows from (3.39) the time derivative

of the (3.19) can be expressed via the (conjugated) time evolution of the wave

function Λq(y, t) defined as

Λq(y, t) ≡
∑

k

(Λq, χk)χk(y)

(χk, χk)
eitEk =

0
ˆ

−R

dxΛq(x)G
∗(x, y, t). (3.45)

Here we have used the following presentation of the Green’s function

G∗(x, y, t) ≡
∑

k

χk(x)χk(y)

(χk, χk)
eitEk . (3.46)

The summation is taken over all spectral points (3.35). We perform this sum-

mation explicitly in E with the genuine discrete degrees of freedom and take the

thermodynamic limit only in the very end. The computation is straightforward

but a bit tedious. However, the obtained result can be easily explained heuristi-

cally. Namely, one can argue that in the thermodynamic limit instead of function

(3.46) one can use (3.12). This way, we can find a presentation only with the Jost

solutions introduced in the previous section

Λq(y, t) =

ˆ

C

dk

2π

(Λq, φk)ψ̄k(y)

ak
eitEk . (3.47)

The integration path C runs from −∞ to +∞ in the upper half plane above all

positions of zeroes of ak, see figure 3.2. The overlap (Λq, φk) can be computed

using the same trick as in (3.37) and (3.39). Indeed, if we introduce function

Ξq,k = Λ′
q(0)φk(0)−

0
ˆ

−∞

dxΛq(x)(V0(x)− V (x))φk(x), (3.48)
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we can present

(Ek − Eq)

0
ˆ

−R

dxΛq(x)φk(x) = Ξq,k − Λ′
q(−R)φk(−R). (3.49)

Here we have used that due to the finite range of the potentials the lower limit of

the integration in (3.48) can be either −R or −∞. Taking into account that for

k ∈ C the last term vanishes exponentially φk(−R) ∼ eikR, we finally present

Λq(y, t) =

ˆ

C

dk

2π

Ξq,kψ̄k(y)

(k2 − q2)ak
eitEk . (3.50)

This is the final answer in the thermodynamic limit. Notice that Ξq,k is a regular

function and can be continued from the discrete spectrum to upper half plane of

the variable k. In the next section we will evaluate large-time asymptotic behavior

of the kernel, which is mostly defined by Ξq,−q. It can be computed from (3.49)

along with the asymptotic behavior Λ′
q(−R) ∼ −qeiqR/Φq(0) for large R (see

(3.42))

Ξq,−q = − q

Φq(0)
. (3.51)

This expression can be directly obtained from the definition (3.48) already in the

thermodynamic limit. We demonstrate it in G. The direct computation of Λq(0, t)

and its derivative in the finite system is given in F.

3.5 Kernel

To compute the kernel K(q, q′) for the Fredholm determinant of the FCS (3.21),

we start by considering its time derivative. Using explicit presentation (3.19) and

(3.39), along with the definition (3.45), we arrive at

dK(q, q′)

dt
=

2i(eλ − 1)

π
|Φq(0)|

(
f (1)q (t)f̄

(0)
q′ (t)− f (0)q (t)f̄

(1)
q′ (t)

)
|Φq′(0)|, (3.52)

where we have denoted

f (α)q (t) = ∂αxΛq(x, t)
∣∣∣
x=0

=

ˆ

C

dk

2π

Ξq,k∂
α
x ψ̄k(0)

ak

eitk
2

k2 − q2
, α = 0, 1. (3.53)

The contour C runs as is shown in figure 3.2. Using presentation (3.50) we can
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Figure 3.2: Integration contours C and C ′ in the complex plane of k for the

integral presentation of f
(α)
q given by (3.53). The contours C are C ′ are the

initial and transformed contours of integration, respectively. Blue dots on the

imaginary axis correspond to the bound states, red dots correspond to poles at

k = ±q in (3.53). The shaded areas show the regions of exponential decaying

(I, III quadrants, light blue) and exponential growth (II, IV quadrants, pink) of

exp(itq2) for t→ +∞.
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directly integrate (3.52). However, in order to easier assess the long-time asymp-

totic behavior we first identically transform f
(α)
q to highlight the most relevant

terms as t → +∞. To do so we notice that the exponential eitk
2

is decaying in

the first and third quadrants of complex plane of k (see figure 3.2). So we deform

the contour C into C ′ by pulling it towards the real negative line and crossing it.

By doing so we inevitably encircle all positions of the bound states and the pole

k = −q. The obtained deformation reads

f (α)q (t) =
iΞq,−q∂αx ψ̄−q(0)

a−q

eitq
2

2q
+

Nb∑

n=1

iΞq,iκn
∂αx ψ̄iκn

(0)

a′iκn

e−itκ
2
n

κ
2
n + q2

+

ˆ

C ′

dk

2π

Ξq,k∂
α
x ψ̄k(0)

ak

eitk
2

k2 − q2
. (3.54)

The łleadingž coefficient Ξq,−q was computed in (3.51). Further we use the sym-

metry k → −k to fold the full contour C ′ and consider integration only with

Re k > 0, namely

f (α)q (t) =
Nb∑

n=1

B(α)
n,q e

−itκ2
n + F (α)

q eitq
2

+

∞̂

0

dk

π
Ω

(α)
q,k

eitk
2

(k + i0)2 − q2
, (3.55)

B(α)
n,q =

iΞq,iκn
∂αx ψ̄iκn

(0)

a′iκn
(κ2

n + q2)
, F (α)

q = −i ∂
α
xψq(0)

2Φq(0)a−q
, (3.56)

Ω
(α)
q,k = Re

Ξq,k∂
α
x ψ̄k(0)

ak
. (3.57)

Such form of f
(α)
q (t) is convenient for large t asymptotic analysis. The first two

terms give persistent oscillations, while the integral in (3.55) is decaying as a

power law in t for large t. This can be deduced from the stationary phase method

considering a saddle point at k = 0. The corresponding exponent of the power

law decay depends on the behavior of Ω
(α)
q,k at k = 0. In the case of generic

potentials, ak has a first order pole at k = 0 while Ξq,k and ∂αxψk(0) are regular

at k = 0. Theqrefore Ω
(α)
q,k has at least first order zero at k = 0, which implies

the entire integral to be estimated as O(t−1). For some special potentials (for

example reŕectionless potentials), ak is regular at k = 0. For such potentials the
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integral decays as t−1/2

∞̂

0

dk

π
Ω

(α)
q,k

eitk
2

(k + i0)2 − q2
=
I
(α)
q√
t
+O(t−1), (3.58)

I(α)q = −
√
πeiπ/4Ξq,0∂

α
xψ0(0)

2a0q2
. (3.59)

To compute the kernel we substitute f (α)(t) in the form (3.55) into (3.52) and

integrate over t. Additionally, we perform conjugation with diagonal matrices

K(q, q′) → K(q, q′)e−it(Eq−Eq′)/2. (3.60)

This operation does not change the determinant, so for the transformed kernel we

obtain

K(q, q′) = K0(q, q
′) + δK(q, q′). (3.61)

Here K0(q, q
′) is given by

K0(q, q
′) =

4i(eλ − 1)

π

× |Φq(0)|(F (1)
q F̄

(0)
q′ − F (0)

q F̄
(1)
q′ )|Φq′(0)|

sin t(Eq − Eq′)/2

Eq − Eq′
. (3.62)

Using definition (3.56) it can be equivalently presented as (3.24). The rest of the

kernel can be presented as

δK(q, q′) =
2i(eλ − 1)

π
|Φq(0)|

(
Mqq′(t)− M̄q′q(t)

)
|Φq′(0)| (3.63)

with

Mqq′(t) = e−it(Eq−Eq′)/2
4∑

i=1

[
K(i)(q, q′, t)−K(i)(q, q′, 0)

]
. (3.64)

Here different kernels have different physical meaning. The kernel K(1) is respon-

sible for the contribution of the bound states only. It is given by

K(1)(q, q′, t) =
Nb∑

m<n

(B(1)
mqB

(0)
nq′ − B(0)

mqB
(1)
nq′)

eit(κ
2
n−κ

2
m)

i(κ2
n − κ

2
m)
. (3.65)

85



The kernel K(2) is responsible for contribution of the continuous spectrum only

K(2)(q, q′, t) =

ˆ ∞

0

dk

π

eit(Ek−Eq′)

i(E+
k − Eq′)

Ω
(1)
qk F̄

(0)
q′ − Ω

(0)
qk F̄

(1)
q′

E+
k − Eq

+
1

2

∞̂

0

dk

π

∞̂

0

dp

π

eit(Ek−Ep)

i(E+
k − E−

p )

Ω
(1)
qk Ω

(0)
q′p − Ω

(0)
qk Ω

(1)
q′p

(E+
k − Eq)(E−

p − Eq′)
, (3.66)

here Ek = k2 and E±
k = (k ± i0)2. Finally the kernels K(3) and K(4) give the

mixed contribution from the bound states and the continuous spectrum

K(3)(q, q′, t) =
Nb∑

n=1

ˆ ∞

0

dk

π

eit(Ek+κ
2
n)

i(E+
k + κ

2
n)

Ω
(1)
qk B

(0)
nq′ − Ω

(0)
qk B

(1)
nq′

E+
k − Eq

, (3.67)

K(4)(q, q′, t) =
Nb∑

n=1

(B
(0)
nq′F

(1)
q − B

(1)
nq′F

(0)
q )

eit(κ
2
n+Eq)

i(Eq + κ
2
n)
. (3.68)

Integrals in K(2) and K(3) decay for large t because of averaging of rapid oscilla-

tions as in the integral (3.55). Special care has to be taken for the reŕectionless

potentials. At the first glance, in this case relations (3.58), (3.59) might produce

a logarithmic growth for large t in the double integral in K(2). This growth is,

however, absent because of the relation

I(1)q Ī
(0)
q′ − I(0)q Ī

(1)
q′ = 0. (3.69)

There are also potential singularities for small q ≲ t−1/2 and a bit different asymp-

totic analysis of (3.58) is needed. Indeed, (3.59) shows a singular behavior for

small q, which in fact is not there, since in the asymptotic analysis of (3.58) we

have assumed that a pole at k = q is far from the stationary point k = 0. We

performed such analysis for the current and showed that the contribution of small

q gives only the subleading contributions.

Apart from the decaying terms, δK contains also time-independent terms

K(i)(t = 0), highly oscillating terms like K(4)(t), and terms that oscillate with

the frequencies given by the energies of the bound states K(1)(t). The latter comes

in the form of the finite rank operators, and can appear in the final expression

of the determinant only linearly. As we have discussed in Section 3.3 we expect

that the contribution of the kernel δK to the asymptotic analysis of the Fredholm
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operator det(1 + K̂) enters only as a smooth overall prefactor, which has non-

vanishing time dependence only if there are two or more bound states in the

spectrum.

3.5.1 FCS for perfect lead attachment

There are well-developed methods for asymptotic analysis of the Fredholm deter-

minants of the so-called integrable kernels [94, 176]. As we have shown above for

generic potentials V0(x) and V (x) the kernel for FCS K(q, q′) is not an integrable

one.

In this subsection we consider a special case of quench setup when the obtained

kernel is integrable even for finite times. We call this situation the perfect lead

attachment because it corresponds to the scenario when V0(x) = V (x) for x < 0.

In this case due to the integral presentation (3.5) the corresponding Jost func-

tions coincide for negative x: φq(x) = Φq(x) for x ≤ 0. From presentation (3.48)

we observe the factorization

Ξq,k = Λ′
q(0)φk(0), (3.70)

which imply a similar factorization f
(α)
q (t) = Λ′

q(0)g
(α)
q (t) for f

(α)
q (t) given by

(3.53), where

g(α)q (t) =

ˆ

C

dk

2π
ω
(α)
k

eitk
2

k2 − q2
, ω

(α)
k ≡ φk(0)∂

α
x ψ̄k(0)

ak
. (3.71)

Comparing (3.70) at k = −q with (3.51) we conclude that Λ′
q(0) = −q/|φq(0)|2.

Theqrefore now (3.52) reads

dK(q, q′)

dt
=

2i(eλ − 1)qq′

π|φq(0)||φq′(0)|
(
g(1)q (t)ḡ

(0)
q′ (t)− g(0)q (t)ḡ

(1)
q′ (t)

)
. (3.72)

Integrating in t we can present the kernel K(q, q′) in the integrable form

K(q, q′) =
2(eλ − 1)qq′

π|φq(0)||φq′(0)|

×
g
(1)
q (t)ḡ

(0)
q′ (t)− g

(0)
q (t)ḡ

(1)
q′ (t) + D̄q(t)−Dq′(t)

Eq − Eq′
, (3.73)
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where

Dq(t) = i

t
ˆ

0

dτ

ˆ

C

dk

2π
eiτk

2
[
ω
(1)
k ḡ(0)q (τ)− ω

(0)
k ḡ(1)q (τ)

]
. (3.74)

To check correctness of (3.73) we need to compare its derivative in t with (3.72)

using
d

dt
g(α)q (t) = iq2g(α)q (t) + i

ˆ

C

dk

2π
ω
(α)
k eitk

2

. (3.75)

Also we have to check that K(q, q′) = 0 at t = 0. This is ensured due to

the property g
(0)
q (0) = 0, which follows from analyticity of ω

(0)
k in the upper

half-plane of k. The integrable form of kernel K(q, q′) allows one to replace

evaluation of the Fredholm determinants by a solution of the RiemannśHilbert

problem [94, 176]. This approach is especially useful for the asymptotic analysis

at large time t→ +∞. In this case, however, if we follow the standard procedure

outlined in [176], the corresponding jump matrix will have size 4× 4. Theqrefore,

we postpone full analysis to a separate publication.

The asymptotic behavior of g
(α)
q (t) can be found similarly to (3.55), where one

can neglect the last integral. To find the large-time asymptotic behavior of Dq(t)

we present it identically as

Dq(t) =

ˆ

C

dk

2π

ˆ

C∗

dp

2π

eit(k
2−p2) − 1

k2 − p2
ω̄
(0)
p ω

(1)
k − ω̄

(1)
p ω

(0)
k

p2 − q2

≈ −
ˆ

C

dk

2π

ˆ

C∗

dp

2π

1

k2 − p2 + i0

ω̄
(0)
p ω

(1)
k − ω̄

(1)
p ω

(0)
k

p2 − q2
. (3.76)

Here C∗ is a contour conjugated to C. Moreover, for the symmetric potential

function g
(1)
q (t) simplifies significantly and the integral can be dropped even for

finite times, namely, we can present

g(1)q (t) =
eitq

2

2āq
. (3.77)

Here we used that for arbitrary even potential V (−x) = V (x), the Jost solutions

are related as ψ−k(x) = φk(−x), which leads to

ω
(1)
k =

φk(0)∂xψ−k(0)

ak
= ik. (3.78)
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Indeed taking into account that the Wronskian φk(x)∂xψ−k(x)− ψ−k(x)∂xφk(x)

does not depend on x and calculating it at x → −∞ and x = 0 we obtain the

relation (3.78). Thus, the integral in (3.55) vanishes identically, since it depend

only on the real part of (3.78). Further the bound state contribution vanishes

because the wave-functions are either odd or even, meaning that either the value at

zero or the value of the derivative at zero vanishes leading to φiκn
(0)∂xψ̄iκn

(0) = 0.

3.6 The current

Let us also discuss the full current J(t) of the particles ŕowing through the middle

x = 0 to the right part of the system. It can be evaluated from the FCS (3.21)

as follows

J(t) =
d

dt

dF(λ, t)

dλ

∣∣∣
λ=0

= Tr

(
ρ
d

dt

dK̂

dλ

∣∣∣
λ=0

)

= −
ˆ ∞

0

dqρ(q)
4|Φq(0)|2

π
Im f (1)q (t)f̄ (0)q (t), (3.79)

where at the last step we used explicit presentation (3.52) to compute the trace. As

we discuss in Section 3.5, the integral in (3.55) may be dropped for the calculation

of current for large t since it vanishes as t→ ∞, and we can approximate

f (α)q (t) ≈ F (α)
q eitq

2

+
Nb∑

n=1

B(α)
n,q e

−itκ2
n. (3.80)

Substituting this expression into (3.79) we obtain three type of contributions to

the current

J(t) ≈ JLB + Jb + δJ, (3.81)

where JLB comes from the first term in (3.80), Jb comes from the terms that

involve the bound states only and δJ described the mix of the first term with the

bound states.

To calculate JLB we use Imψ′
q(0)ψ̄q(0) = −q and (3.9)

JLB =

∞̂

0

dq

π

qρ(q)

|aq|2
=

ˆ

dE

2π
ρ(E)T (E). (3.82)

89



It is well-known LandauerśBüttiker formula for the current.

The contribution of bound states to the current is

Jb =
∑

m<n

Amn sin t(κ
2
m − κ

2
n), (3.83)

where

Amn =
4
(
ψ̄′
iκn

(0)ψ̄iκm
(0)− ψ̄′

iκm
(0)ψ̄iκn

(0)
)

a′iκm
a′iκn

×
ˆ ∞

0

dq

π
ρ(q)|Φq(0)|2

Ξq,iκm
Ξq,iκn

(κ2
m + q2)(κ2

n + q2)
. (3.84)

For the symmetric potential V (x), the bound states are either even functions

with ψ̄′
iκn

(0) = 0 or odd functions with ψ̄iκn
(0) = 0. Theqrefore, in this case, a

nontrivial contribution to the current may arise only from pairs of odd-even states.

Furthermore, in the case of perfect lead attachment, V (x) = V0(x), we have

Ξq,iκn
= 0 for odd bound states ψ̄iκn

(x) and theqrefore there is no contribution at

all to the current from bound states in the case of perfect lead attachment with

an even potential.

The integral in q for δJ can be estimated by the contribution at q = 0 by

the method of stationary phase and it can be shown that δJ decays for large t at

least as t−1/2 and theqrefore does not give a leading contribution to the current.

Finally we arrive to the following expression for the large-time asymptotic

current

J(t) ≈
ˆ

dE

2π
ρ(E)T (E) +

∑

m<n

Amn sin t(κ
2
m − κ

2
n). (3.85)

We see that in addition to the constant LandauerśBüttiker current (the first term),

there are also oscillating terms connected with the presence of the multiple bound

states.

To illustrate this formula we consider an example of the reŕecionless poten-

tial V (x) = −2/ cosh2 x. For this potential T (E) = 1, hence the name. The

Jost functions and functions f
(α)
q (t) can be easily computed and the results are
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presented in H.2. The exact expression for the current than reads as (3.79)

J(t) =

ˆ ∞

0

dq

π
ρ(q)

×


q + sin[(1 + q2)t] + 2(1 + q2)Im

∞̂

0

dk

π

k2

1 + k2
eit(k

2−q2)

(k + i0)2 − q2


 . (3.86)

We plot this expression for ρ(E) = θ(EF − E) in figure 3.3(a) against the

LandauerśBüttiker expression JLB = EF/(2π). Notice that even though the

bound state is present in the spectrum, it produces only vanishing with time

oscillations.

To demonstrate the persistent oscillations we consider the symmetric double

delta barrier potential

V (x) = gδ(x− d/2) + gδ(x+ d/2). (3.87)

The corresponding scattering data can be computed explicitly (for the details see

H.3)

ak =
g2e2ikd + (2k + ig)2

4k2
, bk =

ge−idk(g − 2ik)− geidk(g + 2ik)

4k2
. (3.88)

The bound states momenta follow from the relation aiκ = 0, which if we define

u = 2κ/|g|, D = |g|d can be written as

(u− 1)2 − e−uD = 0. (3.89)

For the negative couplings this equation has two solutions for D > 2 and one

solution for 0 ≤ D ≤ 2. Note ak has a simple pole at k = 0 if D ̸= 2. The

case D = 2 describes a situation when the bound states is just starts to appear

from (disappear into) the continuous spectrum, which formally is reŕected in ak

being regular at k = 0. Notice that same behavior is inherent for the reŕectionless

potentials, while for generic potentials ak has a simple pole at k = 0. The formula

for the asymptotic current (3.85) is now given by

J(t) ≈
ˆ

dE

2π
ρ(E)T (E) + A12 sin t(E2 − E1), (3.90)

where T (E) = |ak|−2 is the transmission coefficient; the energies of bound states

Ej = −κ
2
j are defined via solutions κj of the equation (3.89); the amplitude
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A12 follows from (3.84) and is presented explicitly in (H.52). In figure 3.3(b) we

compare the asymptotic current (3.90) with the exact expression (3.79) computed

numerically using f
(α)
q (t) given in H.3. We observe that the asymptotic regime

establishes after few oscillations.

3.7 Conclusions

To summarize, we have presented derivations of the Full Counting Statistics for

the one-dimensional transport via an arbitrary defect from the first principles.

The derivation in the main part is based on the effective presentation of the

Green’s function in the thermodynamic limit. The procedure of taking this limit

(replacing the summation of the quantized quasimomenta to the integral) is not

absolutely rigorous, so in the appendix, we have presented an exact summation

over the quantized momenta with the subsequent thermodynamic limit. The

final answer can be expressed via the Fredholm determinant whose numerical

evaluation is straightforward.

We speculate that the large-time asymptotic behavior of the obtained Fred-

holm determinant could be deduced after certain approximations of the kernels,

which render the determinant to be of the sine-kernel type. In this form, the

answer depends only on the transmission coefficient of the post-quench potential,

while the correlations of the original state are present only as the energy distribu-

tion. After these approximations, the Fredholm determinant could be analyzed

either by the non-linear steepest descent method for the corresponding Riemannś

Hilbert problem or by application the effective form factors. This way we were

able to recover the LevitovśLesovik formula and its modification by logarithmic

corrections in case of discontinuous initial distributions.

As for the future directions, one can turn to the special quench of the per-

fect lead attachment when the obtained exact kernel is an integrable one and

the RiemannśHilbert problem appears without any approximations (see Sec-

tion 3.5.1). It would be also interesting to develop effective form factor methods

to find large-time asymptotic behavior directly from the series (3.17). Besides,

these methods could be used to describe the situation when the LevitovśLesovik

formula is not applicable, i.e. when there are two or more bound states present in
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the spectrum of the post-quench potential and the FCS gets persistent oscillating

behavior even for the constant potential bias. We plan to clarify how the am-

plitudes of these oscillations depend on the initial conditions and whether some

memory effects of the pre-quench potentials are present.

In this chapter, we have not considered the case when there are bound states

present in the pre-quench potential, but this case can be easily addressed in our

formalism. Much more involved improvement of the formalism would be needed to

tackle more general initial states (in particular, when there are some particles on

the right-hand side of the system ⟨NR(0)⟩ ≠ 0); to describe spinful electron and

superconducting setups, and to explore the case of the driven system i.e. when

the defect depends on time (for example, for the harmonically driven conformal

defect [177]).

Apart from introducing the spin degrees of freedom, it would be interesting

to address the multichannel scenario, which is more relevant to the theoretical

description of the mesoscopic experiments. Indeed, in the typical setup, the leads

are infinite in only one dimension while confinement in other dimensions cre-

ates additional channels connected with the possibility to excite transverse modes

[178, 179]. We expect that the corresponding Fredholm determinants for the Full

Counting Statistics will contain block kernels as the transmission coefficient T (E)

will become a matrix.

It is worth noting that our main assumption is based on the validity of the

description of the electrons as essentially non-interacting fermions. This assump-

tion is valid for equilibrium situations as a virtue of the LandauśFermi theory

and might be violated for non-equilibrium situations as we have here. We expect

however that it remains valid as for the typical descriptions of the transport in

driven nanoscale systems [180]. Physically, we require the existence of the quasi-

particles with a lifetime sufficient for the proposed effects to be detected. In our

case, this has to be larger than the frequency defined by the energy differences of

two bound states.

Finally, let us mention that the experiments with ultracold atoms open a

new venue to study transport in truly one-dimensional systems [181]. There the

interactions are taken into account within the bosonization theory. We expect that

the results of bosonization could be seen in the asymptotics of the corresponding
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Fredholm determinants (as it was for free fermions [160]). However, the complete

inclusion of interaction in the leads requires a separate investigation. There is

also a full analog of the LandauerśBüttiker formalism for the interaction on the

defect [182]. It would marvelous to find analogous formulas for the FCS, which is

very challenging with our formalism.
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Conclusions

In chapter 1, the effective form factors were introduced to simulate the static

correlation functions for the states with finite entropy. The state was determined

by the phase shift function ν(q). For the traditional approaches dealing with the

finite entropy states is notoriously difficult but for our approach it is rather advan-

tageous situation, since almost all available quantum numbers are occupied which

tremendously simplifies the computation of form factor series. This allowed us,

in particular, to re-derive known asymptotics for the static two point correlators

in the XY spin chain and present them in a more compact form.

Additionally, it was established a relation between two representations of the

correlation function, namelly, the first one is in the form of a difference of two

Fredholm determinants and another one is in the form of a single Fredholm de-

terminant. This fact allowed us to relate the tau function with arbitrary integer

winding number δ to the problem of the asymptotic analysis of Toeplitz determi-

nants with the winding number δ − 1 and re-derive the HartwigśFisher theorem.

In chapter 2, it was found the asymptotics of dynamical correlation functions

of anyonic gas with the parameter of anyonic statistics 0 ≤ κ < 1 using the

effective form-factor approach. The main difficulty of this method is to find

the phase-shift function ν(q) for effective fermions solving an integral equation.

For large x and t we found approximate solutions for this integral equation that

depend on the ratio v = x/t.

For the space-like region, v > 1, the solution ν(q) can be approximated by the

smooth function ν+(q). In this case, the asymptotics of the correlation function is

given by asymptotic analysis of integrals producing the leading contribution either

from a pole or from a saddle point. In the case of saddle-point contribution there

is an additional power factor correcting the exponential decay of the correlation

function.

For the time-like region, |v| < 1, we approximate the solution ν(q) for a large

finite t by a function having discontinuities at critical points and corresponding
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to the solution of the integral equation at t = ∞. For large finite t we consider a

class of regularized ν(q) having the same limit at t = ∞ as the genuine solution.

It is remarkable, that the regularized ν(q) lead to the same asymptotics up to a

prefactor independent of t. This universal time dependence of asymptotics has an

additional power-like factor to the exponential decay of the correlation function.

The exponent of this power-like factor is related directly to the jumps of ν(q) at

critical points.

In chapter 3, we have presented derivations of the Full Counting Statistics

for the one-dimensional transport via an arbitrary defect from the first principles.

The derivation in the main part is based on the effective presentation of the

Green’s function in the thermodynamic limit. The final answer can be expressed

via the Fredholm determinant whose numerical evaluation is straightforward.

It was argued that the large-time asymptotic behavior of the obtained Fred-

holm determinant could be deduced after certain approximations of the kernels,

which render the determinant to be of the sine-kernel type. In this form, the

answer depends only on the transmission coefficient of the post-quench potential,

while the correlations of the original state are present only as the energy distribu-

tion. After these approximations, the Fredholm determinant could be analyzed

either by the non-linear steepest descent method for the corresponding Riemannś

Hilbert problem or by application of the effective form factors. This way we were

able to recover the LevitovśLesovik formula and its modification by logarithmic

corrections in case of discontinuous initial distributions (e.g. in zero temperature

case).
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Appendix A

Summation of form factors and determinant

formula

In this appendix, we derive formula (1.12) presenting tau function in the thermo-

dynamic limit as a difference of two Fredholm determinants.

We consider solutions in the large L limit and choose k to fill a Fermi Sea,

namely

ki =
2π

L

(
−N

2
+ i− 1− νi

)
, i = 1, . . . , N + 1, (A.1)

where νi ≡ ν(ki). For simplicity, we choose N to be even.

First, we identically rewrite the overlap as (note, detD = det D̃)

|⟨k|q⟩|2 = −4L
N+1∏

i=1

Ωi

(
N+1∏

i=1

eg(ki)/2 sin πνi
L

)2 N∏

i=1

e−g(qi) detD det D̃ (A.2)

D =




cot k1−q12 − i . . . cot kN+1−q1
2 − i

... . . . ...

cot k1−qN2 − i . . . cot kN+1−qN
2 − i

1 . . . 1



, (A.3)

D̃ =




cot k1−q12 + i . . . cot kN+1−q1
2 + i

... . . . ...

cot k1−qN2 + i . . . cot kN+1−qN
2 + i

1 . . . 1



, (A.4)

Ωi =
1

1 + 2πν′(ki)
L

. (A.5)

Then using standard linear algebra manipulations we rewrite the static tau func-

tion as

τ(x) = det(A+ δA)− detA (A.6)
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with

δAij = −4Ωi

L
sin2(πνi)e

g(ki)e−i(ki+kj)x/2, (A.7)

Aij = Ωi
sin2(πνi)

L2
eg(ki)e−i(ki+kj)x/2

×
∑

q

eiqx−g(q)
(
cot

q − ki
2

− i

)(
cot

q − kj
2

+ i

)
, (A.8)

where summation over q is happening over the whole Brillouin zone

q ∈
{
2π

L

(
−L− 1

2
+ j − 1

)
, j = 1, . . . , L

}
. (A.9)

For i ̸= j we present

Aij = Ωi
sin2 πνi
2L

eg(ki)e−i(ki+kj)x/2ei(ki−kj)/2
c(ki)− c(kj)

sin
ki−kj

2

(A.10)

with

c(ki) =
2

L

∑

q

eiqx−g(q) cot
q − ki
2

. (A.11)

This sum can be rewritten as a contour integral and evaluated at large L, namely,

choosing contour γ running around qi and avoiding any other singularities of the

integrand we obtain

c(ki) =

˛

γ

dq

π

e−g(q)+iqx

eiqL − 1
cot

q − ki
2

. (A.12)

Further, we deform the contour into the rectangle that encapsulates interval

[−π, π]. The vertical parts of this rectangle cancel and we are left with two

lines above and below the real axis along with the contribution from the pole at

q = ki

c(ki) =




π−i0
ˆ

−π−i0

−
π+i0
ˆ

−π+i0


 dq

π

e−g(q)+iqx

eiqL − 1
cot

q − ki
2

− 4ie−g(ki)+ikix

eikiL − 1
. (A.13)

Here we assume that the imaginary shift i0 is chosen to be larger then Im ki =

O(1/L). In this form we immediately see that, in the limit L → ∞, the values
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of c(k) at points ki are equal to the values of the E(ki) for the analytic function

E(k) given by

E(k) =

π+i0
ˆ

−π+i0

dq

π
e−g(q)+iqx cot

q − k

2
− 4ie−g(k)+ikx

e−2πiν(k) − 1
. (A.14)

Using E(k) we can obtain values also for some vicinity of ki, which allow us to

effectively łomitž solving Bethe equations (1.7). Performing similar computation

for the diagonal components we arrive at

Aii = eg(ki)−ikix
Ωi sin(πνi)

2

L2

∑

q

eiqx−g(q)

sin2 q−ki2

. (A.15)

The sum can be evaluated in the same way as in Eq. (A.12):

Aii = Ωi

(
1 +

(x+ ig′(ki))(e2πiν(ki) − 1)

L

)

+ eg(ki)−ikix
Ωi sin(πνi)

2

2L

π
ˆ

−π

dq

π

e−g(q)+iqx

sin2 q+i0−ki2

. (A.16)

Equivalently, using definition (A.14), we can present

Aii = Ωi

(
1 +

2πν ′(ki)

L

)
+ eg(ki)−ikix

Ωi sin(πνi)
2

2L
2E ′(ki). (A.17)

So recalling definition of (A.5) we obtain for generic i and j

Aij = δij+
sin2(πνi)

2L
eg(ki)e−i(ki+kj)x/2ei(ki−kj)/2

E(ki)− E(kj)

sin
ki−kj

2

+O(1/L2), (A.18)

where for i = j the second term is understood in the L’Hopital rule sense. Simi-

larly we obtain for the finite rank contribution

δAij = − 4

L
sin2(πνi)e

g(ki)e−i(ki+kj)x/2 +O(1/L2). (A.19)

In this form we are at the position to take limit L→ ∞, and taking into account

that ki is quantized in the units 2π/L, arrive at the Fredholm determinants (1.12).

Similarly, we can perform summation for τ−(x) defined in Eq. (1.56). Instead

of Eq. (A.6) we obtain the following

τ−(x) = det(A+ δA) + (Γ− 1) detA, (A.20)
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where

Aij =
1

L2
e−g(qi)+ix(qi+qj)/2

×
∑

k

eg(k)−ixk sin2 πν(k)

1 + 2π
L ν

′(k)

(
cot

k − qi
2

− i

)(
cot

k − qj
2

+ i

)
, (A.21)

δAij =
4

L
F+(qi)F−(qi), Γ = − 4

L

∑

k

eg(k)−ixk sin2 πν(k)

1 + 2π
L ν

′(k)
, (A.22)

F±(q) = e−
g(q)
2 +ix q

2
1

L

∑

k

eg(k)−ixk sin2 πν(k)

1 + 2π
L ν

′(k)

(
cot

k − q

2
± i

)
. (A.23)

Here
∑
k

means sum over all L+ δ nonequivalent (mod 2π) solutions of Eq. (1.7),

which can be presented as a contour integral

1

L

∑

k

f(k)

1 + 2πν′(k)
L

=

˛

C

dk

2π

f(k)

eikL+2πiν(k) − 1
, (A.24)

where the contour C runs around poles of the denominator only and avoids and

singularities of f(k). Then the derivation goes along the lines as for τ(x). Namely,

for i ̸= j we present

Aij =
1

2L
e−g(qi)+ix(qi+qj)/2ei(qi−qj)/2

c(qi)− c(qj)

sin
qi−qj
2

, (A.25)

where now instead of Eq. (A.11)

c(q) =
2

L

∑

k

eg(k)−ikx sin2(πν(k))

1 + 2πν′(k)
L

cot
k − q

2
. (A.26)

In the thermodynamic limit this function can be replaced by E(q), which does

not depend on the system size

c(q) ≈ E−(q) =
1

π

π+i0
ˆ

−π+i0

dk eg(k)−ixk sin2 πν(k) cot
k − q

2

− 4i
eg(q)−ixq sin2 πν(q)e−2πiν(q)

1− e−2πiν(q)
. (A.27)
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For positive x it is much more convenient to rewrite this function as

E−(q) =
1

π

π−i0
ˆ

−π−i0

dk eg(k)−ixk sin2 πν(k) cot
k − q

2

− 4ieg(q)−ixq sin2 πν(q)

(
1 +

e−2πiν(q)

1− e−2πiν(q)

)
. (A.28)

Now if we relate

e−g(q) = e2πiν(q) − 1, (A.29)

this function transform into

E−(q) =

π−i0
ˆ

−π−i0

dk

4π
e−ixk(e−2πiν(k) − 1) cot

k − q

2
+ ie−ixq. (A.30)

For large positive x the integral can be neglected. For diagonal components we

obtain

Aii = 1 +
1

L
e−g(qi)+ixqiE ′

−(qi). (A.31)

Function Γ can be written as

Γ =

π
ˆ

−π

dk

2π
e−ixk(1− e−2πiν(k)). (A.32)

It is also exponentially suppressed for x → +∞. The finite rank contribution is

easily evaluated taking into account that

F±(q) =
e−g(q)/2+ixq/2

2
(E−(q)∓ iΓ/2) . (A.33)

After all these transformations one readily obtains the result Eq. (1.58) in the

thermodynamic limit.

Appendix B

Lemmas about products

In this appendix, we study products that appear in the overlaps. We assume that

ν(q) is a smooth function on the segment [−π, π] and assign its values in specific
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points as νj, namely

νj = ν(qj), qj =
2π

L

(
−L+ 1

2
+ j

)
, (B.1)

ν− = ν(−π), ν+ = ν(π), δ ≡ ν+ − ν−. (B.2)

First we consider constant function ν(q) = ν = const.

Lemma B.1. The following product formula is valid

BL(ν) ≡
L−1∏

j=1

sin π(j−ν)
L

sin πj
L

=
sin(πν)

L sin πν
L

. (B.3)

In the limit L→ ∞ this product simplifies to

BL(ν) ≈
sin(πν)

πν
. (B.4)

The denominator is equal to

L−1∏

j=1

sin
πj

L
=

L

2L−1
. (B.5)

Proof. We can rewrite identically the left hand side as

BL(ν) =
L−1∏

j=1

sin π(j−ν)
L

sin πj
L

= e−iπν
L−1
L

L−1∏

j=1

e
2πi
L
j − e

2πiν
L

e
2πi
L
j − 1

. (B.6)

Taking into account that

L−1∏

j=1

(
z − e2πij/L

)
=
zL − 1

z − 1
, (B.7)

we obtain

BL(ν) =
sin(πν)

L sin πν
L

. (B.8)

Further, we proceed with the generic function ν(q).
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Lemma B.2. For an integer 0 ≤ A ≤ L − 1, the following asymptotic approxi-

mation in the limit L→ ∞ is valid

BA,L[ν(q)] ≡
A∏

j=1

sin
π(j−νj)

L

sin πj
L

≈ LνA Γ

[
A+ 1− ν1, L− A

A+ 1, 1− ν1, L− A+ νA

]
exp

qA
ˆ

−π

f(q) dq , (B.9)

where

Γ

[
a1, a2, . . . ap

b1, b2, . . . bq

]
=

Γ(a1)Γ(a2) . . .Γ(ap)

Γ(b1)Γ(b2) . . .Γ(bq)
, (B.10)

f(q) = −ν(qA)
π − q

+
ν−
π + q

+
ν(q)

2
tan

q

2
. (B.11)

Proof. First, we introduce the modified product

B̃A,L[ν(q)] =
A∏

j=1

sin
π(j−νj)

L

sin πj
L

1

1− νj
j

1

1 +
νj
L−j

=
A∏

j=1

Γ(1 + j
L)

Γ(1 +
j−νj
L )

Γ(2− j
L)

Γ(2− j−νj
L )

.

(B.12)

Due to this modification, it is enough to expand log B̃A,L[ν(q)] up to the linear

terms in νj since higher orders will be of order O(1/L), namely

log B̃A,L[ν(q)] =
A∑

j=1

νj

(
1

j
− 1

L− j
− 1

L
cot

πj

L

)
+O(1/L). (B.13)

Taking into account (B.1) we transform the sum into an integral

log B̃A,L[ν(q)] =

qA
ˆ

−π

ν(q)

(
1

q + π
− 1

π − q
+

1

2π
tan

q

2

)
dq. (B.14)

The rest of the product can be evaluated in a similar manner. First, we identically

transform

A∏

j=1

(
1− νj

j

)(
1 +

νj
L− j

)

= Γ

[
A+ 1− ν1, L+ νA, L− A

A+ 1, 1− ν1, L, L− A+ νA

]
A∏

j=1

(
1− νj

j

)(
1 +

νj
L−j

)

(
1− ν1

j

)(
1 + νA

L−j

) (B.15)
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The logarithm of the remaining product can be expanded only up to linear in ν

terms to capture finite terms in L→ ∞ limit, namely

log
A∏

j=1

(
1− νj

j

)(
1 +

νj
L−j

)

(
1− ν1

j

)(
1 + νA

L−j

) = −
qA
ˆ

−π

dq
ν(q)− ν(−π)

q + π
+

qA
ˆ

−π

dq
ν(q)− νA
π − q

(B.16)

Combining this result with (B.14) and using Stirling’s formula we obtain the

desired result (B.9).

Remark 1. For A = L − 1, using Stirling’s approximation for Gamma

functions we obtain

L−1∏

j=1

sin
π(j−νj)

L

sin πj
L

≈ Lν+−ν−

Γ(1 + ν+)Γ(1− ν−)

× exp

π
ˆ

−π

dq

(
π(ν+ − ν−) + q(ν+ + ν−)

q2 − π2
+
ν(q)

2
tan

q

2

)
. (B.17)

. Remark 2. For A ∼ L and L− A ∼ L the prefactor can be simplified as

Γ

[
A+ 1− ν1, L+ νA, L− A

A+ 1, 1− ν1, L, L− A+ νA

]

=
1

Lν1
1

Γ(1− ν1)

1

(A/L)ν1(1− A/L)νA
. (B.18)

The next lemma is a simple corollary of the previous one.

Lemma B.3. The following asymptotic expression is valid as L→ ∞

Za ≡ sin2
πνa
L

L∏

j ̸=a

sin2
π(j−a−νj)

L

sin2 π(j−a)L

≈ L2δ−2 sin2(πνa)

× Γ

[
a+ νa, L− a+ 1− νa

a+ ν+, L− a+ 1− ν−

]2
e2F (qa), (B.19)

where

F (qa) =

π
ˆ

qa

(
− ν+
2π + qa − q

+
νa

q − qa
− ν(q)

2
cot

q − qa
2

)
dq

+

qa
ˆ

−π

(
ν−

2π + q − qa
+

νa
q − qa

− ν(q)

2
cot

q − qa
2

)
dq. (B.20)
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Proof. First, we identically present this product as

Za = sin2
πνa
L

a−1∏

j=1

sin2
π(j+νa−j)

L

sin2 πjL

L−a∏

j=1

sin2
π(j−νj+a)

L

sin2 πjL
. (B.21)

Then using Lemma (B.2) and Stirling’s formula we obtain

Za ≈ L2δ−2 sin2(πνa)Γ

[
a+ νa, L− a+ 1− νa

a+ ν+, L− a+ 1− ν−

]2
e2F (qa) (B.22)

with

F (qa) =

ˆ −qa

−π
dq

(
− ν+
π − q

+
ν(qa)

π + q
+
ν(qa + q + π)

2
tan

q

2

)
−

−
ˆ qa

−π
dq

(
− ν−
π − q

+
ν(qa)

π + q
+
ν(qa − q − π)

2
tan

q

2

)
. (B.23)

Changing variables we obtain the desired statement.

Further, we proceed with double products.

Lemma B.4. For δ ≥ 0 the following asymptotic expansion is valid in the limit

L→ ∞

Z ≡
L∏

i=1

i−1∏

j=1

sin π
L(i− j − νi + νj)

sin π(i−j)
L

≈ A
Lδ2/2

, (B.24)

where the L independent prefactor A reads

A = G(1 + δ)(2π)−
δ(δ+1)

2 exp

(
δ

2
− δF (π)

)

×


−

π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)− δ(q − k)/(2π)

4 sin q−k
2

]2
 (B.25)

with F (π) is defined in Eq. (B.20) and G(x) stands for Barnes G-function defined

by the functional relation G(x+1) = Γ(x)G(x). Notice that function ν(q)−δq/2π
has zero winding number so the integrals in the exponential are well defined.

Proof. To find the thermodynamic limit of Z we rewrite it as Z = Y1Y2e
Rδ with

Y1 =
L∏

i=1

i−1∏

j=1

sin π
L(i− j − νi + νj)

sin π(i−j)
L

1− i−j
L

1− i−j−(νi−νj)
L

e
νi−νj
L−i+j =

=
L∏

i=1

i−1∏

j=1

cos
π(νi−νj)

L

1 +
νi−νj

L(1− i−j
L

)

(
1− tan

π(νi−νj)
L

tan π(i−j)
L

)
e

νi−νj
L−i+j , (B.26)
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Y2 =
L∏

i=1

i−1∏

j=1

(
1 +

δ

L− i+ j

)
e−

δ
L−i+j

×
L∏

i=1

i−1∏

j=1

(
1 +

νi − νj − δ

L− i+ j + δ

)
e−

νi−νj−δ

L−i+j+δ , (B.27)

Rδ =
L∑

i=1

i−1∑

j=1

(
νi − νj − δ

L− i+ j + δ
+

δ

L− i+ j
− νi − νj
L− i+ j

)
. (B.28)

The factors are designed in such a way that terms O(νn) for n > 2 do not

contribute in L→ ∞ case. In particular, we used that

L−1∑

j=1

cot
πj

L
= 0. (B.29)

So keeping only quadratic terms we obtain

log Y1 =
L∑

i=1

i−1∑

j=1

π2

2L2
(νi − νj)

2

(
1

π2

(
1− i− j

L

)−2

− 1

sin2 π(i−j)L

)
(B.30)

and taking L→ ∞

log Y1 =
1

8

π
ˆ

−π

dq

q
ˆ

−π

dk(ν(q)− ν(k))2

(
4

(2π − q + k)2
− 1

sin2 q−k2

)
. (B.31)

Similarly

log
L∏

i=1

i−1∏

j=1

(
1 +

νi − νj − δ

L− i+ j + δ

)
e−

νi−νj−δ

L−i+j+δ

≈ −1

2

π
ˆ

−π

dq

q
ˆ

−π

dk

(
ν(q)− ν(k)− δ

2π − q + k

)2

. (B.32)

The first part of the product in Y2 (by grouping terms with the same i − j) can

be presented as

W (δ) ≡
L∏

i=1

i−1∏

j=1

(
1 +

δ

L− i+ j

)
e−

δ
L−i+j =

L−1∏

j=1

[(
1 +

δ

j

)j
e−δ
]
. (B.33)

We consider an additional expression

W0(δ) ≡
L−1∏

j=1

(
1 +

δ

j

)
=

Γ(L+ δ)

Γ(1 + δ)Γ(L)
. (B.34)
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Differentiating it by δ we obtain

d logW (δ)

dδ
= −δd logW0(δ)

dδ
. (B.35)

For large L we can approximate

W0(δ) ≈
Lδ

Γ(1 + δ)
. (B.36)

Solving Eq. (B.35) with initial condition logW (δ = 0) = 0 we obtain

logW (δ) ≈ −δ
2

2
logL+

δ
ˆ

0

z
d log Γ(1 + z)

dz
dz. (B.37)

Finally, let us find L → ∞ expression for Rδ defined in Eq. (B.28). First we

identically transform it into

Rδ =
L∑

i=1

(νi − νL)SL−i+1 −
L∑

i=1

(νi − ν1)Si. (B.38)

Si =
L−1∑

j=i

(
1

j + δ
− 1

j

)
=

d

dϵ
log

Γ(L+ ϵ+ δ)Γ(i+ ϵ)

Γ(L+ ϵ)Γ(i+ ϵ+ δ)

∣∣∣
ϵ=0
. (B.39)

From the form of Eq. (B.38) one can conclude that as L→ ∞ the non-vanishing

contributions to the sum will come from indices i = O(L). Theqrefore, using

Stirling’s formula we can present Si as

Si ≈
d

dϵ
log

(
L+ ϵ

i+ ϵ

)δ ∣∣∣
ϵ=0

= δ

(
1

L
− 1

i

)
. (B.40)

Theqrefore Rδ ≈ δR with

R = lim
L→∞

(
L∑

i=1

(νi − νL)

(
1

L
− 1

L− i+ 1

)
−

L−1∑

i=1

(νi − ν1)

(
1

L
− 1

i

))

=

π
ˆ

−π

dq(ν(q)− ν(π))

(
1

2π
− 1

π − q

)

−
π
ˆ

−π

dq(ν(q)− ν(−π))
(

1

2π
− 1

π + q

)
. (B.41)
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So far we have proved that

Z ≈ L−δ2/2eCδ . (B.42)

with

Cδ = δR +

δ
ˆ

0

z
d log Γ(1 + z)

dz
dz

+
1

2

π
ˆ

−π

dq

q
ˆ

−π

dk

(
2δ(ν(q)− ν(k))− δ2

(2π − q + k)2
− (ν(q)− ν(k))2

4 sin2 q−k2

)
. (B.43)

Further, we can use

δ
ˆ

0

z
d log Γ(1 + z)

dz
dz =

δ(δ + 1)

2
− δ

2
log(2π) + logG(1 + δ), (B.44)

where G(x) is Barnes G-function. The final answer is obtained by tedious but

straightforward manipulations with integrals.

In the next lemma we address a similar double product for negative winding

numbers δ < 0.

Lemma B.5. Let us define ℓ = L+ δ, with δ < 0, then the following asymptotic

behavior is valid as L→ ∞ (here we still assume that |δ| ≪ L)

Z ≡
ℓ∏

i=1

i−1∏

j=1

sin π
L(i− j − νi + νj)

sin π(i−j)
L

≈ Lδ
2/2(2π)−(δ2+δ)/2eδ/2

G(1− δ)

× exp


−

π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)− δ(q − k)/(2π)

4 sin q−k
2

]2
 . (B.45)

Proof. We present this product as a ratio Z = Z1/Z2 with

Z1 =
ℓ∏

i=1

i−1∏

j=1

sin π
L(i− j − νi + νj)

sin π(i−j)
ℓ

, Z2 =
ℓ∏

i=1

i−1∏

j=1

sin π(i−j)
L

sin π(i−j)
ℓ

. (B.46)

We can identically transform Z1 as

Z1 =
ℓ∏

i=1

i−1∏

j=1

sin π
ℓ (i− j − [νδ]i + [νδ]j)

sin π(i−j)
ℓ

, (B.47)
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where [νδ]i = νi(1 + δ/L)− δi/L. In thermodynamic limit this expression corre-

spond to the following function

νδ(q) = ν(q)− δ
π + q

2π
. (B.48)

This function has zero winding number, so applying the previous lemma, we

obtain

Z1 = exp


−

π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)− δ(q − k)/(2π)

4 sin q−k
2

]2
 . (B.49)

Similarly, we can evaluate Z2. We present it as

Z2 =
ℓ∏

i=1

i−1∏

j=1

sin π
ℓ

(
i− j + δ(i−j)

L

)

sin π(i−j)
ℓ

. (B.50)

This corresponds to the positive phase shift ν(q) = −δq/(2π) = |δ|q/(2π), and

allows us to use previous lemma once again and obtain

Z2 =
G(1− δ)(2π)(δ

2+δ)/2e−δ/2

ℓδ2/2
. (B.51)

Here we used that F (π) = −|δ| log(2π) for ν(q) = |δ|q/(2π) (see Eq. (B.20)).

Finally, Eqs. (B.49) and (B.51) immediately lead to the statement of the lemma.

Appendix C

Orthogonality catastrophe on the lattice

Here using results from Appendix B we evaluate the overlaps in Eq. (1.10).

C.1 Winding number δ = 1

For δ = 1 there exist L+ 1 solutions of Eq. (1.7)

kj =
2π

L

(
−L+ 1

2
+ j − νj

)
, νj = ν(kj), j = 1, 2, . . . , L+ 1. (C.1)

131



We use all of them in Eq. (1.10) and set q = {q1, . . . qL} with

qj =
2π

L

(
−L+ 1

2
+ j

)
, j = 1, 2, . . . , L. (C.2)

To evaluate Eq. (1.10) in thermodynamic limit L → ∞, we first we transform

identically the determinant (1.11) as

(detD)2 =
L∏

i>j

sin2
ki−kj

2

sin2
qi−qj
2

×
L∏

j=1

sin2
kL+1−kj

2

sin2
kL+1−qj

2

×
L∏

i=1

∏L
j ̸=i sin

2 qi−qj
2

L∏
j=1

sin2
ki−qj
2

. (C.3)

We analyze this expression term by term. The last product can be written down

using Eqs. (1.21) and (1.22) as

∏L
j ̸=i sin

2 qi−qj
2

L∏
j=1

sin2
ki−qj
2

=
1

sin2 πνiL

L−1∏

j=1

sin2 πjL

sin2 π(j−νi)L

=
L2

sin2 πνi
. (C.4)

In the last step, we used Lemma (B.1). The next product can be evaluated

employing similar transformations and using Lemma (B.2), namely

L∏

j=1

sin2
kL+1−kj

2

sin2
kL+1−qj

2

=
sin2 πδL
sin2 πν+L

L−1∏

j=1

sin2 π
L (j − ν+ + νL+1−j)

sin2 πjL

L−1∏

j=1

sin2 πjL

sin2 π(j−ν+)L

≈ π2L2

sin2 πν+
exp




π
ˆ

−π

dqf1(q)


 , (C.5)

where ν+ = νL+1 and δ = ν+ − ν1 = ν(π)− ν(−π) = 1 and

f1(q) =
2

q − π
+ (ν(π)− ν(−q)) tan q

2
. (C.6)

Notice that
π
ˆ

−π

dqf1(q) = 2F (π) = 2F (−π) (C.7)

with F (q) defined in Eq. (B.20). Contrary to the expression (C.4), Eq. (C.5)

is asymptotic as L → ∞. Finally, the first double product in Eq. (C.3) can be

evaluated using Lemma (B.4).

L∏

i>j

sin2
ki−kj

2

sin2
qi−qj
2

=
L∏

i=1

i−1∏

j=1

sin2 π
L(i− j − νi + νj)

sin2 π(i−j)L

≈ A2

L
. (C.8)
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Where A is defined in Eq. (B.25). The rest of the product in Eq. (1.10) can be

evaluated for generic δ

L+1∏

i=1

(
1 +

2π

L
ν ′(ki)

)
≈ exp




π
ˆ

−π

ν ′(q)dq


 = eδ, (C.9)

L∏

i=1

eg(ki)−g(qi) ≈ exp


−

π
ˆ

−π

g′(q)ν(q)dq




= exp


2πi

π
ˆ

−π

ν(q)ν ′(q)

e2πiν(q) − 1
dq


 =

(
1− e−2πiν+

)δ
, (C.10)

where in the last part we have used the relation between g(q) and ν(q) Eq. (1.16)

and assumed that ν(k) has a non-vanishing imaginary part. Combining all factors

together in Eq. (1.10) we obtain

|⟨k|q⟩|2 = 4π2A2e2F (π)−1

= exp


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)− (q − k)/2π

2 sin q−k
2

]2
 . (C.11)

C.2 Winding number δ = 2

For δ > 1 computation of the overlaps goes in the similar manner as in the

previous section. Namely, first we consider overlap with the set k̃ = k1, . . . kL+1

with kj defined in Eq. (C.1). There instead of Eq. (C.5) we will have

L∏

j=1

sin2
kL+1−kj

2

sin2
kL+1−qj

2

=
L2

sin2(πν+)

π2L2δ−2

Γ(δ)2
e2F (π), (C.12)

with F (π) defined in Eq. (B.20). Further, Eq. (C.8) we will replaced accordingly

to Lemma (B.4)

L∏

i>j

sin2
ki−kj

2

sin2
qi−qj
2

=
L∏

i=1

i−1∏

j=1

sin2 π
L(i− j − νi + νj)

sin2 π(i−j)L

≈ A2

Lδ2
. (C.13)
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Taking into account Eqs. (C.9) and (C.10), for the corresponding function g(k)

(see Eq. (1.57) ) we find the thermodynamic form for the overlap

|⟨k̃|q⟩|2 = G(δ)2

L(δ−1)2

(1− e2πiν+)δ−1

(2π)(δ−1)(δ+2)
e−2F (π)(δ−1)

× exp


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)− δ(q − k)/2π

2 sin q−k
2

]2
 . (C.14)

The overlaps for other sets k can be obtained from this one. We further focus on

δ = 2, in this case there are exacly L+ 2 sets k parametrized by the omission of

one of the solutions of Eq. (1.7), namely

k(a) = {k1, . . . , ka−1, ka+1, . . . , kL+2}, a = 1, 2, . . . , L+ 2. (C.15)

With this notations k(L+2) = k̃. Now let us consider ratio of the excited overlap

|⟨k(a)|q⟩|2
|⟨k̃|q⟩|2

= eg(π)−g(ka)

L+1∏
j=1

sin2
kL+2−kj

2

L+2∏
j ̸=a

sin2
ka−kj

2

= eg(π)−g(ka)
sin2 π

L sin
2 2π
L

L−1∏
j=1

sin2 π
L(j − νj+2 + ν+)

a−1∏
j=1

sin2
π(j−νa+νa−j)

L

L+2−a∏
j=1

sin2
π(j−νj+a+νa)

L

. (C.16)

Using Lemma (B.2) for a ∼ L, L− a ∼ L we obtain

|⟨k(a)|q⟩|2
|⟨k̃|q⟩|2

= (2π)4 exp


2F (π) +

π
 

−π

(
ν(q)− q

π

)
cot

q − ka
2

dq


 . (C.17)

Combining this result with Eq. (C.14) for δ = 2, the overlap can be written as

|⟨k(a)|q⟩|2 = −e
2πiν(k) − 1

L
exp




π
 

−π

(
ν(q)− q

π

)
cot

q − ka
2

dq




×


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dk

(
ν(q)− ν(k)− (q − k)/π

2 sin q−k
2

)2

 . (C.18)
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C.3 Winding number δ = 0

Let us study thermodynamic limit of the overlap (1.10) in the case N = L − 1,

which is especially useful for δ = 0. Below, however, for the sake of generality, we

will keep δ ≥ 0. Our goal is to evaluate Za defined via

|⟨k|q(a)⟩|2 ≡ eg(qa)Za. (C.19)

We use notations (1.22) and (1.21) to label the momenta and Eq. (1.25) for q(a)

. Let detD(a) be the determinant in Eq. (1.11) that corresponds to the set q(a).

It explicitly reads as

detD(a) =

L∏
i>j

sin
ki−kj

2

L∏
i>j
i,j ̸=a

sin
qj−qi
2

L∏
i=1

L∏
j=1
j ̸=a

sin
ki−qj
2

. (C.20)

We can present it identically as

L∏

i=1

(
sin πνi
L

)2

(detD(a))2 =
L∏

i=1

i−1∏

j=1

sin2
ki−kj

2

sin2
qi−qj
2

×
L∏

i=1

(
sin πνi
L

)2
∏L

j ̸=i sin
2 qi−qj

2

L∏
j=1

sin2
ki−qj
2

× sin2
πνa
L

∏

j ̸=a

sin2
kj−qa

2

sin2
qj−qa

2

(C.21)

The last part of this product is nothing but Za in Eq. (B.19), the middle part is

equal to 1 due to to Lemma (B.1), while the first part can evaluated with Lemma

(B.4) and gives A2/Lδ
2

. Overall we have1

L∏

i=1

(
sin πνi
L

)2

(detD(a))2 ≈ A2e2F (qa)

Lδ2−2δ+2
sin2(πνa)

×
[
Γ(L− a+ 1− νa)Γ(a+ νa)

Γ(L− a+ 1− ν−)Γ(a+ ν+)

]2
, (C.22)

where F (qa) is given by Eq. (B.20).

1Recall that νa ≡ ν(qa).
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Taking into account Eqs. (C.9) and (C.10), we obtain

Za = −4(1− e−2πiν+)δ
A2e2F (qa)−δ

L(δ−1)2
sin2(πνa)

×
[
Γ(L− a+ 1− νa)Γ(a+ νa)

Γ(L− a+ 1− ν−)Γ(a+ ν+)

]2
. (C.23)

For δ = 0 we can rewrite this expression as

Za =
A[qa]

L

[
Γ(L− a+ 1− νa)Γ(a+ νa)

Γ(L− a+ 1− ν+)Γ(a+ ν+)

]2(
π + qa
π − qa

)2ν+−2νa

, (C.24)

A[qa] = −4 sin2(πνa) exp


−

π
 

−π

ν(q) cot
q − qa

2
dq




× exp


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)

2 sin q−k
2

]2
 , (C.25)

where the integral is understood as the principal value.

For δ = 1 we can rewrite this expression as

Za = 4 sin2(πνa)(e
−2πiν+ − 1)A2e2F (qa)−1

×
[
Γ(L− a+ 1− νa)Γ(a+ νa)

Γ(L− a+ 2− ν+)Γ(a+ ν+)

]2
. (C.26)

Using expression (C.7) and (B.25) we obtain

Za =
sin2(πνa)

π2
(e−2πiν+ − 1)|⟨k|q⟩|2e2F (qa)−2F (π)

×
[
Γ(L− a+ 1− νa)Γ(a+ νa)

Γ(L− a+ 2− ν+)Γ(a+ ν+)

]2
(C.27)

with |⟨k|q⟩|2 given by Eq. (C.11).

C.4 Negative winding number δ < 0

Following Sec. (1.3.3) we fix δ = 1 − n with n ∈ Z≥, ℓ = L + δ, the set

k = {k1, . . . kℓ} is given as

ki =
2π

L

(
−L+ 1

2
+ i− νi

)
, i = 1, 2, . . . ℓ, (C.28)
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the set qa1,...an is obtained from the complete set q in Eq. (C.2) by the omission

of the łparticlež at position qai

qa1,...an = {q1, . . . q̂a1, . . . q̂an, . . . qL}. (C.29)

The determinant (1.11) in (1.10) after certain restructuring of the factors and

employing Lemma (B.1) reads

ℓ∏

i=1

(
sin πνi
L

)2

(detD)2

=
ℓ∏

i=1

L∏
j=1

sin2
ki−qj
2

∏L
j ̸=i sin

2 qi−qj
2

×

ℓ∏
i>j

sin2
ki−kj

2

L∏
i>j

i,j ̸=a1,...,an

sin2
qj−qi
2

ℓ∏
i=1

L∏
j=1

j ̸=a1,...,an

sin2
ki−qj
2

=

ℓ∏
i>j

sin2
ki−kj

2

ℓ∏
i>j

sin2
qi−qj
2

×

ℓ∏
i>j

sin2
qi−qj
2

L∏
i>j

sin2
qj−qi
2

ℓ∏
i=1

L∏
j=1
j ̸=i

sin2
qi−qj
2

×
n∏

i>j

sin2
qai − qaj

2
×

n∏

i=1

Z̃ai (C.30)

with

Z̃a =

ℓ∏
i=1

sin2 ki−qa2

L∏
i ̸=a

sin2 qi−qa2

. (C.31)

The first factor in this expression can be evaluated via Lemma (B.5)

ℓ∏
i>j

sin2
ki−kj

2

ℓ∏
i>j

sin2
qi−qj
2

=
Lδ

2

(2π)−(δ2+δ)eδ

G(1− δ)2

× exp


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)− δ(q − k)/(2π)

2 sin q−k
2

]2
 . (C.32)
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The second factor reads

ℓ∏
i>j

sin2
qi−qj
2

L∏
i>j

sin2
qj−qi
2

ℓ∏
i=1

L∏
j=1
j ̸=i

sin2
qi−qj
2

=
L∏

i>j>ℓ

sin2
qi − qj

2
=

n−1∏

i=1

i−1∏

j=1

sin2
π(i− j)

L

≈
(π
L

)(n−2)(n−1)
n−1∏

i=1

i−1∏

j=1

(i− j)2 =
(π
L

)(n−2)(n−1)
n−1∏

i=1

i−1∏

j=1

j2

=
(π
L

)(n−2)(n−1)
n−1∏

i=1

Γ(i)2 =
(π
L

)(n−2)(n−1)

G(n)2

=
(π
L

)δ(δ+1)

G(1− δ)2. (C.33)

We evaluate Z̃a in Eq. (C.31) for a ∼ L and L− a ∼ L. We complete Z̃a to the

full product Za in Eq. (B.19) and approximate it as

Z̃a =
Za

L∏
j=ℓ+1

sin2
π(j−a−νj)

L

≈ Za(
cos qa2

)2|δ| . (C.34)

To approximate further Za in Eq. (B.19) we notice that

LδΓ

[
a+ νa, L− a+ 1− νa

a+ ν+, L− a+ 1− ν−

]
≈
( a
L

)νa−ν+ (
1− a

L

)ν−−νa

=

(
π + qa
2π

)νa−ν+ (π − qa
2π

)ν−−νa
. (C.35)

Further, we can simplify F (qa) using that in the principal value

π
 

−π

dqq cot
q − qa

2
= 4π log

∣∣∣2 cos qa
2

∣∣∣ . (C.36)

So thermodynamic limit for Z̃a reads

Z̃a = 4|δ|
sin2(πνa)

L2
exp


−

π
 

−π

dq
(
ν(q)− δ

q

2π

)
cot

q − qa
2


 . (C.37)
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The remaining factors in Eq. (1.10) can be evaluated with the help of Eqs. (C.9)

and (C.10)

ℓ∏
i=1

eg(ki)
∏

qi∈qa1,...an

e−g(qi)

ℓ∏
i=1

(
1 + 2π

L ν
′(ki)

) =

ℓ∏
i=1

eg(ki)−g(qi)
L∏

i=ℓ+1

e−g(qi)
n∏
i=1

eg(qai)

ℓ∏
i=1

(
1 + 2π

L ν
′(ki)

)

= (−1)δe−δ
n∏

i=1

eg(qai). (C.38)

Finally, the overlap (1.10) in the thermodynamic limit can be written as

|⟨k|qa1,...an⟩|2 =
n∏

i>j

(
2 sin

qai − qaj
2

)2 n∏

i=1

Yai

× exp


−1

2

π
ˆ

−π

dq

π
ˆ

−π

dk

[
ν(q)− ν(k)− δ(q − k)/(2π)

2 sin q−k
2

]2
 (C.39)

with

Ya = −4
sin2(πνa)

L
exp


g(qa)−

π
 

−π

dq
(
ν(q)− δ

q

2π

)
cot

q − qa
2


 . (C.40)

C.5 Overlaps for τ0

Now let us consider how overlaps defined in Eq. (1.101) scale with the system

size for δ ≤ 0. Similarly, to the previous sections we can present solutions of Eq.

(1.100) as

pi =
2π

L

(
−L+ 1

2
+ j − ωj

)
, j = 1, . . . , ℓ = L+ δ. (C.41)

We use maximally allows set for p, namely

p = {p1, . . . pℓ} (C.42)

and states q are parametrized by the set of n = |δ| holes as previously

qa1,...an = {q1, . . . q̂a1, . . . q̂an, . . . qL}. (C.43)
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Similar to Eq. (C.30) using Lemma (B.1) the overlap (1.101) can be presented as

|⟨p|qa1,...an⟩|2 =

ℓ∏
i=1

eg(pi)−g(qi)
n∏
i=1

eg(qai)−g(π)

ℓ∏
i=1

(
1 + 2π

L ω
′(pi)

)

ℓ∏
i>j

sin2
pi−pj

2

ℓ∏
i>j

sin2
qi−qj
2

×

ℓ∏
i>j

sin2
qi−qj
2

L∏
i>j

sin2
qj−qi
2

ℓ∏
i=1

L∏
j=1
j ̸=i

sin2
qi−qj
2

×
n∏

i>j

sin2
qai − qaj

2
×

n∏

k=1

ℓ∏
i=1

sin2
pi−qak

2

L∏
i ̸=ak

sin2
qi−qak

2

. (C.44)

This way, using formulas from the previous subsection (C.4), we see that overlap

|⟨p|qa1,...an⟩|2 is identical to Eqs. (C.39), (C.40), upon the identification ν → ω

and δ to be changed from by ν(π)− ν(−π) → ω(π)− ω(−π).

Appendix D

Regularization of the prefactor and power-like

behavior

In this Appendix we describe a regularization of the divergent integral

A = logZ =
1

2

π
ˆ

−π

dq

π
ˆ

−π

dp ν ′(q)ν ′(k) log

∣∣∣∣sin
q − k

2

∣∣∣∣ (D.1)

for the case of discontinuous ν(k). We use the regularization described in Eqs. (2.78)

ś (2.81) and find the asymptotics of this integral for large-times.

It is natural to divide the derivative of ν into two parts,

ν ′(k) = ν ′0(k) + ν ′1(k), (D.2)

where

ν ′0(k) = A′(k) + B′(k)s(k), ν ′1(k) = B(k)s′(k). (D.3)

In the large t limit ν ′0(k) is a bounded function meanwhile ν ′1(k) becomes propor-

tional to a δ-function. The double integral A can be presented as a sum of four
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parts

A = A00 +A01 +A10 +A11, (D.4)

where

Aij =
1

2

π
ˆ

−π

dq

π
ˆ

−π

dp ν ′i(q)ν
′
j(k) log

∣∣∣∣sin
q − k

2

∣∣∣∣ . (D.5)

Note, only A11 part is responsible for the divergence of A at large t. The parts

A00, A01 and A10 have non-singular limiting values at t → ∞ which do not

depend on regularization of ν(k). We have

A00 ≈
1

2

π
ˆ

−π

dq

π
ˆ

−π

dp [ν ′](q)[ν ′](k) log

∣∣∣∣sin
q − k

2

∣∣∣∣ (D.6)

with

[ν ′](k) = A′(k) + B′(k) signΦ′(k). (D.7)

Due to k ↔ q symmetry, we have A01 = A10. In the limit t → ∞, the function

ν ′1(k) becomes a sum of two delta functions, and theqrefore

A01 = A10 ≈ B1r1

π
ˆ

−π

dq [ν ′](q) log

∣∣∣∣sin
q − q1

2

∣∣∣∣

+B2r2

π
ˆ

−π

dq [ν ′](q) log

∣∣∣∣sin
q − q2

2

∣∣∣∣ , (D.8)

where

Bi = B(qi), ri = sign(Φ′′(qi)) (D.9)

To evaluate A11, we divide the integration region [−π, π] into two pieces

Λ1 = [−π, p] and Λ2 = (p, π], where point p lies between critical points q1 <

p < q2. This way, the double integral A11 is divided into four parts

A11 = a11 + a12 + a21 + a22, (D.10)

where

aij =
1

2

ˆ

Λi

dq

ˆ

Λj

dk B(q)B(k)s′(q)s′(k) log

∣∣∣∣sin
q − k

2

∣∣∣∣ . (D.11)
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The integrals a21 and a12 have finite limits at t→ ∞

a12 = a21 ≈ 2B1B2r1r2 log sin
q2 − q1

2
. (D.12)

The remaining parts of A11 contain singularities. Let us show how they emerge in

an example of a11. It is natural to present a11 as a sum of two integrals (regular

and singular)

a11 = a
(r)
11 + a

(s)
11 , (D.13)

where

a
(r)
11 =

1

2

ˆ

Λ1

dq

ˆ

Λ1

dk B(q)B(k)s′(q)s′(k) log

∣∣∣∣∣
sin q−k

2

Φ′(q)− Φ′(k)

∣∣∣∣∣ , (D.14)

a
(s)
11 =

1

2

ˆ

Λ1

dq

ˆ

Λ1

dk B(q)B(k)s′(q)s′(k) log |Φ′(q)− Φ′(k)| . (D.15)

The first integral can be found using L’Hôpital’s rule

a
(r)
11 =

2r1 · 2r1
2

ˆ

Λ1

dq

ˆ

Λ1

dk B(q)B(k)δ(q − q1)δ(k − q1)

× log

∣∣∣∣∣
sin q−k

2

Φ′(q)− Φ′(k)

∣∣∣∣∣ = −2B2
1 log |2Φ′′(q1)|, (D.16)

where we used r21 = 1. The second integral can be presented as

a
(s)
11 = u1 + v1 log

√
t, (D.17)

where

u1 =
1

2

ˆ

Λ1

dq

ˆ

Λ1

dk B(q)B(k)s′(q)s′(k) log
∣∣∣
√
tΦ′(q)−

√
tΦ′(k)

∣∣∣ , (D.18)

v1 = −1

2

ˆ

Λ1

dq

ˆ

Λ1

dk B(q)B(k)s′(q)s′(k). (D.19)

Performing rescaling of the integration variables one can persuade oneself that in

under the last integrals B(q) can be replaced to B1, which leads to

v1 = −B
2
1

2

ˆ

Λ1

dq

ˆ

Λ1

dk s′(q)s′(k) = −2B2
1 . (D.20)
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Here we have used (2.81), and all the traces of the regularization has disappeared.

With u1 this will not be the same. Indeed, using s(k) = f(
√
tΦ′(k)) and changing

the variables of integration q and k by λ =
√
tΦ′(q) and µ =

√
tΦ′(k), we get

u1 =
1

2

ˆ

Λ̃1

dλ

ˆ

Λ̃1

dµ b(λ)b(µ)f ′(λ)f ′(µ) log |λ− µ|, (D.21)

where the function b(λ) is defined as

b(
√
tΦ′(q)) = B(q) (D.22)

and region Λ̃1 is the segment [
√
tΦ′(−π),

√
tΦ′(p)] which becomes the real line

when t goes to infinity. Also b(λ) goes to B1 at t→ ∞. Theqrefore we get

u1 ≈
B2

1

2
·

∞̂

−∞

dλ

∞̂

−∞

dµ f ′(λ)f ′(µ) log |λ− µ|. (D.23)

Finally, using B1 = −δ1/2, B2 = δ2/2, r1 = −1, and r2 = 1, we obtain the

following large t asymptotics of A

A ≈ d0 + d1 log
√
t, (D.24)

where the constant d1 is universal, i.e. it is independent of a regularizing function

f

d1 = −2(B2
1 +B2

2) = −1

2
(δ21 + δ22) (D.25)

and d0 depends on a regularizing function f only in summands u1 and u2

d0 = A00 + 2A01 + 2a12 + a
(r)
11 + a

(r)
22 + u1 + u2. (D.26)

Appendix E

Green’s function calculation

In this appendix we compute the thermodynamic limit of the Green’s function

G(x, y, t) defined as

G∗(x, y, t) ≡
∑

k

χk(x)χk(y)

(χk, χk)
eitEk , t ≥ 0. (E.1)
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Here summation is taken over all solution of the spectrum condition (3.35). For

a moment we focus on the case when bound states are absent in the spectrum.

Using notations for χk in (3.33), the norm (3.38) and the phase (3.35). We present

for one particular choice of the sign of the square root
√

1 + (Re bk)2

χk(x)χk(y)

(χk, χk)
=

1

2(R + δ′(k))
Re

φk(x)ψ̄k(y)

ak

− ReZk(x, y)

2(R + δ′(k))
√

1 + (Re bk)2
(E.2)

with

Zk(x, y) =
ψk(x)ψk(y)

āk
+

Re bk
āk

φ̄k(x)ψk(y). (E.3)

To evaluate the sum over k we first notice that the norm (3.38) can be presented

as a derivative of the spectrum condition (3.35)

(χk, χk) = (Re bk +
√
1 + (Re bk)2)

√
1 + (Re bk)2

∂k[e
2ikR+2iδ(k) − 1]

2i
. (E.4)

Further we employ the residue theorem in the following form

∑

k

F (k)

∂kS(k)
=

1

2πi

˛

γ

dk
F (k)

S(k)
, (E.5)

where summation is over all solutions of the equation S(k) = 0 and the contour γ

runs around these values only and avoids any singularities of the function F (k).

This way we identically present

G∗(x, y, t) =

˛

γ

dk

2π

eitEk

e2ikR+2iδ+(k) − 1

(
Re
φk(x)ψ̄k(y)

ak
− ReZk(x, y)√

1 + (Re bk)2

)

+ (δ+ → δ−) , (E.6)

where by δ± we mean terms that are obtained by the ŕip of the sign
√

1 + (Re bk)2,

specifically for the solutions of (3.35)

iIm bk +
√
1 + (Re bk)2

āk
≡ e−2iδ(k). (E.7)

The contour γ encompasses all solutions of e2ikR+2iδ(k) = 1. We can present it as

two contours below and above the real axes oriented in the positive and negative
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directions correspondingly. In the thermodynamic limit (with exponential accu-

racy) we notice that only the contour above the real line contributes, theqrefore

we can present

G∗(x, y, t) =

∞̂

0

dk

π
eitEkRe

φk(x)ψ̄k(y)

ak
. (E.8)

Here we have taken into account that upon the summation Zk(x, y) terms cancel

out. Identically we can present

G∗(x, y, t) =

∞̂

−∞

dk

2π
eitEk

φk(x)ψ̄k(y)

ak
. (E.9)

Notice that the function that we integrate can be analytically continued to the

upper half plane. This allows us to write the general answer in the case when

bound states are present in the system as

G∗(x, y, t) =

ˆ

C

dk

2π
eitEk

φk(x)ψ̄k(y)

ak
, (E.10)

where the contour lies in the upper half above all positions of the bound states

and connects −∞ and +∞.

Appendix F

Evaluation of f
(α)
q (t)

In this appendix we demonstrate how to rigorously evaluate f
(α)
q (t) defined in

(3.53). We focus on f
(0)
q , as the computation for f

(1)
q (t) goes similarly. Namely,

we are going to evaluate the thermodynamic limit of the discrete sum

f (0)q (t) =
∑

k

(Λq, χk)χk(0)

(χk, χk)
eitEk . (F.1)

The main formal problem is that the overlap (Λq, χk) is singular on the real line,

theqrefore the trick with the summation introduced in E requires small modifi-

cations in the part choosing the integration contours. More precisely to describe

145



the singularity we assume that without loss of generality the eigenvalues of Λq

and χk are different so the corresponding overlap could be found from

(k2 − q2)(Λq, χk) = Λ′
q(0)χk(0)−

0
ˆ

−R

dxΛq(x)(V0(x)− V (x))χk(x), (F.2)

where we have used boundary conditions (3.13) and (3.14). This way, we present

(Λq, χk) =
Im
(
e−iδ(k)Ξψq,k

)

k2 − q2
, (F.3)

Ξψq,k = Λ′
q(0)ψk(0)−

0
ˆ

−∞

dxΛq(x)(V0(x)− V (x))ψk(x). (F.4)

Notice that here we have replaced the lower integration boundary from −R to

−∞, which is possible due to the finite range of the potential. Moreover, in this

expression the dependence of the momenta k and q is smooth, so in particular the

limit as q → k is well defined, contrary to the overall overlap, where special care

has to be taken to the numerator. In particular, one can drop the quantization

conditions for k and consider the limit k → q

Ξψq,q = Λ′
q(0)ψq(0)−

0
ˆ

−∞

dxΛq(x)(V0(x)− V (x))ψq(x). (F.5)

To evaluate this expression we use the same trick as in (3.49), (3.51), which gives

Ξψq,q = Λ′
q(−R)ψq(−R) = − qeiqR

Φq(0)

(
āqe

iqR − bqe
−iqR)

= − q

Φq(0)
(āqe

−2iη(q) − bq). (F.6)

Here at the last step we have used (3.43). For the direct proof of the result (F.6)

from the definition (F.4) see G.

With all these notations the function f
(0)
q (t) can be presented as

f (0)q (t) =
∑

k

Im(e−iδ(k)Ξq,k)Im(e−iδ(k)ψk(0))

(k2 − q2)(χk, χk)
eitEk . (F.7)
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We are going to evaluate the sum in (F.7) in the thermodynamic limit by pre-

senting it as a contour integral in a way similar to E

f (0)q (t) =

˛

γ

dk

π

eitk
2

e2ikR+2iδ(k) − 1

× Im(e−iδ(k)Ξq,k)Im (e−iδ(k)ψk(0))

(k2 − q2)(Re bk +
√

1 + (Re bk)2)
√

1 + (Re bk)2
. (F.8)

Here contour γ runs only around all positive solutions of the equation e2ikR+2iδ(k) =

1 and summation over two branches of the square root in (3.35) δ = δ± is as-

sumed. The contour γ can be deformed into two contours above and below real

line. But contrary to E we have to subtract contribution from the point k = q,

theqrefore we can present f
(0)
q (t) as

f (0)q (t) = f̂ (0)q (t)− f (0,+)
q (t) + f (0,−)

q (t), (F.9)

where

f̂ (0)q (t) = −i
Im(e−iδ(q)Ξψq,q)Im (e−iδ(q)ψq(0))

q(Re bq +
√
1 + (Re bq)2)

√
1 + (Re bq)2

eitq
2

e2i(δ(q)−η(q)) − 1
(F.10)

and

f (0,±)
q (t) =

ˆ ∞

0

dk

π

eitk
2

e2i(k±i0)R+2iδ(k) − 1

× Im(e−iδ(k)Ξq,k)Im(e−iδ(k)ψk(0))

((k ± i0)2 − q2)(Re bk +
√
1 + (Re bk)2)

√
1 + (Re bk)2

. (F.11)

In (F.10) we have used that the point q corresponds to the spectrum of the pre-

quench spectrum (3.43). So far these transformations are exact. Further we

address the large system size limit R → ∞. In this limit the last term in (F.9)

vanishes f
(0,−)
q → 0, while f

(0,+)
q (t) can be computed identically to G∗ in E

f (0,+)
q (t) = −

ˆ ∞

0

dk

π

Re
[
Ξφq,k∂

α
x ψ̄k(0)a

−1
k

]
eitk

2

(k + i0)2 − q2
. (F.12)

To compute the residue contribution f̂
(0)
q (t) we first use (3.35) to present

1

e2i(δ(q)−η(q)) − 1
=

√
1 + (Re bq)2 + iIm bq + aqe

2iη(q)

−2iIm[aqe2iη(q) + bq]
, (F.13)
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and then perform summation over all branches of the square root to obtain

f̂ (0)q (t) = −e
itq2

2q

×
Re
[
Ξψq,q∂

α
xψq(0)ā

−1
q

]
− (aqe

2iη(q) − b̄q)Re
[
Ξφq,q∂

α
x ψ̄q(0)a

−1
q

]

Im[aqe2iη(q) − b̄q]
. (F.14)

Here we have introduced

Ξφq,k ≡ akΞ
ψ
q,k + bkΞ̄

ψ
q,k = Λ′

q(0)φk(0)−
0
ˆ

−∞

dxΛq(x)(V0(x)− V (x))φk(x), (F.15)

which coincides with Ξq,k in the main text (see (3.48)). The diagonal component

can be obtained from (F.6),

Ξφq,q = − q

Φ̄q(0)
, (F.16)

which allows us to significantly simplify expression for f̂
(0)
q . Overall, for f

(α)
q we

obtain the following expression

f (α)q (t) =
∂αxψq(0)e

itq2

2iāqΦq(0)
+

∞̂

0

dk

π
Re

[
Ξ̄φq,k∂

α
xψk(0)

āk

]
eitk

2

(k + i0)2 − q2
. (F.17)

Notice that extending the integration over k to the negative values we can also

present

f (α)q (t) =

∞̂

−∞

dk

2π

Ξφq,k∂
α
x ψ̄k(0)

ak

eitk
2

(k + i0)2 − q2
. (F.18)

Now let us discuss on how to account for the bound states. As we discussed

in Section 3.2 the bound states’ wave function can be understood as the Jost

functions analytically continued to the upper half plane and evaluated at the

purely imaginary momenta χbound
n (x) = φiκn

(x). The contributions from the

bound states modify (F.18) as follows

f (α)q (t) =
Nb∑

n=1

(Λq, φiκn
)∂αxφiκn

(0)

(φiκn
, φiκn

)
e−itκ

2
n

+

∞̂

−∞

dk

2π

Ξφq,k∂
α
x ψ̄k(0)

ak

eitk
2

(k + i0)2 − q2
. (F.19)
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Using the normalization (3.41) and the relation φiκ = bκψ̄iκ, we see that we can

present f
(α)
q in the following way

f (α)q (t) =

ˆ

C

dk

2π

Ξφq,k∂
α
x ψ̄k(0)

ak

eitk
2

k2 − q2
, (F.20)

where the contour C runs from −∞ to +∞ and lies in the upper-half plane above

all zeroes of ak. In this form this expression coincides with (3.53) obtained directly

by going into the thermodynamic limit on the level of the Green’s function.

Appendix G

Evaluation of Ξφq,q

In this appendix, using definition (F.15)

Ξφq,q ≡ Ξq,q = Λ′
q(0)φq(0)−

0
ˆ

−∞

dxΛq(x)(V0(x)− V (x))φk(x), (G.1)

we prove that

Ξq,q = − q

Φ̄q(0)
, (G.2)

which is the statement (F.16). Taking into account that Ξq,−q = Ξ̄q,q we obtain

(3.51). Finally, the statement (F.6) can be considered as a sequence of these two

results and the relation Ξq,k = akΞ
ψ
q,k + bkΞ̄

ψ
q,k.

We start the proof by noticing that from the integral presentation for the Jost

solutions Φq

Φq(x) = e−iqx +

x
ˆ

−∞

sin(q(x− y))

q
V0(y)Φq(y)dy, (G.3)

one can immediately obtain

Φq(0) = 1−
0
ˆ

−∞

sin(qy)

q
V0(y)Φq(y)dy, (G.4)
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Φ′
q(0) = −iq +

0
ˆ

−∞

cos(qy)V0(y)Φq(y)dy. (G.5)

So

Φ′
q(0) + iqΦq(0) =

0
ˆ

−∞

e−iqyV0(y)Φq(y)dy (G.6)

and

Φ′
q(0)− iqΦq(0) + 2iq =

0
ˆ

−∞

eiqyV0(y)Φk(y)dy. (G.7)

Invoking notation for the hard-wall wave function (3.42)

Λq(x) = Im
Φq(x)

Φq(0)
, (G.8)

we see that (G.1) can be written as

Ξq,q =
1

2i

(
Φ′
q(0)φq(0)− I1

Φq(0)
−

Φ̄′
q(0)φq(0)− Ī2

Φ̄q(0)

)
, (G.9)

where

I1 =

0
ˆ

−∞

dxΦq(x)(V0(x)− V (x))φq(x), (G.10)

I2 =

0
ˆ

−∞

dxΦq(x)(V0(x)− V (x))φ̄q(x). (G.11)

Using integral presentation for φq(x) in the first term and for Φq(x) in the second

term we obtain

I1 =

0
ˆ

−∞

dxΦq(x)V0(x)e
−iqx −

0
ˆ

−∞

dxe−iqxV (x)φq(x)

+

0
ˆ

−∞

dx

x
ˆ

−∞

dy
sin(q(x− y))

q
Φq(x)V0(x)V (y)φq(y)

−
0
ˆ

−∞

dx

x
ˆ

−∞

dy
sin(q(x− y))

q
Φq(y)V0(y)V (x)φq(x). (G.12)
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Changing variables in the last two integrals, we arrive at

I1 =

0
ˆ

−∞

dxΦq(x)V0(x)e
−iqx −

0
ˆ

−∞

dxe−iqxV (x)φq(x)

+

0
ˆ

−∞

dx

0
ˆ

−∞

dy
sin(q(x− y))

q
Φq(x)V0(x)V (y)φq(y). (G.13)

Presenting sine in the exponential form and substituting right hand sides of (G.6)

and (G.7) we obtain

I1 = Φ′
q(0)φq(0)− φ′

q(0)Φq(0). (G.14)

Similarly we can compute I2

I2 = 2iq + Φ′
q(0)φ̄q(0)− φ̄′

q(0)Φq(0). (G.15)

Substitution of I1 and I2 into (G.9) finishes the proof.

Appendix H

Kernels and scattering data for specific potentials

H.1 Single delta potential

In this appendix we present explicit formulas for the scattering data and the FCS

for the quench situation that corresponds to V (x) = gδ(x), V0(x) = 0.

The Jost functions can easily found from the integral presernations (3.4) and

(3.5)

ψk(x) = e−ikx − g

k
θ(−x) sin(kx), (H.1)

φk(x) = e−ikx +
g

k
θ(x) sin(kx), (H.2)

where θ(x) is Heaviside step function. The scattering data can be immediately

read off from this presentation

ak = 1− g

2ik
, bk =

g

2ik
, (H.3)
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T (E) =
1

|ak|2
=

k2

k2 + g2/4
=

E

E + g2/4
. (H.4)

To describe bound states we introduce κ = |g|/2. If g < 0 the bound state

corresponds to the zero of ak at the momentum k = iκ. The corresponding wave

function reads

φiκ(x) = e−κ|x|. (H.5)

The Jost and hard-wall wave functions corresponding to the initial potential

V0(x) = 0 are

Φq(x) = e−iqx, Λq(x) = ImΦq(x) = − sin qx. (H.6)

This leads to Ξq,k = Λ′
q(0)φk(0) = −q. Using presentation (3.55) we obtain

f (1)q (t) =
1

2
qeitq

2

, (H.7)

f (0)q (t) = −1

2

qeitq
2

iq + g/2
− θ(−g)qκe

−itκ2

κ
2 + q2

+ qEκ(q), (H.8)

where

Eκ(q) =

∞̂

0

dp

π

p2eitp
2

(p2 + κ
2)((p+ i0)2 − q2)

=
κh̄κ(t)

2(q2 + κ
2)

− iqhq(t)

2(q2 + κ
2)
. (H.9)

and

hq(t) = eitq
2
[
1− Erf

(
qeiπ/4

√
t
)]
. (H.10)

The FCS can be written as

F(λ, t) = det

(
1 +

eλ − 1

π
ρ(q)X0(q, q

′) +
eλ − 1

π
ρ(q)X1(q, q

′)

)
, (H.11)

where

X0(q, q
′) = qq′

(
q

κ
2 + q2

+
q′

κ
2 + q′2

)
sin
[
t(q2 − q′2)/2

]

q2 − q′2
, (H.12)

X1(q, q
′) = −2qq′Im

(
e−it(q

2+q′2)/2e(q)− e(q′)

q2 − q′2

)

+
qq′

(κ2 + q2)(κ2 + q′2)

{
κRe

(
eit(q

2+q′2)/2hκ(t)
)

−g
2
cos
[
t(q2 − q′2)/2

]
− 2θ(−g)κ cos

[
t(q2 + q′2 + 2κ2)/2

]}
, (H.13)
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and

e(q) =
qhq(t)

2(q2 + κ
2)
. (H.14)

In the notations of (3.61) K0 = ρ(eλ − 1)X0 and δK = ρ(eλ − 1)X1.

The propagation emerging from a step initial distribution formally corresponds

to V0(x) = 0 for x < 0 and V (x) = 0. The corresponding FCS can be obtained

from the above formulas by simply sending g → 0. The corresponding kernels

simplify as follows

X0(q, q
′) = (q + q′)

sin
[
t(q2 − q′2)/2

]

q2 − q′2
, (H.15)

X1(q, q
′) = −Im

(
e−it(q

2+q′2)/2q
′hq(t)− qhq′(t)

q2 − q′2

)
. (H.16)

H.2 Reŕectionless potential

In this appendix we consider an example of perfect lead attachment, i.e. V0(x) =

V (x), x < 0, for the reŕectionless potential

V (x) = − 2

cosh2 x
. (H.17)

The corresponding Jost solutions are

ψk(x) = e−ikx
(
1 +

2i

k − i

1

e2x + 1

)
, (H.18)

φk(x) = ψ̄k(−x) = e−ikx
(
1− 2i

k + i

1

e−2x + 1

)
=
k − i

k + i
ψk(x), (H.19)

which lead to the following scattering data

ak =
k − i

k + i
, bk = 0. (H.20)

This potential has one bound state corresponding to the zero of ak at k = i:

χb
1(x) = φk=i(x) =

1

2 cosh x
. (H.21)

The hard-wall wave functions defined in (3.42) are given by

Λq(x) = −q sin qx+ tanh x cos qx

q
. (H.22)
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Theqrefore Ξq,k in (3.48) becomes

Ξq,k = Λ′
q(0)φk(0) = −1 + q2

q
· k

k + i
. (H.23)

Using definitions (3.55) we arrive at

f (1)q (t) = −1 + q2

2q
eitq

2

, (H.24)

f (0)q (t) =
e−it

2q
+
eitq

2

2i
− 1 + q2

q
E1(q) (H.25)

where Eκ is defined in (H.9). Substituting these expression into (3.79) we arrive

at (3.86).

H.3 Double delta barrier

The double delta barrier potential is given by

V (x) = g1δ(x− d1) + g2δ(x− d2), (H.26)

where we assume that d2 > 0 > d1. The Jost solutions for this potential can be

found via the integral presentations (3.4) and (3.5)

ψk(x) = e−ikx − θ(d1 − x)
sin(k(x− d1))

k
g1ψk(d1)

− θ(d2 − x)
sin(k(x− d2))

k
g2ψk(d2), (H.27)

φk(x) = e−ikx + θ(x− d1)
sin(k(x− d1))

k
g1φk(d1)

+ θ(x− d2)
sin(k(x− d2))

k
g2φk(d2), (H.28)

where

ψk(d1) = e−ikd1
(
1 +

g2
2ik

)
− g2

2ik
eik(d1−2d2), ψk(d2) = e−ikd2, (H.29)

φk(d1) = e−ikd1, φk(d2) = e−ikd2
(
1− g1

2ik

)
+

g1
2ik

eik(d2−2d1). (H.30)
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The scattering data follows from (3.6)

ak =
g1g2e

−2ik(d1−d2) + (2k + ig1)(2k + ig2)

4k2
, (H.31)

bk =
g2e

−2id2k(g1 − 2ik)− g1e
−2id1k(g2 + 2ik)

4k2
. (H.32)

If we were interested only in the scattering data we could easily found them using

results of H.1. Indeed, for any potential that can be presented as a disjoint sum

i.e. V (x) = V1(x) + V2(x) with V1(x) = 0 for x > x1 and V2(x) = 0 for x < x2,

where x1 < x2, the transfer matrix reads

T = T1T2, (H.33)

where Tj is the transfer matrix for Vj. This statement follows immediately from

the relation of Tj to the corresponding Jost solutions ψj and φj, namely,
(
φ1

φ̄1

)
= T1

(
ψ1

ψ̄1

)
= T1

(
φ2

φ̄2

)
= T1T2

(
ψ2

ψ̄2

)
. (H.34)

Further, taking into account that the transfer matrix T̃ for the shifted potential

Ṽ (x) = V (x− d) is related to T by conjugation with a diagonal matrix

T̃ = T (d) =

(
ak bke

−2ikd

b̄ke
2ikd āk

)
, (H.35)

the scattering data (H.31) and (H.32) for the potential (H.26) is recovered from

T = Tg1(d1)Tg2(d2), Tg(0) =
(
1− g

2ik
g
2ik

− g
2ik 1 + g

2ik

)
, (H.36)

where for Tg(0) we used (H.3). The bound states correspond to zeroes of ak in

the upper half plane of k. For negative coupling constants g1 and g2 we have two

bound states if

d2 − d1 >
1

|g1|
+

1

|g2|
, (H.37)

and one otherwise.

The symmetric potential corresponds to g1 = g2 = g, d2 = −d1 = d/2. We

introduce notations

k = iκ, u = 2κ/|g| > 0, D = |g|d, (H.38)
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so that the quantity κ describes the łmomentum" of the bound state. The con-

dition (H.37) now reads D > 2 (see also discussion around equation (3.89)). The

current and the kernel in this case are obtained by the numerical integration of

the corresponding expressions constructed via f
(α)
q (t) in (3.55). For the case when

V0(x) = 0 we have (H.6). Hence

Ξqk = Λ′
q(0)φk(0) +

ˆ 0

−∞
dxΛq(x)V (x)φk(x)

= −q − geikd/2
(
q

k
sin

kd

2
− sin

qd

2

)
, (H.39)

and

f (1)q (t) = B
(1)
2,qe

−itκ2
2 + F (1)

q eitq
2

+ I(1)q (t), (H.40)

f (0)q (t) = B
(0)
1,qe

−itκ2
1 + F (0)

q eitq
2

+ I(0)q (t), (H.41)

B(α)
n,q =

iΞq,iκn
∂αx ψ̄iκn

(0)

a′iκn
(κ2

n + q2)
, F (α)

q = −i∂
α
xψq(0)

2a−q
, (H.42)

a′iκj
=
da

dk

∣∣∣∣
k=iκj

= − 2i

|g|
(uj − 1)(D(uj − 1) + 2)

u2j
, (H.43)

ψ̄iκ1
(0) = 2− 2/u1, ψ̄iκ2

(0) = ∂xψ̄iκ1
(0) = 0, (H.44)

∂xψ̄iκ2
(0) = (1− u2)|g|. (H.45)

The integrals are given by

I(α)q (t) =

∞̂

0

dk

π
Ω

(α)
q,k

eitk
2

(k + i0)2 − q2
, (H.46)

with

Ω
(0)
q,k =

2k2(−q + g cos kd/2 sin qd/2)

g2 + 2k2 + g2 cos kd− 2gk sin kd
, (H.47)

Ω
(1)
q,k = − 2gk3 sin kd/2 sin qd/2

g2 + 2k2 − g2 cos kd+ 2gk sin kd
. (H.48)

The asymptotic behavior of the integrals I
(α)
q (t) at large t is governed by expan-

sions of the integrands at k = 0

Ω
(0)
q,k =

k2

g2
(−q+ g sin qd/2) +O(k4), Ω

(1)
q,k = −2k2gd sin qd/2

(2 + gd)2
+O(k4). (H.49)
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The formula for Ω
(1)
q,k is valid for D = −gd ̸= 2. The asymptotic behavior of Ω

(1)
q,k

for D = 2 and small k is

Ω
(1)
q,k =

4

d2
sin

qd

2
+
k2

18
sin

qd

2
+O(k4). (H.50)

Theqrefore, the integrals have the following decaying behavior for large t

I(α)q (t) ∼ t−
3
2 for D ̸= 2, and I(α)q (t) ∼ t−

3
2+α for D = 2. (H.51)

This demonstrates that they do not affect the leading contribution in the asymp-

totic current (3.85). If the potential has two bound states than there is an oscil-

latory part of the current with the amplitude of oscillations given by (3.84)

A12 = −4

π

ˆ ∞

0

dqρ(q)B
(1)
2,qB

(0)
1,q . (H.52)

Finally, the leading contribution to the current for large t consists of constant

LandauerśBüttiker current and an oscillating current (if there are two bound

states).
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