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АНОТАЦIЯ

Горкавенко В.М. Пошук проявiв частинок та топологiчних стру-

ноподiбних об’єктiв за межами Стандартної моделi.

Дисертацiя на здобуття наукового ступеня доктора фiзико-математич-

них наук за спецiальнiстю 01.04.02 "теоретична фiзика" (10 – Природничi

науки). – Київський нацiональний унiверситет iменi Тараса Шевченка, Iн-

ститут теоретичної фiзики iм. М.М. Боголюбова НАН України, Київ, 2023.

Дисертацiю присвячено дослiдженню фiзики за межами Стандартної

моделi фiзики елементарних частинок (СМ) на рiзних енергетичних мас-

штабах. На масштабi енергiй, доступних на сучасних прискорювачах, роз-

глядалися рiзнi аспекти можливих експериментальних проявiв частинок

фiзики за межами Стандартної моделi, а саме: скалярного, нейтринного та

iз взаємодiєю типу Черна-Саймонса розширень СМ. Також розглядалися

можливi прояви топологiчних об’єктiв у виглядi космiчних струн з "магнi-

тним" полем калiбрувальної групи 𝑈𝑋(1), що могли утворитися внаслiдок

фазових переходiв у ранньому Всесвiтi на масштабi енергiй, що значно пе-

ревищує можливостi сучасних прискорювачiв. А саме, розглядалися кван-

товi ефекти у вакуумi полiв скалярної та фермiонної матерiї в присутностi

космiчної "магнiтної" струни, що моделювалася непроникливою для по-

лiв матерiї трубкою скiнченого радiуса з "магнiтним" полем. Використана

модель дозволила розглянути квантовi ефекти у вакуумi полiв матерiї в

найбiльш загальному випадку незалежно вiд конкретної природи утворен-

ня космiчної струни.

У першому роздiлi дисертацiї розглянуто скалярне, фермiонне та iз вза-

ємодiєю типу Черна-Саймонса розширення СМ. Розглядаються деякi за-

гальнi питання розширень СМ та канали народження та розпаду частинок

за межами Стандартної моделi з масою порядку декiлькох ГеВ.
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У пiдроздiлi 1.1 зроблено повний i самоузгоджений опис всiх каналiв

народження та розпаду масивних скалярiв з масою в декiлька ГеВ в ска-

лярному розширеннi СМ. Знайдено та дослiджено домiнуючi канали на-

родження та розпаду масивних скалярiв для умов експериментiв DUNE

(Fermilab), SHiP (SPS CERN) та експериментiв на LHC. У пiдроздiлi 1.2

отримано ефективний лагранжiан взаємодiї масивного векторного бозону

(в розширеннi СМ зi взаємодiєю типу Черна-Саймонса) з кварками рiзних

ароматiв. Показано, що ефективна взаємодiя векторного бозону з кварками

рiзних ароматiв не вимагає застосування процедури перенормування. По-

слiдовно розглянуто всi канали народження масивного векторного бозону

з розпадiв 𝐵 та 𝐾 мезонiв. У пiдроздiлi 1.3 отримано оригiнальнi розв’язки

та виражено елементи юкавiвської матрицi в нейтринному розширеннi СМ

з параметрами масової матрицi активних нейтрино. У пiдроздiлi 1.4 зро-

блена оцiнка похибки в розрахунках областi чутливостi експерименту SHiP,

пов’язаної з використанням для опису народження правокiральних масив-

них нейтрино в тричастинкових розпадах мезонiв спрощених матричних

елементiв, що використовуються в програмi моделювання процесiв зiткне-

ння частинок при високих енергiях PYTHIA, в порiвняннi з використанням

коректних матричних елементiв. Запроновано вибiр спрощених матричних

елементiв середовища PYTHIA, що дають найменше вiдхилення вiд коре-

ктних розрахункiв.

У другому роздiлi розглядаються ефекти поляризацiї вакууму скаляр-

ного поля матерiї у виглядi iндукування вакуумної енергiї за наявностi

топологiчного дефекту, а саме космiчної "магнiтної" струни, що моделює-

ться непроникливою для полiв матерiї трубкою скiнченого радiуса з "ма-

гнiтним" полем. Вважається, що поля матерiї є зарядженими вiдносно ка-

лiбрувальної групи 𝑈𝑋(1).

У пiдроздiлi 2.1 розглядається iндукування вакуумної енергiї скаляр-
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ного поля матерiї за наявностi граничної умови типу Дiрiхле на поверхнi

трубки скiнченого радiусу. У пiдроздiлi 2.2 розглядається iндукування ва-

куумної енергiї скалярного поля матерiї за наявностi граничної умови типу

Неймана на поверхнi трубки скiнченого радiусу. Показано, що поляризацiя

вакууму за наявностi граничної умови типу Неймана суттєво перевищує її

значення за наявностi граничної умови типу Дiрiхле. Показано, що поля-

ризацiя вакууму буде суттєвою у випадку, коли маса квантованого поля

матерiї є значно меншою за масу хiггсiвського поля, що призвело до спон-

танного порушення симетрiї i виникнення топологiчного дефекту у виглядi

"магнiтної" космiчної струни. У пiдроздiлi 2.3 розглядається iндукування

вакуумної енергiї скалярного поля матерiї за рiзних значень сталої зв’язку

скалярного поля з кривизною простору-часу для випадку граничної умо-

ви на поверхнi трубки типу Дiрiхле. Показано, що в цьому випадку повна

iндукована енергiя вакууму не залежить вiд сталої зв’язку скалярного по-

ля з кривизною простору-часу. У пiдроздiлi 2.4 розглядається iндукування

вакуумної енергiї скалярного поля матерiї за рiзних значень сталої зв’язку

скалярного поля з кривизною простору-часу для випадку граничної умови

на поверхнi трубки типу Дiрiхле у просторi-часi довiльної розмiрностi.

У третьому роздiлi розглядаються ефекти поляризацiї вакууму ска-

лярного та фермiонного полiв матерiї у виглядi iндукування у вакуумi ма-

гнiтного потоку за наявностi топологiчного дефекту, а саме космiчної "ма-

гнiтної" струни, що моделюється непроникливою для полiв матерiї труб-

кою скiнченого радiуса з "магнiтним" полем. Вважається, що поля матерiї

є зарядженими вiдносно калiбрувальної групи 𝑈𝑋(1) та мають електричнi

заряди.

У пiдроздiлi 3.1 розглядається iндукування магнiтного потоку у вакуу-

мi скалярного поля матерiї за наявностi граничної умови типу Дiрiхле на

поверхнi трубки скiнченого радiусу. У пiдроздiлi 3.2 розглядається iндуку-
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вання магнiтного потоку у вакуумi скалярного поля матерiї за наявностi

граничної умови типу Неймана на поверхнi трубки скiнченого радiусу. У

пiдроздiлi 3.3 розглядається iндукування магнiтного потоку у вакуумi ска-

лярного поля матерiї за наявностi граничної умови типу Робена на поверхнi

трубки скiнченого радiусу в просторi-часi довiльної розмiрностi. Дослiджу-

ється ефект iндукування магнiтного потоку у вакуумi скалярного поля ма-

терiї за всiх можливих значень параметра граничної умови типу Робена.

Показано суттєво рiзну поведiнку iндукованого магнiтного потоку за до-

датнiх та вiд’ємних значень параметра граничної умови типу Робена. У

пiдроздiлi 3.4 розглядається загальний вигляд граничної умови на поверх-

нi трубки для випадку фермiонного поля матерiї з умови самоспряженого

розширення дiраковського гамiльтонiану у просторi-часi розмiрностi 2+1.

Розглядається iндукування магнiтного потоку у вакуумi фермiонного по-

ля матерiї за наявностi "магнiтної" трубки скiнченого радiусу за рiзних

значень параметра самоспряженого розширення. Показано, що лише при

деяких значеннях параметра самоспряженого розширення iндукований ма-

гнiтний потiк буде скiнченним. Показано, що для знаходження фiзичних

значень параметра самоспряженого розширення необхiдно додатково на-

кладати вимогу спадання величини квантових ефектiв при збiльшеннi тов-

щини магнiтної трубки.

Ключовi слова: фiзика за межами Стандартної моделi, рiдкiснi мезон-

нi розпади, скалярне розширення Стандартної моделi, важкi нейтральнi

лептони, розширення калiбрувального сектора Стандартної моделi, теорiя

Черна-Саймонса, топологiчнi дефекти, космiчнi струни, поляризацiя ваку-

уму, ефект Казимира, ефект Ааронова-Бома.
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ABSTRACT

Gorkavenko V.M. The search for manifestations of particles and

topological string-like objects beyond the Standard Model.

Thesis for the degree of Doctor of Physical and Mathematical Sciences by

speciality 01.04.02 – theoretical physics (104 — physics and astronomy). — Taras

Shevchenko National University of Kyiv, Bogolyubov Institute for Theoretical

Physics of the NAS of Ukraine, Kyiv, 2023.

This thesis is dedicated to exploring physics beyond the Standard Model of

particle physics (SM) at different energy scales. It examines various aspects of

potential experimental manifestations of particles beyond the Standard Model

of the scalar, neutrino, and Chern-Simons extensions of the SM at energy scales

available for modern accelerators. Possible manifestations of topological objects

in the form of cosmic strings with "magnetic" field of gauge group 𝑈𝑋(1),

which could have formed due to phase transitions in the early Universe at

energy scales significantly exceeding the capabilities of modern accelerators,

were also considered. Specifically, quantum effects in the vacuum state of scalar

and fermion fields in the presence of a cosmic "magnetic" string, modeled as an

impermeable for the fields of matter tube of finite radius with "magnetic" field

were considered. The employed model allows for a comprehensive examination

of quantum effects in the vacuum of the matter fields in the most general case,

irrespective of the specific nature of cosmic string formation.

The first section explores SM extensions involving scalar, fermion, and Chern-

Simons portals. It addresses general issues concerning these SM extensions and

investigates the production and decay channels of beyond the Standard Model

particles with mass of the GeV scale.

In subsection 1.1, a complete and self-consistent account of all the producti-

on and decay channels of massive scalars at the GeV mass scale of the scalar
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SM extension is presented. Dominant production and decay channels of massi-

ve scalars have been identified and studied for experiment conditions at DUNE

(Fermilab), SHiP (SPS CERN), and LHC experiments. In subsection 1.2, an

effective Lagrangian for the interaction of a massive vector boson (of the SM

extension with Chern-Simons-like interactions) with quarks of different flavors

has been derived. It has been shown that the effective interaction of the vector

boson with quarks of different flavors does not require a renormalization proce-

dure. All the production channels of a massive vector boson in decays of 𝐵

and 𝐾 mesons were systematically considered. Subsection 1.3 shows the deri-

vation of an original solution and expresses Yukawa elements of the neutrino

SM extension via the parameters of active neutrinos’ mass matrix. In subsecti-

on 1.4, an estimation of the error in the computations of the SHiP experiment

sensitivity region, caused by the usage of simplified matrix elements for describi-

ng the production of right-handed massive neutrinos in three-particle decays of

mesons in PYTHIA (simulation program for particle collisions at high energies),

has been made. The choice of simplified matrix elements in the PYTHIA envi-

ronment that minimizes deviations from exact calculations has been proposed.

The second section delves into the effects of vacuum polarization of a scalar

matter field in the form of induction of vacuum energy in the presence of a

topological defect, namely a cosmic "magnetic" string, modeled as a finite

radius impenetrable tube for matter field with a "magnetic" field inside. It

is considered that matter fields are charged with respect to the 𝑈𝑋(1) gauge

group.

Subsection 2.1 examines the induction of a scalar field vacuum energy in

the presence of a tube of finite radius with Dirichlet boundary condition at

the edge of the tube. In subsection 2.2, the induction of vacuum energy of

a scalar field of matter under a Neumann boundary condition at the edge of

the tube is studied. It is demonstrated that the vacuum polarization effect in
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the case of a Neumann boundary condition significantly surpasses the vacuum

polarization effect under a Dirichlet boundary condition. It is also shown that

vacuum polarization will be substantial when the mass of the quantized field

of matter is considerably smaller than the mass of the Higgs field that leads to

spontaneous symmetry breaking and the emergence of a topological defect in

the form of a "magnetic" cosmic string. Subsection 2.3 addresses the induction

of vacuum energy of a scalar field of matter for various values of the scalar field’s

coupling to space-time curvature, under a Dirichlet boundary condition at the

edge of the tube. It is demonstrated that in this case, the total induced vacuum

energy does not depend on the scalar field’s coupling to space-time curvature.

In subsection 2.4, the induction of vacuum energy of a scalar field of matter is

studied for different values of the scalar field’s coupling to space-time curvature,

under a Dirichlet boundary condition on the tube’s surface in a space-time of

arbitrary dimension.

In the third section, the effects of vacuum polarization of scalar and fermion

matter fields in the form of induction of vacuum magnetic flux in the presence

of a topological defect, specifically a cosmic "magnetic" string, modeled as a

finite radius impenetrable tube for matter field with a "magnetic" field inside,

are investigated. It is considered that matter fields are charged with respect to

the gauge group 𝑈𝑋(1) and also possess electric charges.

Subsection 3.1 examines the induction of a vacuum magnetic flux for a scalar

field of matter in the presence of a Dirichlet boundary condition at the edge

of the tube. In subsection 3.2, the induction of a vacuum magnetic flux for a

scalar field of matter under the presence of a Neumann boundary condition at

the edge of the tube is studied. Subsection 3.3 addresses the induction of vacuum

magnetic flux for a scalar field of matter under the presence of a Robin boundary

condition at the edge of the tube in the space-time of arbitrary dimension.

The effect of inducing vacuum magnetic flux for a scalar field of matter is
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explored for all possible values of the Robin boundary condition parameter. The

substantially different behavior of the induced magnetic flux for positive and

negative values of the Robin boundary condition parameter is demonstrated.

In subsection 3.4, the general form of the boundary condition on the tube’s

edge is considered for the case of fermion matter fields from the condition of

self-adjoint extension of the Dirac Hamiltonian in 2+1 dimensional space-time.

The induction of vacuum magnetic flux for a fermion field of matter in the

presence of a "magnetic" tube of finite radius is examined for different values

of the self-adjoint extension parameter. It is shown that only for certain values

of the self-adjoint extension parameter, the induced magnetic flux will be finite.

Additionally, it is demonstrated that to determine the physical values of the

self-adjoint extension parameter, an additional requirement of the decrement of

quantum effects with an increase in the thickness of the magnetic tube needs

to be imposed.

Key words: Beyond Standard Model, rare decays of mesons, scalar extension

of Standard Model, heavy neutral leptons, extensions of gauge sector, Chern–

Simons theories, topological defects, cosmic string, vacuum polarization, Casi-

mir effect, Aharonov–Bohm effect.
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ВСТУП

Обґрунтування та актуальнiсть теми дослiджень. Стандартна

модель фiзики елементарних частинок (СМ) [1–3] — це теоретична модель,

яка з високою точнiстю описує процеси електромагнiтної, слабкої та силь-

ної взаємодiї за участю елементарних частинок. Вона є самоузгодженою

до великого енергетичного масштабу (можливо, до масштабу Планка) i

перевiрена в численних експериментах на прискорювачах до енергiї ∼ 15

ТеВ. Однак СМ не може пояснити деякi явища, такi як масивнiсть ней-

трино (див., наприклад, [4–6]), темну матерiю (для оглядiв див., напри-

клад, [7–9]), барiонну асиметрiю Всесвiту (див., наприклад, [11–13]) тощо.

Тому СМ вважається неповною теорiєю i потребує розширення. Iснує бага-

то можливостей, як саме це зробити. Фiзика в розширеннях Стандартної

моделi називається фiзикою за межами Стандартної моделi, або новою фi-

зикою (див., наприклад, [14–17]).

Багато з наведених проблем СМ можна пояснити розширенням СМ за

допомогою введення нових частинок та нових взаємодiй. Значення мас ча-

стинок за межами СМ можуть лежати в дуже широкому дiапазонi значень.

Наприклад, малi маси нейтрино, темну матерiю та барiонну асиметрiю Все-

свiту можна пояснити введенням нових частинок як з масами меншими за

1 еВ, так i з масами аж до масштабiв теорiї великого об’єднання, див. [5,18].

З iншого боку, можна припустити, що нових частинок в "прихованому" се-

кторi СМ може бути досить багато i не всi з них мають вiдношення до

вирiшення наведених вище проблем СМ.
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Той факт, що ми не спостерiгаємо частинок нової фiзики в експеримен-

тах на прискорювачах, має два можливi пояснення. Або цi частинки занад-

то масивнi, щоб їх можна було утворити на сучасних прискорювачах, таких

як Великий адронний колайдер, або вони дуже слабо взаємодiють з частин-

ками СМ. Якщо частинки нової фiзики досить важкi, тодi для їх пошуку

необхiдно будувати бiльш потужнi, дорожчi прискорювачi та проводити

високоенергетичнi експерименти (energy frontier experiments), див. [19, 20].

Але випадок легких, дуже слабко взаємодiючих частинок нової фiзики є

також дуже актуальним для експериментального пошуку проявiв частинок

нової фiзики прямо зараз, на вже iснуючих прискорювачах. Щоб знайти їх,

нам потрiбнi експерименти з високою свiтнiстю, тобто з великою кiлькiстю

подiй (intensity frontier experiments) [21,22]. За останнi декiлька рокiв було

запропоновано кiлька таких експериментiв: MATHUSLA [23], FACET [24],

FASER [25,26], SHiP [27,28], NA62 [29–31], DUNE [32,33] тощо.

Важливою характеристикою таких експериментiв є область чутливостi,

яка визначає дiапазон значень маси та сталої зв’язку частинки нової фi-

зики, при яких вона може буде зареєстрована в даному експериментi. Роз-

рахунок областi чутливостi є складною математичною задачею. Для то-

го, щоб область чутливостi можна було теоретично розрахувати необхiдно

знати домiнуючi канали народження та розпадiв частинок нової фiзики в

умовах конкретного експерименту.

Приклади явного вигляду областi чутливостi для рiзних експериментiв

та iснуючих обмежень на параметри моделi наведенi на Рис. 1, 2.

Зараз немає вiдповiдi на запитання якими саме мають бути частинки но-

вої фiзики: це можуть бути скалярнi, псевдоскалярнi, векторнi, фермiоннi

частинки. Жодному з iснуючих варiантiв не можна надати переваги, тому

пошуки частинок нової фiзики потрiбно проводити перебираючи всi мо-

жливi варiанти (див. оглядовi роботи [23, 27]). При цьому в якостi лагран-
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Рис. 1: Областi чутливостi рiзних експериментiв до пошуку нової скалярної частинки,
випадок 𝛼2 = 0. Зафарбованi областi – виключенi областi параметрiв скалярiв. Неза-
форбавонi контури – областi чутливостi майбутнiх експериментiв. Рис. взято з [21].

жiанiв взаємодiї частинок нової фiзики з частинками СМ зручно брати най-

бiльш загальнi калiбрувально-iнварiантнi та, по можливостi, перенормовнi

вирази. Такi лагранжiани взаємодiї отримали назви порталiв, див., напри-

клад, [27]. Вони можуть являти собою перенормовнi взаємодiї, а можуть

представляти i ефективнi неперенормовнi взаємодiї. В останньому випадку

портали являють собою оператори розмiрностей вищих за 4, що подавленi

масштабом Λ−𝑛, де Λ – розмiрний параметр, що визначає певний енерге-

тичний масштаб прихованого сектора СМ, наприклад маси iншої "прихо-

ваної" частинки переносника взаємодiї (за аналогiєю з фiзичним змiстом

сталої Фермi 𝐺𝐹 в ефективнiй теорiї Фермi).

Видiляють три портали перенормованої взаємодiї для частинок нової

фiзики. Вони всi є операторами розмiрностi ГеВ4 (розмiрнiсть добуткiв всiх

польових функцiй), але вiдрiзняються розмiрнiстю складових СМ:
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Рис. 2: Обмеження на параметри правокiрального нейтрино в електронно-домiнантнiй
моделi згори вниз, вiдповiдно. Зафарбованi областi вiдповiдають вже виключеним пара-
метрам правокiрального нейтрино. Наведенi контури областi чутливостi для майбутнiх
експериментiв. Рис. взято з [43].

• Скалярний портал (див., наприклад, [34–37]): розмiрнiсть складових

СМ ГеВ2; до СМ додається нове скалярне масивне поле 𝑆; лагранжiан

взаємодiї має вигляд ℒ𝑖𝑛𝑡 = (𝛼1𝑆 + 𝛼2𝑆
2)(𝐻†𝐻);

• Векторний портал (див., наприклад, [38–40]), розмiрнiсть складових

СМ ГеВ2; до СМ додається нове векторне масивне поле 𝐴′; лагранжiан

взаємодiї має вигляд ℒ𝑖𝑛𝑡 = 𝜖𝐹 ′
𝜇𝜈𝐹

𝜇𝜈
𝑌 ;

• Нейтринний портал (див., наприклад, [41–44]), розмiрнiсть складових

СМ ГеВ2.5; до СМ додаються одне чи декiлька нових фермiонних ма-

сивних полiв нейтрино з правою кiральнiстю 𝑁𝐼 ; лагранжiан взаємодiї

має вигляд ℒ𝑖𝑛𝑡 = 𝑦𝛼𝐼(�̄�𝛼 · �̃�)𝑁𝐼 .

Вiдзначимо, що в рамках нейтринної модифiкацiї СМ в роботах [41, 42]

було запропоновано доповнити СМ трьома масивними правокiральними

нейтрино (модель нейтринного мiнiмального розширення СМ, 𝜈MSM). При
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цьому до лагранжiана СМ додається 18 нових параметрiв, якi можна пiдi-

брати таким чином, щоб одночасно вирiшити декiлька проблем СМ: най-

легше правокiральне нейтрино (з масою порядку 10 кеВ) в цiй моделi є

кандидатом на роль частинки темної матерiї, два iнших важких правокi-

ральних нейтрино з майже однаковими масами забезпечують появу барiон-

ної асиметрiї у Всесвiтi, модель також може пояснити iснуючi данi по масам

активних нейтрино та параметри спостережуваних нейтринних осциляцiй.

Видiляють також двi ефективнi неперенормовнi взаємодiї, що складаю-

ться з операторiв вищих розмiрностей: псевдоскалярний портал та портал

зi взаємодiєю Черна-Саймонса.

У псевдоскалярному порталi (див., наприклад, [45–48]) до СМ додає-

ться нове псевдоскалярне поле (поле аксiонiв або або аксiоноподiбних ча-

стинок) 𝑎, що взаємодiє з калiбрувальними полями та фермiонами СМ

як ℒ𝑖𝑛𝑡 =
𝑔𝑖
Λ
𝑎𝐹 𝑖

𝜇𝜈𝐹
𝑖,𝜇𝜈 +

ℎ𝑖
Λ
𝜕𝜇𝑎𝑓𝛾

𝜇𝛾5𝑓 . Оператор взаємодiї має розмiрнiсть

ГеВ5. Зазначимо, що цей портал цiкавий тим, що легкi аксiони (з масами

порядку 10−6 еВ) утворюються в багатьох розширеннях СМ i є чудовими

кандидатами на роль частинок темної матерiї [18]. Важливо також вiдзна-

чити, що спостереження за ефектом гравiтацiйного лiнзування галактик

вказує, що модель темної матерiї з надзвичайно легких аксiоноподiбних

частинок краще узгоджується з даними спостережень, нiж модель з важ-

кими частинками темної матерiї [49].

Iнтерес до порталу зi взаємодiєю типу Черна-Саймонса викликаний тим

фактом, що дана взаємодiя випливає з явища скорочення квантових анома-

лiй. Це є надзвичайно теоретично привабливим, оскiльки в такому пiдходi

внесок важких фермiонiв (недоступних для прямого пошуку на приско-

рювачах) у скасування аномалiї залишається неподавленим при низьких

енергiях [50, 51] i може себе проявити в експериментах. Якщо розгляда-

ти нетривiальне скорочення квантових аномалiй в рамках калiбрувальних
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полiв СМ, то це призводить до появи дуже малих параметрiв теорiї типу

маси фотона чи мiкрозарядiв нових частинок, див. наприклад, [52]. На цi

параметри iснують досить сильнi експериментальнi обмеження.

Щоб уникнути дуже малих параметрiв, вводиться нова калiбрувальна

група 𝑈𝑋(1) вiдносно якої зарядженi важкi фермiони, а фермiони СМ з

нею не взаємодiють. В цьому випадку важкi фермiони можуть виступа-

ти в ролi посередникiв та призвести до появи спостережуваної взаємодiї

частинок СМ з новими легкими векторними частинками групи 𝑈𝑋(1) з

"прихованого" сектора СМ. Детальне пояснення походження такої взаємо-

дiї наведено в [53]. Виявилося, що калiбрувально iнварiантний лагранжiан

вiдносно перетворень групи 𝑈𝑌 (1)×𝑆𝑈𝑊 (2) в цьому випадку матиме мiнi-

мальну розмiрнiсть ГеВ6:

ℒ1 =
𝐶𝑌
Λ2
𝑌

·𝑋𝜇(D𝜈𝐻)†𝐻𝐵𝜆𝜌 · 𝜖𝜇𝜈𝜆𝜌 + ℎ.𝑐.,

ℒ2 =
𝐶𝑆𝑈(2)

Λ2
𝑆𝑈(2)

·𝑋𝜇(D𝜈𝐻)†𝐹𝜆𝜌𝐻 · 𝜖𝜇𝜈𝜆𝜌 + ℎ.𝑐.

Цiкавим є те, пiсля спонтанного порушення електрослабкої симетрiї зазна-

ченi взаємодiї перетворюються на можливо перенормовнi взаємодiї (є опе-

раторами розмiрностi ГеВ4) бозона Черна-Саймонса з векторними полями

СМ, див. [53]:

ℒ𝐶𝑆 = 𝑐𝑧𝜖
𝜇𝜈𝜆𝜌𝑋𝜇𝑍𝜈𝜕𝜆𝑍𝜌+ 𝑐𝛾𝜖

𝜇𝜈𝜆𝜌𝑋𝜇𝑍𝜈𝜕𝜆𝐴𝜌+
{︀
𝑐𝑤𝜖

𝜇𝜈𝜆𝜌𝑋𝜇𝑊
−
𝜈 𝜕𝜆𝑊

+
𝜌 + ℎ.𝑐.

}︀
.

Таким чином отримано лагранжiан зi взаємодiєю нового калiбрувального

бозону 𝑋𝜇 зi струмом, схожим на струм Черна-Саймонса, калiбрувальних

бозонiв СМ. Це є цiкавим i з тiєї позицiї, що струми Черна-Саймонса мають

топологiчне походження [54].

Взаємодiї типу Черна-Саймонса з’являються в рiзних теоретичних мо-

делях, включаючи додатковi вимiри та теорiю струн, див. [55–60]. Якщо

нова векторна частинка (бозон Черна-Саймонса) буде експериментально
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виявленою, це однозначно вкаже на наявнiсть нової фiзики на високих

енергетичних масштабах. Важливо вiдзначити, що бозон Черна-Саймонса

був включений в програму пошуку експерименту SHiP [27], розглядається

можливiсть його пошуку на Великому адронному колайдерi [61].

Напрямок пошуку проявiв частинок нової фiзики на прискорювачах з

великою свiтнiстю чи на прискорювачах з великою енергiєю, звичайно, є

дуже перспективним та обнадiйливим для пошуку важких або дуже слабко

взаємодiючих нових частинок. Але треба усвiдомлювати, що експерименти

на прискорювачах мають обмеження по енергiї. Однак високоенергетичнi

процеси (при енергiях, недосяжних для сучасних прискорювачiв) могли

активно вiдбуватися у ранньому Всесвiтi. Бiльш того, слiди або релiкти

цих процесiв можуть спостерiгатися i в наш час, даючи iнформацiю про

подiї в далекому минулому.

Згiдно зi Стандартною космологiчною моделлю, пiсля Великого Вибу-

ху Всесвiт розширювався та охолоджувався. В процесi свого охолодження

Всесвiт проходив через ряд фазових переходiв [62,63]. Передбачується, що у

ранньому Всесвiтi могли вiдбутися такi фазовi переходи: фазовий перехiд,

що вiддiляє електромагнiтну взаємодiю вiд слабкої (вiдбувся через 10−10 c

пiсля Великого Вибуху при температурi близько 𝑇𝐸𝑊 ∼ 100 ГеВ); фазовий

перехiд деконфайнмент-конфайнмент (перехiд вiд кварк-глюонної плазми

до адронiв вiдбувся через 10−5 c пiсля Великого Вибуху при температу-

рi нижчiй за 200 МеВ). Згiдно з теорiєю Великого об’єднання взаємодiй

є теоретичнi передбачення iснування фазового переходу, що вiддiляє еле-

ктрослабку та сильну взаємодiї (очiкується, що вiн мав вiдбутися через

10−35 c пiсля Великого Вибуху при температурi 𝑇𝐺𝑈𝑇 ∼ 1016 ГеВ). Не ви-

ключено, що у ранньому Всесвiтi могли вiдбутися i iншi фазовi переходи

при температурах 𝑇𝐸𝑊 < 𝑇 < 𝑇𝐺𝑈𝑇 .

Якщо певний фазовий перехiд незалежно вiдбувався в рiзних дiлянках
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простору-часу, то на границi цих дiлянок могли утворитися топологiчнi

об’єкти рiзних типiв: доменнi стiнки, струни, монополi та похiднi вiд них

об’єкти (доменнi стiнки з’єднанi струнами, монополi з’єднанi струнами).

Одновимiрнi топологiчнi дефекти отримали назву космiчних струн. То-

пологiчнi космiчнi струни не можуть мати вiльних кiнцiв i можуть бути

двох типiв: у виглядi нестабiльних петель (розпадаються за рахунок втрати

енергiї внаслiдок випромiнення гравiтацiйних хвиль) та стабiльних, майже

прямих лiнiй, що простягаються до горизонту. Якщо космiчнi струни утво-

рилися в результатi спонтанного порушення симетрiї деякої групи 𝑈𝑋(1),

то вони можуть мiстити в собi аналог магнiтного поля, що вiдповiдає калi-

брувальному полю даної групи [64–68]. Зазначимо, що iнтерес до дослiдже-

ння та пошуку космiчних струн пов’язаний ще й з тим, що вони можуть

утворюватися в рiзних розширеннях СМ в тому числi в теорiї суперструн,

див. [69–72].

Всерединi космiчної струни польова конфiгурацiя фази з непорушеною

симетрiєю має енергiю та характеризується масою на одиницю довжини

струни 𝜇 ∼ 𝜂2, де 𝜂 – енергетичний масштаб порушення симетрiї, що ви-

значається перебудовою ефективного потенцiалу з появою ненульового ва-

куумного середнього поля в новому мiнiмумi потенцiалу (аналог поля Гiґса

𝜂 ∼ 𝑚𝐻 , 𝑚𝐻 – маса поля Гiґса), що є вiдповiдальним за порушення вiдпо-

вiдної симетрiї. Зокрема, для космiчних струн, що утворилися на масштабi

теорiї Великого об’єднання маса одиницi довжини космiчної струни стано-

вить 1022 г/см, а поперечний радiус 𝑟0 ∼ 10−30 см (визначається умовою

𝑚𝐻𝑟0 ∼ 1).

В астрофiзицi космiчнi струни можуть проявити себе по впливу на анi-

зотропiю релiктового випромiнення [73], можуть виступати в ролi гравiта-

цiйних лiнз [74], джерела гравiтацiйних хвиль [75–77].

Модельно незалежнi данi спостережень анiзотропiї релiктового випромi-
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нення накладають обмеження на безрозмiрний параметр 𝐺𝜇 < 1.07 · 10−5.

Iснують бiльш жорсткi обмеження, що враховують iснування сiтки струн

у Всесвiтi, i становлять 𝐺𝜇 < 1.1 ·10−7 [78]. Параметр 𝐺𝜇 ∼ (𝑚𝐻/𝑀𝑃𝑙)
2, де

𝑚𝐻 – маса поля Гiґса, яке вiдповiдальне за спонтанне порушення вiдповiд-

ної симетрiї. Отже, iснуючi обмеження з даних спостережень закривають

лише космiчнi струни, що могли утворитися на дуже великих масштабах

енергiй, трохи менших за масштаб теорiї Великого об’єднання.

Однак, ще не всi макроефекти, обумовленi космiчними струнами, є до-

статньо дослiдженими. Зокрема, ще не достатньо теоретично дослiдже-

нi явища, пов’язанi з впливом космiчної струни на вакуум полiв матерiї.

Зокрема, ефект має полягати у поляризацiї вакууму (змiнi густини енер-

гiї вакууму), iндукуванню вакуумних струмiв, магнiтного поля та iнших

квантових чисел. Це є важливим з таких мiркувань.

Найпростiша модель, в якiй виникають космiчнi струни з калiбруваль-

ним полем, це абелева калiбрувально iнварiантна модель Гiґса вiдносно

групи 𝑈𝑋(1), в якiй вiдбулося спонтанне порушення симетрiї [64]. Якщо в

такiй моделi, в результатi фазового переходу, утвориться лiнiйний топологi-

чний дефкт, то ззовнi нього поле Гiґса матиме ненульове вакуумне середнє.

Всерединi ж топологiчного дефекту поле Гiґса знаходитиметься у фазi з

непорушеною симетрiєю i калiбрувальне поле групи 𝑈𝑋(1) буде безмасо-

вим. Для стану з найменшою енергiєю вiдповiднi аналоги електричного та

магнiтного полiв групи 𝑈𝑋(1) ззовнi топологiчного дефекту дорiвнювати-

муть нулю, але статичний векторний потенцiал можна обрати у виглядi

"чистого" калiбрування A = ∇𝜒. Змiна фази польової функцiї при обходi

навколо струни дорiвнюватиме

Δ𝛼 = 2𝜋𝑛 = 𝑒𝐻

∮︁
A 𝑑r = 𝑒𝐻

∮︁
∇𝜒𝑑r = 𝑒𝐻𝜒|𝜙=2𝜋

𝜙=0 = 𝑒𝐻Φ, 𝑛 ∈ Z

тобто функцiя 𝜒 не є однозначною, що є можливим лише в неоднозв’язному
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просторi, тобто в просторi, де не всi кривi можуть бути неперервним чи-

ном стиснутi в точку за рахунок наявностi топологiчного дефекту. Тобто

польовi розв’язки в просторi з космiчною струною будуть характеризува-

тися приналежнiстю до першої гомотопiчної групи.

Як видно з останньої формули, всерединi космiчної струни буде iснувати

"магнiтне" поле (створюється калiбрувальним полем групи 𝑈𝑋(1)), потiк

якого всерединi струни є квантованим Φ = 2𝜋𝑛/𝑒𝐻 , де 𝑒𝐻 – стала зв’язку

кванта поля Гiґсiвського конденсату з калiбрувальним полем групи 𝑈𝑋(1).

Розглянемо тепер квантованi поля матерiї на фонi космiчної струни, ча-

стинки яких взаємодiють з калiбрувальним полем групи 𝑈𝑋(1) зi сталою

зв’язку 𝑒𝑚𝑎𝑡𝑡𝑒𝑟. Виявиться, що польовi розв’язки будуть визначатися пара-

метром 𝑒𝑚𝑎𝑡𝑡𝑒𝑟Φ/(2𝜋) = 𝑛𝑒𝑚𝑎𝑡𝑡𝑒𝑟/𝑒𝐻 , що може приймати нецiлi значення.

Квантовi ефекти, якi будуть далi описанi, призводять до виникнення ваку-

умного струму полiв матерiї навколо космiчної струни. Якщо припустити,

що поля матерiї зарядженi також вiдносно електромагнiтної групи 𝑈𝐸𝑀(1),

то вiдповiдний струм електрично заряджених частинок створюватиме нав-

коло космiчної струни магнiтне поле, прояви якого можна шукати з даних

спостережень. Можуть спостерiгатися i iншi ефекти поляризацiї вакууму

навколо космiчної струни. Дослiдження цих ефектiв може пролити свiтло

на фiзику раннього Всесвiту та фiзику за межами СМ.

Необхiдно вiдзначити, що у фiзицi конденсованого стану аналогом космi-

чних струн з калiбрувальним полем можуть виступати вихори Абрикосова

в надпровiдниках другого роду [79]. В цьому випадку 𝑈𝑋(1) це група еле-

ктромагнiтного поля, 𝑒𝐻 = 2𝑒 – заряд куперiвських пар, 𝑒𝑚𝑎𝑡𝑡𝑒𝑟 = 𝑒, де 𝑒 –

заряд електрона.

Iсторично, задачу поляризацiї вакууму навколо космiчної струни з калi-

брувальним полем спершу розв’язували в наближеннi струни нульової тов-

щини i для випадку скалярного поля матерiї. Були отриманi вирази для
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iндукованої густини вакуумної енергiї, вакуумного струму та iндукованого

магнiтного потоку [80–85]. В цьому випадку на розв’язки польових функцiй

скалярного поля матерiї накладалася умова регулярностi на поверхнi стру-

ни (польовi функцiї занулялися). Накладанням граничної умови фактично

забезпечувалася умова непроникнення матерiї в область "магнiтного" по-

ля струни, а вакуумнi ефекти, якi при цьому виникали можна пов’язати з

ефектом Казимира [86, 87]. З iншого боку, в данiй задачi розв’язки польо-

вих функцiй матерiї залежали вiд потенцiалу калiбрувального поля ззовнi

струни, хоча "магнiтне" поле мiстилося лише в серцевинi струни. Це є про-

явом ефекту Ааронова-Бома [88]. В результатi вплив "магнiтної" струни

на поля матерiї ззовнi струни отримав назву ефекту Казимира-Ааронова-

Бома [81]. Недолiками моделi сингулярної "магнiтної" струни були нескiн-

ченнi значення iндукованих величин поблизу струни: густина iндукованої

енергiї вела себе як ∼ 𝑟−(𝑑+1), а поведiнка iндукованого струму навколо

струни ∼ 𝑟−𝑑, де 𝑟 – вiдстань вiд струни в поперечному напрямку, 𝑑 –

кiлькiсть просторових вимiрiв. Зазначимо, що при вiддаленнi струни кван-

товi ефекти експоненцiйно спадали 𝑒−𝑚𝑟 (𝑚 – маса кванта поля матерiї), а

ефект залежав лише вiд дробової частини "магнiтного" потоку космiчної

струни 𝐹 = 𝑒𝑚𝑎𝑡𝑡𝑒𝑟Φ/(2𝜋)− [[𝑒𝑚𝑎𝑡𝑡𝑒𝑟Φ/(2𝜋)]] та зникав при цiлих значеннях

"магнiтного" потоку.

Для задачi впливу сингулярної "магнiтної" струни на вакуум спiнор-

ного поля матерiї виявилося, що на поверхнi вихору не можна накласти

умову регулярностi. Справа в тому, що фермiоннi функцiї багатокомпо-

нентнi (4 компоненти для випадку 3+1 простору-часу, 2 компоненти для

2+1 простору-часу) i для деяких окремих (особливих) мод однi компоненти

можуть задовiльняти умовi регулярностi, а iншi нi. Вперше цю проблему

було вирiшено в роботах [89,90]. Було зазначено, що проблема нерегулярно-

стi розв’язку спiнорних функцiй пов’язана з тим, що парцiальнi дiраковськi
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гамiльтонiани для особливих мод не є самоспряженим. Справдi, нехай ℎ є

оператором, що дiє на регулярнi функцiї 𝜓0(𝑟), тодi спряжений до нього

оператор ℎ+ визначається з умови
∞∫︁

0

𝑟 𝑑𝑟[ℎ+𝜓(𝑟)]+𝜓0(𝑟) =

∞∫︁

0

𝑟 𝑑𝑟[𝜓(𝑟)]+[ℎ𝜓0(𝑟)],

де функцiя 𝜓(𝑟) не обов’язково має бути регулярною.

Оператор ℎ стане самоспряженим, якщо розширити набiр функцiй на

якi дiє оператор ℎ, так щоб вiн та оператор, спряжений до нього, дiяли

на спiльний набiр функцiй. Це можна зробити для випадку сингулярного

"магнiтного" вихору користуючись теорiєю самоспряженого розширення

операторiв фон Неймана (див. [91, 92]), що визначає всi можливi значе-

ння константи в лiнiйнiй комбiнацiї двох розв’язкiв для особливої моди

та фiксованому "магнiтному" потоцi за допомогою одного параметра Θ

(0 ≤ Θ < 2𝜋). Цей параметр отримав назву параметра самоспряжено-

го розширення. Для випадку сингулярної "магнiтної" струни всi значення

параметра Θ є теоретично дозволеними.

В роботi [93] було вперше отримано вираз для густини iндукованої ва-

куумної енергiї та iндукованого струму для спiнорного вакууму в прису-

тностi сингулярної "магнiтної" струни для часткового значення параметра

самоспряженого розширення Θ. Для довiльного значення параметра Θ цi

величини були порахованi в роботах [94,95]. Було показано, що iндукованi

квантовi ефекти також залежать лише вiд дробової частини "магнiтного"

потоку 𝐹 та мали степеневу розбiжнiсть поблизу струни. Зазначимо та-

кож, що у випадку, коли рух частинок зафiксований в площинi перпенди-

кулярнiй до космiчної струни (компонента iмпульсу 𝑝𝑧 = 0), то тривимiрну

задачу можна звести до двовимiрної, що суттєво спрощує розрахунки. В

роботi [96] було показано яким чином можна записати розв’язок у 3 + 1

вимiрному просторi-часi знаючи розв’язок у 2+1 вимiрному просторi-часi.
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Пiдсумовуючи, зазначимо, що велика перевага наближення нульового

радiуса "магнiтної" струни полягає в достатньо простих розв’язках для

польових функцiй, що дозволяє явно виконати всi розрахунки та отримати

результати в аналiтичному виглядi. Проблемою ж наближення нульового

радiуса струни є степенева розбiжнiсть iндукованих величин поблизу "ма-

гнiтної" струни ∼ 𝑟−𝛼.

Очевидно, що для позбавлення розбiжностi викликаних нульовою тов-

щиною "магнiтної" струни слiд розглядати фiзичну постановку задачу та

враховувати скiнченне значення товщини струни. Це було зроблено аналi-

тично для окремих конфiгурацiй розподiлу "магнiтного" поля всерединi

струни [97–99]. В роботi [100] був запропонований метод чисельного розра-

хунку для задачi космiчної струни скiнченного радiуса з довiльним розпо-

дiлом "магнiтного" поля всерединi струни. Цей метод дозволив отримати

iндуковану вакуумну енергiю спiнорного чи бозонного полiв за наявностi

космiчної струни скiнченного радiуса з "магнiтним" полем рiзноманiтної

конфiгурацiї [101–106]. В наведених роботах вважалося, що поле матерiї

проникає в область, де знаходиться "магнiтне" поле струни. Виявилося,

що квантовi ефекти в областi з "магнiтним" полем струни залежать вiд

повного "магнiтного" потоку струни, а квантовi явища ззовнi областi "ма-

гнiтного" поля струни залежать лише вiд дробової частини "магнiтного"

потоку струни [107–109]. Тому квантовi ефекти, що мають враховувати

область з "магнiтним" полем та без нього (наприклад, повна iндукована

енергiя вакууму) в такiй постановцi задачi виявилася залежними вiд зна-

чення повного "магнiтного" потоку струни.

Основну увагу в дисертацiйнiй роботi присвячено дослiдженню фiзики

за межами Стандартної моделi фiзики елементарних частинок. Дослiдже-

ння проводилися на масштабi енергiй доступних на сучасних прискорюва-

чах, а саме розглядалися рiзнi аспекти можливих експериментальних про-



30

явiв частинок нової фiзики, а саме скалярного, нейтринного та iз взаємо-

дiєю типу Черна-Саймонса порталiв фiзики за межами СМ. Розглядалися

можливi топологiчнi прояви фiзики за межами СМ з масштабом енергiй,

що значно перевищує можливостi сучасних прискорювачiв. А саме, розгля-

далися квантовi ефекти у вакуумi полiв скалярної та фермiонної матерiї

в присутностi космiчної струни з "магнiтним" полем калiбрувальної гру-

пи 𝑈𝑋(1), що могла утворитися внаслiдок фазових переходiв у ранньому

Всесвiтi. Космiчна струна моделювалася непроникливою для полiв матерiї

трубкою скiнченого радiуса з "магнiтним" полем, що дозволило розгляну-

ти квантовi ефекти у вакуумi полiв матерiї в самому загальному випадку

незалежно вiд конкретної природи утворення космiчної струни припуска-

ючи, що поля матерiї зарядженi вiдносно калiбрувальної групи 𝑈𝑋(1).

Актуальнiсть роботи обумовлена розробкою багаточисельних експери-

ментiв на прискорювачах (SHiP, FASER, FACET, MATHUSLA, DUNE то-

що), що почнуть свою роботу в найближче десятилiття з метою пошу-

ку проявiв легких частинок нової фiзики, а також зростаючi можливостi

астрофiзичних спостережень, зокрема в напрямку анiзотропiї релiктового

випромiнення та спостереження гравiтацiйних хвиль. Проведенi в дисерта-

цiйнiй роботi дослiдження мають i фундаментальне значення, розкриваючи

теоретико-польовий прояв ефектiв Ааронова-Бома та ефекту Казимира.

Зв’язок роботи з науковими програмами i темами. Робота ви-

конана у рамках дослiджень, що проводяться на кафедрi квантової теорiї

поля та космомiкрофiзики фiзичного факультету Київського нацiональ-

ного унiверситету iменi Тараса Шевченка: тема №16БФ051-05 "Дослiдже-

ння фундаментальних проблем фiзики ядра, елементарних частинок та

космомiкрофiзики"; тема №19БФ051-06 "Топологiчнi властивостi кiраль-

ної матерiї та бозе-айнштайнiвських конденсатiв у магнiтному полi"; тема



31

№22БФ051-06 "Фундаментальнi закони фiзики в космологiї раннього Все-

свiту". Робота також виконувалася в рамках проекту ДФФД №Ф54.1/019

"Ефекти неевклiдової геометрiї i топологiї в мiкро- та макросистемах у зов-

нiшнiх полях" та гранту Швейцарського нацiонального наукового фонду

SCOPE IZ 7370-152581. Згiдно з договором мiж Київським нацiональним

унiверситетом та Європейської органiзацiї з ядерних дослiджень (ЦЕРН),

Горкавенко В.М. є членом мiжнародної колаборацiї SHiP (Search for hidden

particles), що займається пошуком частинок нової фiзики.

Мета дослiдження: розгляд можливих експериментальних проявiв

частинок нової фiзики в експериментах на прискорювачах та проявiв лi-

нiйних топологiчних дефектiв у виглядi космiчних струн з "магнiтним"

полем калiбрувальної групи 𝑈𝑋(1), що виникли внаслiдок фазових перехо-

дiв у ранньому Всесвiтi.

Завдання дослiдження:

1. В скалярному розширеннi СМ знайти та дослiдити домiнуючi канали

народження та розпаду нових скалярiв з масою в декiлька ГеВ для

експериментiв DUNE (Fermilab), SHiP (SPS CERN) та експериментiв

на LHC.

2. У нейтринному розширеннi СМ трьома масивними правокiральними

нейтрино дослiдити зв’язок юкавiвської матрицi, що визначає взаємо-

дiю правокiральних нейтрино з параметрами активних нейтрино.

3. У нейтринному розширеннi СМ дослiдити коректнiсть використання

матричних елементiв в середовищi PYTHIA для опису народження

правокiральних нейтрино в тричастинкових розпадах мезонiв в умовах

експерименту SHiP.

4. В розширеннi СМ зi взаємодiєю типу Черна-Саймонса побудувати ефе-
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ктивний лагранжiан взаємодiї нових калiбрувальних векторних бозо-

нiв з кварками рiзних ароматiв та дослiдити народження зазначених

бозонiв в мезонних розпадах.

5. Дослiдити iндуковану густину енергiї та повну iндуковану енергiю у

вакуумi квантованого масивного скалярного поля зарядженого вiдно-

сно поля калiбрувальної групи 𝑈𝑋(1) в присутностi космiчної струни

з "магнiтним" полем калiбрувальної групи 𝑈𝑋(1), що моделюється

непроникливою для полiв матерiї трубкою скiнченного радiуса з "ма-

гнiтним" полем у просторi довiльної розмiрностi за наявностi сталої

зв’язку скалярного поля з кривизною простору-часу.

6. Дослiдити iндукований магнiтний потiк у вакуумi квантованого ма-

сивного скалярного поля зарядженого вiдносно поля калiбрувальної

групи 𝑈𝑋(1) та електромагнiтного поля в присутностi космiчної стру-

ни з "магнiтним" полем калiбрувальної групи 𝑈𝑋(1), що моделюється

непроникливою для полiв матерiї трубкою скiнченного радiуса з "ма-

гнiтним" полем у конiчному просторi довiльної розмiрностi в загаль-

ному випадку граничної умови типу Робена. Дослiдити залежнiсть iн-

дукованого магнiтного потоку в цьому випадку вiд значень параметра

граничної умови.

7. Дослiдити iндукований магнiтний потiк у вакуумi квантованого ма-

сивного фермiонного поля зарядженого вiдносно поля калiбрувальної

групи 𝑈𝑋(1) та електромагнiтного поля в присутностi космiчної стру-

ни з "магнiтним" полем калiбрувальної групи 𝑈𝑋(1), що моделюється

непроникливою для полiв матерiї трубкою скiнченного радiуса з "ма-

гнiтним" полем у конiчному просторi-часi розмiрностi 2+1.

8. Записати загальний вигляд граничної умови на фермiонне поле мате-

рiї на поверхнi трубки скiнченого радiусу виходячи з умови самоспря-
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женого розширення оператора дiраковського гамiльтонiана. Накласти

фiзичнi обмеження на можливi значення параметра самоспряженого

розширення виходячи з умови скiнченностi значень iндукованого ма-

гнiтного потоку.

Об’єктом дослiдження є скалярнi, фермiоннi та векторнi масивнi ча-

стинки за межами Стандартної моделi фiзики елементарних частинок; ва-

куум бозе та фермi полiв матерiї за наявностi лiнiйного топологiчного де-

фекту у виглядi "магнiтної" космiчної струни.

Предметом дослiдження є канали народження та розпаду нових ска-

лярiв з масою в декiлька ГеВ (в скалярному розширеннi СМ) для експери-

ментiв DUNE, SHiP та експериментiв на LHC; народження масивних пра-

вокiральних нейтрино (в нейтринному розширеннi СМ) в тричастинкових

розпадах мезонiв в умовах експерименту SHiP; зв’язок юкавiвської матрицi,

що визначає взаємодiю правокiральних нейтрино нейтринного розширення

СМ з параметрами активних нейтрино; народження масивних векторних

бозонiв в розпадах мезонiв в розширеннi СМ зi взаємодiєю типу Черна-

Cаймонса; iндукування енергiї у вакуумi скалярного поля в присутностi то-

пологiчного дефекту у виглядi "магнiтної" космiчної струни; iндукування

магнiтного потоку у вакуумi квантованого масивного зарядженого скаляр-

ного та фермiонного полiв в присутностi топологiчного дефекту у виглядi

"магнiтної" космiчної струни.

Методи дослiдження полягають у застосуваннi апарату вторинного

квантування, методiв регуляризацiї i перенормування в квантовiй теорiї

поля, формалiзму дiаграмної технiки Фейнмана, а також чисельних методiв

для розрахунку на комп’ютерi функцiй розподiлу народжених частинок,

розрахунку значень iнтегралiв та суми рядiв.
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Наукова новизна одержаних результатiв. Наукова новизна резуль-

татiв, наведених в дисертацiйнiй роботi, мiститься в дослiдженнях пошуку

проявiв частинок нової фiзики скалярного, нейтринного та векторного роз-

ширень СМ, а також дослiдженнях квантових ефектiв, що iндукуються у

вакуумi скалярного та фермiонного полiв матерiї топологiчним дефектом у

виглядi космiчної струни з "магнiтним" полем калiбрувальної групи 𝑈𝑋(1),

що моделюється непроникливою для полiв матерiї трубкою скiнченного ра-

дiуса з "магнiтним" полем. Дана модель дозволила розглянути квантовi

ефекти у вакуумi полiв матерiї в самому загальному випадку незалежно

вiд конкретної природи утворення космiчної струни припускаючи, що поля

матерiї зарядженi вiдносно калiбрувальної групи 𝑈𝑋(1).

Основними науковими результатами, що виносяться на захист, є такi:

• Зроблено повний i самоузгоджений опис всiх каналiв розпаду масив-

них скалярiв з масою в декiлька ГеВ в скалярному розширеннi СМ.

• Послiдовно розглянуто всi канали народження масивного скаляру з

розпадiв 𝐾 та 𝐵 мезонiв, включаючи народження скалярiв у розпадах

𝐵 мезонiв у рiзнi збудженi стани каонiв.

• Проаналiзовано прямi канали народження масивного скаляру в протон-

нуклонних зiткненнях в залежностi вiд енергiї частинок, що зiштов-

хуються.

• Знайдено домiнуючi канали народження та розпаду масивних скалярiв

для умов експериментiв DUNE, SHiP та експериментiв на LHC.

• Послiдовно розглянуто всi канали народження масивного векторного

бозону (в розширеннi СМ зi взаємодiєю типу Черна-Cаймонса) з роз-

падiв 𝐾 та 𝐵 мезонiв, включаючи народження векторних бозонiв у

розпадах 𝐵 мезонiв у рiзнi збудженi стани каонiв.
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• Отримано оригiнальнi розв’язки та виражено елементи юкавiвської

матрицi в нейтринному розширеннi СМ з параметрами масової ма-

трицi активних нейтрино.

• Проаналiзовано коректнiсть використання матричних елементiв се-

редовища PYTHIA для опису народження правокiральних масивних

нейтрино в тричастинкових розпадах мезонiв в умовах експерименту

SHiP. Запропоновано вибiр спрощених матричних елементiв середови-

ща PYTHIA, що дають найменше вiдхилення вiд коректних розрахун-

кiв.

• Отримано аналiтичнi вирази у виглядi iнтегралiв вiд рядiв з нескiнчен-

ними межами для поляризацiї вакууму квантованого масивного заря-

дженого скалярного поля матерiї в присутностi "магнiтної" космiчної

струни в просторi-часi довiльної розмiрностi. За допомогою чисельних

методiв побудовано графiчнi залежностi iндукованої густини енергiї

у вакуумi скалярного поля матерiї за рiзних значень сталої зв’язку

скалярного поля з кривизною простору-часу для випадку граничної

умови на поверхнi трубки типу Дiрiхле.

• Отримано чисельнi значення повної iндукованої енергiї у вакуумi кван-

тованого масивного зарядженого скалярного поля в просторi-часi до-

вiльної розмiрностi в присутностi "магнiтної" космiчної струни в прос-

торi-часi довiльної розмiрностi. Показано, що у випадку граничної

умови на поверхнi трубки типу Дiрiхле повна iндукована енергiя не

залежить вiд сталої зв’язку скалярного поля з кривизною простору-

часу.

• Показано, що ефект поляризацiї вакууму квантованого зарядженого

скалярного поля матерiї в присутностi "магнiтної" космiчної струни у
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випадку граничної умови на поверхнi трубки типу Неймана є суттєво

бiльшим в порiвняннi з випадком граничної умови на поверхнi трубки

типу Дiрiхле.

• Показано, що поляризацiя вакууму буде суттєвою у випадку, коли ма-

са квантованого поля матерiї є значно меншою за масу Гiґсiвського

поля, що призвело до спонтанного порушення симетрiї i виникнення

топологiчного ефекту у виглядi "магнiтної" космiчної струни. Iншими

словами, "магнiтна" космiчна струна, що була сформована на масшта-

бах теорiї Великого об’єднання буде поляризувати вакуум сучасних

полiв матерiї, але не зможе впливати на вакуум полiв з масою поряд-

ку масштабу теорiї Великого об’єднання.

• Отримано аналiтичнi вирази у виглядi iнтегралiв вiд рядiв з нескiн-

ченними межами для iндукованого магнiтного потоку у вакуумi кван-

тованого масивного зарядженого скалярного поля в присутностi "ма-

гнiтної" космiчної струни у конiчному просторi довiльної розмiрностi

в загальному випадку граничної умови типу Робена. Для генерацiї в

системi магнiтного поля кванти поля матерiї повиннi також мати еле-

ктричнi заряди.

• За допомогою чисельних методiв дослiджено поведiнку iндуковано-

го магнiтного потоку у вакуумi квантованого масивного заряджено-

го скалярного поля в присутностi "магнiтної" космiчної струни вiд

значень параметра граничної умови типу Робена на всьому промiжку

можливих значень цього параметра −𝜋/2 ≤ 𝜃 < 𝜋/2.

• Показано, що за недодатних значень параметра −𝜋/2 ≤ 𝜃 ≤ 0 iнду-

кований магнiтний потiк у вакуумi квантованого масивного зарядже-

ного скалярного поля в присутностi "магнiтної" космiчної струни є
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найбiльшим для випадку 𝜃 = −𝜋/2 (гранична умова типу Неймана),

а найменшим вiн є для випадку 𝜃 = 0 (гранична умова типу Дiрiхле).

• Показано, що за додатнiх значень параметра 0 < 𝜃 < 𝜋/2 iснують

розв’язки, що вiдповiдають зв’язаним станам. Iндукований магнiтний

потiк у вакуумi квантованого масивного зарядженого скалярного по-

ля в присутностi "магнiтної" космiчної струни має складну поведiнку

з особливими точками яких тим бiльше, чим ближче значення пара-

метра 𝜃 до нуля. Iндукований магнiтний потiк може бути бiльшим та

не занулятися при значно бiльших товщинах космiчної струни в по-

рiвняннi з потоком, що iндукується за граничної умови типу Робена з

недодатним значенням параметра 𝜃.

• Отримано загальний вигляд граничної умови на фермiонне поле мате-

рiї на поверхнi трубки скiнченого радiусу виходячи з умови самоспря-

женого розширення оператора дiраковського гамiльтонiана в прису-

тностi "магнiтної" космiчної струни у конiчному просторi-часi роз-

мiрностi 2+1.

• Отримано аналiтичнi вирази у виглядi iнтегралiв вiд рядiв з нескiн-

ченними межами для iндукованого магнiтного потоку у вакуумi кван-

тованого масивного зарядженого фермiонного поля в присутностi "ма-

гнiтної" космiчної струни у конiчному просторi-часi розмiрностi 2+1.

• За допомогою чисельних методiв в просторi-часi розмiрностi 2+1 до-

слiджено поведiнку iндукованого магнiтного потоку у вакуумi кванто-

ваного масивного зарядженого фермiонного поля в присутностi "ма-

гнiтної" космiчної струни вiд значень параметра самоспряженого роз-

ширення. Знайденi значення параметра самоспряженого розширення,

за яких повний iндукований потiк є скiнченним.
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• Показано, що умова скiнченностi значення iндукованого потоку у ва-

куумi квантованого масивного зарядженого фермiонного поля в при-

сутностi "магнiтної" космiчної струни є недостатньою для визначення

фiзичних значень параметра самоспряженого розширення. Iснує зна-

чення параметра самоспряженого розширення при якому iндукований

потiк є скiнченним, а квантовi ефекти зростають при збiльшеннi тов-

щини космiчної струни, що є нефiзичним.

Практичне значення одержаних результатiв. Результати пред-

ставленi в дисертацiї є важливими для експериментального пошуку легких

частинок нової фiзики (скалярних, фермiонних та векторних) на приско-

рювачах в сучасних експериментах типу SHiP (SPS CERN), DUNE (Fermi-

lab) та експериментiв на LHC. Отриманi результати можуть бути застосо-

ванi в астрофiзицi для опису прояву ефектiв, викликаних топологiчними

дефектами утвореними у ранньому Всесвiтi, а саме космiчними струнами

з "магнiтним" полем калiбрувальної групи 𝑈𝑋(1). Результати представ-

ленi в дисертацiї також мають фундаментальне значення, розкриваючи

теоретико-польовий прояв ефекту Казимира-Ааронова-Бома.

Публiкацiї. Основнi результати роботи викладено у 12 фахових науко-

вих виданнях. Список праць за темою дисертацiї [1]𝑎 – [12]𝑎 подано пiсля

анотацiї та в додатку А.

Особистий внесок здобувача. У виконаних iз спiвавторами роботах,

здобувачевi належить:

• постановка задачi; запис аналiтичних виразiв для перенормованої iн-

дукованої густини енергiї; розробка методу чисельного розрахунку по-

ляризацiї вакууму масивного зарядженого поля матерiї в присутностi

космiчної струни, що моделюється непроникливою для полiв матерiї
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трубкою скiнченного радiуса з "магнiтним" полем; проведення чисель-

ного розрахунку поляризацiї вакууму [1]𝑎.

• постановка задачi; розв’язок рiвняння, що пов’язує елементи юкавiв-

ської матрицi з параметрами активних нейтрино; проведення чисель-

них розрахункiв; пiдготовка рукопису статтi [2]𝑎.

• проведення чисельного розрахунку iндукованої густини енергiї та пов-

ної енергiї вакууму масивного зарядженого поля матерiї в присутностi

космiчної струни, що моделюється непроникливою для полiв матерiї

трубкою скiнченного радiуса з "магнiтним" полем в (2+1)-вимiрному

просторi-часi; доведення незалежностi повної iндукованої енергiї ваку-

уму скалярного поля вiд сталої зв’язку скалярного поля з кривизною

простору-часу [3]𝑎.

• проведення чисельного розрахунку iндукованої густини енергiї та пов-

ної енергiї вакууму масивного зарядженого поля матерiї в присутностi

космiчної струни, що моделюється непроникливою для полiв матерiї

трубкою скiнченного радiуса з "магнiтним" полем в (𝑑+1)-вимiрному

просторi-часi; отримання аналiтичних виразiв для величини, анало-

га сили Казимира, що намагається збiльшити радiус непроникливої

трубки з "магнiтним" полем; чисельний розрахунок величини, анало-

га сили Казимира [4]𝑎.

• постановка задачi; проведення чисельного розрахунку iндукованого

струму, магнiтного поля та магнiтного потоку у вакуумi скалярного

поля у випадку простору-часу розмiрностi 2 + 1 та 3 + 1 [5]𝑎.

• проведення чисельного розрахунку iндукованого струму та магнiтно-

го потоку у вакуумi фермiонного поля; знаходження значень пара-

метра самоспряженого розширення дiраковського гамiльтонiана, при
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яких iндукований магнiтний потiк є скiнченним; доведення, що умова

скiнченностi значення iндукованого потоку є недостатньою для визна-

чення фiзичних значень параметра самоспряженого розширення; зна-

ходження значення параметра самоспряженого розширення при яко-

му iндукований потiк є скiнченним, а квантовi ефекти зростають при

збiльшеннi товщини космiчної струни, що є нефiзичним [6]𝑎.

• проведення розрахункiв утворення скалярiв в розпадах 𝐵 та 𝐷 мезо-

нiв; проведення розрахункiв утворення скалярiв в результатi фотонної

взаємодiї при розсiяннi протонiв на ядрах мiшенi [7]𝑎.

• проведення аналiтичних розрахункiв; перевiрка коректностi проведе-

ння чисельних розрахункiв; аналiз та iнтерпретацiя результатiв; пiд-

готовка рукопису статтi [8]𝑎.

• розрахунок петльової дiаграми, що визначає взаємодiю векторного бо-

зона (розширення СМ зi взаємодiєю типу Черна-Саймонса) з кварками

рiзних ароматiв; запис в спрощеному виглядi ефективного лагранжiа-

ну взаємодiї векторного бозона з кварками рiзних ароматiв; розраху-

нок ймовiрностi народження векторних бозонiв з розпадiв нейтраль-

них каонiв; пiдготовка рукопису статтi [9]𝑎.

• проведення чисельних розрахункiв iндукованого магнiтного потоку;

доведення необхiдностi врахування внеску зв’язаних станiв; знаходже-

ння значень енергiї зв’язаних станiв та їх внеску в iндукований магнi-

тний потiк; трактовка поведiнки iндукованого магнiтного потоку за

наявностi зв’язаних станiв в системi [10]𝑎.

• постановка задачi; проведення чисельних розрахункiв густини iндуко-

ваного вакуумного струму у випадку простору-часу розмiрностi 2 + 1

та 3 + 1; пiдготовка рукопису статтi [11]𝑎.
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• постановка задачi; запис аналiтичних виразiв для перенормованої iн-

дукованої густини енергiї; перевiрка коректностi проведення чисель-

них розрахункiв iндукованої густини енергiї; пiдготовка рукопису стат-

тi [12]𝑎.

Апробацiя результатiв дисертацiї. Основнi результати дослiджень

доповiдалися на наукових семiнарах кафедри квантової теорiї поля та ко-

смомiкрофiзики фiзичного факультету Київського нацiонального унiверси-

тету iменi Тараса Шевченка та наукових конференцiях:

• Мiжнародна конференцiя молодих вчених та аспiрантiв “IЕФ, 2011”,

Iнститут Електронної Фiзики НАН України (Україна, Ужгород, 24-27

травня 2011 р).

• III Young Scientists Conference Modern Problems of Theoretical Physics.

21-23 December 2011. Bogolyubov Institute for Theoretical Physics of the

NAS of Ukraine, Kyiv, Ukraine.

• 20-th Open Young Scientists’ Conference on Astronomy and Space Physics.

April 22-27, 2013, Kyiv, Ukraine.

• International Conference on p-Adic Mathematical Physics and its Appli-

cations (Belgrade, Serbia, 07-12 September 2015).

• 3-rd Walter THIRRING International School "Fundamentals of Astroparti-

cle and Quantum Physics" , 17 - 23 September 2017, BITP, Kyiv, Ukraine.

• The International Conference “CERN-Ukraine Cooperation: Current State

and Prospects” (Institute for Scintillation Materials NAS of Ukraine, Kharkiv,

15-17 May, 2018).

• New trends in high-energy physics, 21-th International conference organi-

zed by the Bogolyubov Institute for Theoretical Physics, National Academy
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of Sciences of Ukraine, held in Odessa (Ukraine) on May 12–18, 2019.

• XI Bolyai-Gauss-Lobachevsky Conference: Non-Euclidean, Non- Commutati-

ve Geometry and Quantum Physics. May 19-24, 2019, Bogolyubov Insti-

tute for Theoretical Physics, Kyiv (Ukraine).

• X Young Scientists Conference Modern Problems of Theoretical Physics.

23- 24 December 2019. Bogolyubov Institute for Theoretical Physics of the

NAS of Ukraine, Kyiv, Ukraine.

• XI Young Scientists Conference Modern Problems of Theoretical Physics.

21-23 December 2020. Bogolyubov Institute for Theoretical Physics of the

NAS of Ukraine, Kyiv, Ukraine.
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РОЗДIЛ 1

Пошук проявiв частинок нової фiзики

1.1. Феноменологiя скалярного порталу на масштабi

в декiлька ГеВ
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1 Introduction

We review and revise the phenomenology of the scalar portal — a gauge singlet scalar

particle S that couples to the Higgs boson and can play a role of a mediator between

the Standard model and a dark sector (see e.g. [1–3]) or be involved in the cosmological

inflation [4–6]. We focus here on the mass range . 10 GeV (see however section 2.2 for a

discussion of larger masses).

The interaction of the S particle with the Standard model particles is similar to the

interaction of a light Higgs boson but is suppressed by a small mixing angle θ. Namely,

the Lagrangian of the scalar portal is

L = LSM +
1

2
∂µS∂

µS + (α1S + α2S
2)(H†H)− m2

S

2
S2. (1.1)

After the electroweak symmetry breaking the Higgs doublet gains a non-zero vacuum ex-

pectation value v. As a result, the SHH interaction (1.1) provides a mass mixing between

S and the Higgs boson h. Transforming the Higgs field into the mass basis, h → h + θS,

one arrives at the following interaction of S with the SM fermions and gauge bosons:

LSSM = −θmf

v
Sf̄f + 2θ

m2
W

v
SW+W− + θ

m2
Z

v
SZ2 + α

(
1

4v
S2h2 +

1

2
S2h

)
, (1.2)

where α ≡ 2α2v. These interactions also mediate effective couplings of the scalar to pho-

tons, gluons, and flavor changing quark operators, see figure 1. Additionally, the effective

proton-scalar interaction that originates from the interaction of scalars with quarks and

gluons (see figure 2) will also be relevant for our analysis. The effective Lagrangian for

these interactions is discussed in appendix A.

Searches for light scalars have been previously performed by CHARM, LHCb and

Belle [7, 8], CMS [9] and ATLAS [10, 11] experiments. Significant progress in searching

for light scalars can be achieved by the proposed and planned intensity-frontier experi-

ments SHiP [12–14], CODEX-b [15], MATHUSLA [16–21], FASER [22–24], SeaQuest [25],

NA62 [26–28], DUNE [29].

The phenomenology of light GeV-like scalars has been studied in [1, 5, 8, 30–33], and

in [34–43] in the context of a light Higgs boson. However, in the literature, there are still

conflicting results, both for the scalar production and decay. In this work, we reanalyze

the phenomenology of light scalars and present the results in the form directly suitable for

experimental sensitivity estimates.

2 Scalar production

2.1 Mixing with the Higgs boson

In this section, we will discuss the scalar production channels that are defined by the mixing

between a scalar and the Higgs boson.

In proton-proton or proton-nucleus collisions, a scalar particle: (a) can be emitted

by the proton, (b) produced from photon-photon, gluon-gluon or quark-antiquark fusion

– 1 –
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S

γ

γ

f

f

f

(a)

S

G

G

q

q

q

(b)

Ui/Di

Dk/Uk

Uj/DjW

S

(c)

Figure 1. Examples of effective interactions of the scalar with photons (a), gluons (b), and flavor

changing quark operators (c). (See appendix A for details.)

S
p

p

Figure 2. An example of a diagram for the effective interaction of a proton with a scalar, see

appendix A.2 for details.

in proton-proton or proton-nucleus interactions or (c) produced in the decay of the sec-

ondary particles, see figure 3. Let us compare these three types of the scalar production

mechanisms depending on the collision energy and the scalar mass. In the following we will

present the results for three referent proton-proton center-of-mass energies:
√
spp ≈ 16 GeV

(corresponding to the beam energy of the DUNE experiment),
√
spp ≈ 28 GeV (SHiP) and

√
spp = 13 TeV (LHC).

– 2 –
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X

(a)

Z Z

p

S

p

γ

p

p

G

G
S

p

p

q

q̄
S

(b)

qj

S
qi

X

X ′

(c)

Figure 3. Example diagrams for the main production channels of a scalar S production in proton-

nucleus collisions: proton bremsstrahlung (a), photon and gluon fusion (b), decay of secondary

mesons (c).
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Experiment DUNE SHiP LHC

(
√
spp = 16 GeV) (

√
spp = 28 GeV) (

√
spp = 13 TeV)

WGG(mS = 2 GeV) 1.2 · 103 1.4 · 103 6.2 · 1010

WGG(mS = 5 GeV) 1.5 · 10−1 7.9 3.9 · 1010

Table 1. Factors WGG (see eq. (2.2)) for the DUNE, SHiP and LHC experiments.

The proton bremsstrahlung (the case (a)): is a process of a scalar emission by a pro-

ton in proton-proton interaction. For small masses of scalars, mS < 1 GeV, this is a usual

bremsstrahlung process described by elastic nucleon-scalar interaction with a coupling con-

stant θgSNN ∼ θmp/v, see appendix A.2. However, the probability of elastic interaction

decreases with the scalar mass and we need to take into account inelastic processes. The

probability for the bremsstrahlung is

Pbrem = θ2g2
SNNPbrem(mS , spp), (2.1)

where Pbrem is a proton bremsstrahlung probability for the case θ = gSNN = 1 (see ap-

pendix D). This quantity varies from 10−2 for DUNE and SHiP to 10−1 for the LHC, see

appendix D.1

For the case (b) we have to distinguish photon-photon fusion that can occur for an

arbitrary transferred momentum and, therefore, an arbitrary scalar mass (as electromag-

netic interaction is long-range), and gluons or quark-antiquarks fusion (the so-called deep

inelastic scattering processes (DIS)), which is effective only for mS & 1 GeV. The scalar

production in the DIS process can be estimated as PDIS = (σDIS,G+σDIS,q)/σpp, where σpp
is the total proton-proton cross section and σDIS,X is the cross section of scalar production

in the DIS process,

σDIS,G ∼
θ2α2

s(mS)m2
S

sppv2
WGG(mS , spp), σDIS,q ∼

θ2m2
q

sppv2
Wqq̄(mS , spp). (2.2)

Here,
√
spp is the center-of-mass energy of colliding protons and WXX given by eq. (C.11) is

a dimensionless combinatorial factor that, roughly, counts the number of the parton pairs

in two protons that can make a scalar. The values of WXX factors for some scalar masses

and experimental energies are given in table 1. In figure 4 we show the ratio between cross

sections of gluon-gluon and quark-antiquark fusion. We see that quark fusion is relevant

only for low scalar masses, while for mS & 2 GeV the gluon fusion dominates for all collision

energies considered.

In the case of the production of a scalar in photon fusion, the most interesting process

is the coherent scattering on the whole nucleus, as its cross section is enhanced by a factor

Z2, where Z is the charge of the nucleus. The electromagnetic process p+Z → p+Z + S

involves the effective Sγγ vertex proportional to θαEM, see appendix A.1. The probability

of the process is Pγ fus = σγ fus/σpZ , where the fusion cross section σγ fus has a structure

1In this estimate we neglect possible effects of QCD scalar resonances that could significantly enhance

scalar production for some scalar masses.
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Figure 4. The ratio of cross sections of the scalar production in deep inelastic scattering via gluon

and quark fusion. The dashed line corresponds to a ratio equal to unity. “LHC”, “SHiP” and

“DUNE” denote correspondingly the results for the proton-proton center-of-mass energies
√
spp =

13 TeV,
√
spp = 28 GeV and

√
spp = 16 GeV.

similar to that of gluon fusion (2.2):

σγ fus ∼ 10−2 θ
2Z2α4

EMm
2
S

v2spZ
Wcoh, (2.3)

where
√
spZ is the CM energy of the proton and nucleus, and Wcoh given by eq. (E.8) is

a dimensionless combinatorial factor that counts the number of pair of photons that can

form a scalar. It ranges from 106 for the DUNE energies to 1014 for the LHC energies.

Let us compare the probabilities of photon fusion and proton bremsstrahlung,

Pγ fus

Pbrem
∼ 10−2 Z2

spZσpZ

α4
EM

g2
SNN

m2
S

v2

Wcoh

Pbrem
∼ (2.4)

∼ 10−15 (100 GeV)2

spp

Z2

A1.77

(
mS

1 GeV

)2 Wcoh

Pbrem
. 10−4 (2.5)

for all three energies considered. Here we used spZ ≈ Aspp, where A is the nucleus mass

number. The proton-nucleus cross section σpZ weakly depends on energy and can be

estimated as σpZ ' 50 mb A0.77 [44, 45]. This ratio is smaller than 10−4 for all energies

and scalar masses of interest. Next, comparing the probabilities of the production in photon

fusion and in DIS, we obtain

Pγ fus

PDIS
∼ Z2α4

EM

α2
s

spp
spZ

σpp
σpZ

Wcoh

WDIS
∼ 10−8 Z2

A1.77

Wcoh

WDIS
. 10−4, (2.6)

where we used that spZ/spp ≈ A and Wcoh/WDIS . 1 for all three energies considered, see

appendix E. The proton-proton cross section also depends on the energy weakly, and we

can estimate σpZ/σpp ∼ A0.77 (see appendix D).

We conclude that the scalar production in photon fusion is always sub-dominant for

the considered mass range of scalar masses and beam energies.
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Let us now compare gluon fusion and proton bremsstrahlung with the production

from secondary mesons (type (c)). The latter can be roughly estimated using “inclusive

production”, i.e. production from the decay of a free heavy quark, without taking into

account that in reality this quark is a part of different mesons with different masses. This

is only an order of magnitude estimate that breaks down for mS & mq − ΛQCD, so it can

be used only for D and B mesons. We will see however that such an estimate is sufficient

to conclude that for the energies of SHiP and LHC the production from mesons dominates

and we need to study it in more details (see more detailed analysis below).

The inclusive branching BRincl(XQi → XQjS) can be estimated using the correspond-

ing quark level process Qi → QjS. To minimize QCD uncertainty we follow [16, 43] and

estimate the inclusive branching ratio as

BRincl(XQi → XQjS) ' Γ(Qi → QjS)

Γ(Qi → Q′eν̄e)
× BRincl(X → XQ′eν̄e), (2.7)

where Γ(Qi → Q′eν̄e) is the semileptonic decay width of a quark Qi calculated using the

Fermi theory and BRincl(X → XQ′eν̄e) is the experimentally measured inclusive branching

ratio. As both the quark decay widths in (2.7) get the QCD corrections, their total effect

in (2.7) is expected to be minimal [43]

For D and B mesons decays the inclusive production probabilities are [19, 43]

PD ∼ 2χcc̄ × BR(c→ Su) ∼ 6 · 10−11 θ2χcc̄

(
1− m2

S

m2
c

)2

, (2.8)

PB ∼ 2χbb̄ × BR(b→ Ss) ∼ 13 θ2χbb̄

(
1− m2

S

m2
b

)2

, (2.9)

where χqq̄ is the production fraction of the qq̄ pair in pp collisions, see table 2. The

difference in 10−11 orders of magnitude is mostly coming from (mb/mt)
4 ∼ 10−7 and

|Vub|2/|Vts|2 ∼ 10−2 (see appendix A.3 for details). In fact for D mesons the leptonic decay

D → Seν with BR(D → Seν) ∼ 5 · 10−9θ2 is more important than (2.8), see appendix B.3

for details. We see that the production from D mesons may be important only if the number

of B mesons is suppressed by 109 times, which is possible only if the center-of-mass energy

of p-p collisions is close to the bb̄ pair production threshold.

Let us compare the production from B mesons with the production from proton

bremsstrahlung and DIS. Using eqs. (2.1), (2.2) and (2.9) for masses of scalar below b

quark kinematic threshold we get

Pbrem

PB
∼ g2

SNN

BR(b→ Ss)

Pbrem

χbb̄
∼ 10−7Pbrem

χbb̄
, (2.10)

PDIS

PB
∼ 10−6 1

sppσpp

(
mS

1 GeV

)2WGG(mS , spp)

χbb̄
. (2.11)

The ratios (2.11) and (2.10) depend on the center-of-mass energy of the experiment

(see tables 1 and 2).

We conclude that for the experiments with high beam energies, like SHiP or LHC,

the most relevant production channel is a production of scalars from secondary mesons.
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Experiment DUNE SHiP LHC

(
√
spp = 16 GeV) (

√
spp = 28 GeV) (

√
spp = 13 TeV)

χcc̄ 1.0 · 10−4 3.9 · 10−3 2.9 · 10−2

χbb̄ 1.0 · 10−10 2.7 · 10−7 8.6 · 10−3

Table 2. Production fractions of the qq̄ pair, χqq̄ = σqq̄/σpp, for the DUNE, SHiP and LHC

experiments. We took the production fractions for the DUNE and SHiP experiments from [46, 47].

To estimate the production fractions for the LHC, we calculated the total cross section of B and

D production using FONLL [48] and took the total cross section of the pp collisions at the LHC

energies from [44].
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X
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2 K
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*

K1

K0
*

π+

Total
Inclusive

Figure 5. Branching ratios of the 2-body decays B+ → SXs/d, where Xq is a hadron that contains

a quark q. By the K∗ channel, we denote the sum of the branching ratios for K∗(892), K∗(1410),

K∗(1680) final states, by K∗0 — for K∗0 (700), K∗0 (1430), and by K1 — for K1(1270), K1(1400).

The “Inclusive” line corresponds to the branching ratio (2.7) obtained using the free quark model.

For experiments with smaller energies like, e.g., DUNE the dominant channel is the direct

production of scalars in proton bremsstrahlung and in DIS.

Production from decays of different mesons. Let us discuss the production of scalars

from decays of mesons in more details. The calculation of branching ratios for two-body

decays of mesons is summarized in appendix B.2. Above we made an estimate for the cases

of D and B mesons that are the most efficient production channels for larger masses of S.

Instead, for scalar masses mS < mK − mπ the main production channel is the decay of

kaons, K → Sπ, see table 3 with the relevant information about these production channels.

Numerically, the branching ratio of the production from kaons is suppressed by 3 orders of

magnitude in comparison to the branching ratio of the production from B mesons, but for

the considered energies the number of kaons is at least 103 times larger than the number

of B mesons.

For scalar masses mK − mπ < mS < mB the main scalar production channel from

hadrons is the production from B mesons. Inclusive estimate at the quark level, that we

– 7 –
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Process BR(mS = 0)/θ2 Closing mass [GeV] Appendix

K± → Sπ± 1.7 · 10−3 0.350 F.1.1

K0
L → Sπ0 7 · 10−3 0.360 F.1.1

B± → SK±1 (1270) (9.1+3.6
−4.0) · 10−1 3.82 F.2.2

B± → SK∗,±0 (700) 7.6 · 10−1 4.27 F.1.2

B± → SK∗,±(892) (4.7+0.9
−0.8) · 10−1 4.29 F.2.1

B± → SK± (4.3+1.1
−1.0) · 10−1 4.79 F.1.1

B± → SK∗,±2 (1430) 3.0 · 10−1 3.85 F.3

B± → SK∗,±(1410) (2.1+0.6
−1.1) · 10−1 3.57 F.2.1

B± → SK∗,±(1680) (1.3+0.5
−0.4) · 10−1 3.26 F.2.1

B± → SK∗,±0 (1430) 8.1 · 10−2 3.82 F.1.2

B± → SK±1 (1400) (1.6+0.6
−1.1) · 10−2 2.28 F.2.2

B± → Sπ± (1.3+0.3
−0.3) · 10−2 5.14 F.1.1

Table 3. Properties of the main production channels of a scalar S from kaons and B mesons through

the mixing with the Higgs boson. First column: decay channels; Second column: branching ratios of

2-body meson decays evaluated at mS = 0 using formula (B.9) and normalized by θ2. For B mesons

the numerical values are given for B± mesons; in the case of B0 meson all the given branching ratios

should be multiplied by a factor of 0.93 that comes from the difference in total decay widths of B±

and B0 mesons [44]. Uncertainties (where available) follow from uncertainties in meson transition

form-factors; Third column: effective closing mass, i.e. a mass of a scalar at which the branching

ratio of the channel decreases by a factor of 10; Fourth column: a reference to the appendix with

details about form-factors used.

made above (see eq. (2.9)), contains an unknown QCD uncertainty and completely breaks

down for scalar masses mb −mS ' ΛQCD. Below we discuss therefore decays of different

mesons containing the b quark B → Xs/dS. We consider kaon and its resonances as the

final states Xs:

• Pseudoscalar meson K;

• Scalar mesons K∗0 (700),K∗0 (1430) (here assuming that K∗0 (700) is a di-quark state);

• Vector mesons K∗(892),K∗(1410),K∗(1680);

• Axial-vector mesons K1(1270),K1(1400);

• Tensor meson K∗2 (1430).

We also consider the meson Xd = π. Although the rate of the corresponding process

B → πS is suppressed in comparison to the rate of B → XsS, it may be important since

it has the largest kinematic threshold mS . mB −mπ.

We calculate the branching ratios BR(B+ → Xs/dS) at mS � mK using eq. (B.9)

and give the results in table 3. The main uncertainty of this approach is related to form

factors describing meson transitions XQi → X ′Qj , see appendix F for details. They are

calculated theoretically using approaches of light cone fum rules and covariant quark model,

– 8 –
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Figure 6. The probabilities of a scalar production in proton bremsstrahlung process (2.1) (solid

lines), DIS process (2.2) (dotted lines) and decays of B mesons (dashed lines) versus the scalar

mass. “LHC”, “SHiP” and “DUNE” denote correspondingly results for the proton-proton center-

of-mass energies
√
spp = 13 TeV,

√
spp = 28 GeV and

√
spp = 16 GeV. The gray line corresponds

to the extrapolation of the bremsstrahlung production probability assuming unit value of the proton

elastic form-factor, see text for details.

and indirectly fixed using experimental data on rare mesons decays [49–53]. The errors

given in table 3 result from uncertainties in the meson transition form-factors FBXs/d (see

appendix F). Since FBXs/d are the same for B+ and B0 mesons, the branching ratios

BR(B0 → X ′0S) differ from BR(B0 → X0
s/dS) only by the factor ΓB+/ΓB0 ≈ 0.93.

The values of the branching ratios for the processes B → KS, B → K∗S are found to

be in good agreement with results from the literature [31, 32]. We conclude that the most

efficient production channels of light scalars with mS . 3 GeV are decays B → K∗0S, B →
K1S and B → K∗S; the channel B → KS, considered previously in the literature, is

sub-dominant.

Summing over all final K states, in the limit mS � mB for the total branching ratio

we have

BR(B → SXs) ≡
∑

Xs

BR(B → SXs) ≈ 3.3+0.8
−0.7 θ

2. (2.12)

Using the estimate (2.9), for the ratio of the central value of the branching ratio (2.12) and

the inclusive branching ratio at mS � mB we find

BR(B → SXs)/BRincl(B → SXs) ≈ 0.5. (2.13)
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Figure 7. Diagrams for the production channels of a scalar S through a quartic coupling: decay

of the Higgs boson (a), decays of mesons (b).

Provided that the inclusive estimate of the branching ration has a large uncertainty, we

believe that eq. (2.13) suggests that we have taken into account all main decay channels of

this type.

Our results are summarized in table 3 and figure 5. We have found that the channels

with K∗, K∗0 and K1 give the main contribution to the production branching ratio for small

scalar masses mS . 3 GeV, while for larger masses the main channel is decay to K. The

comparison between the probability of the production from mesons and our estimates for

bremsstrahlung and DIS for three center of mass energies are shown in figure 6.

2.2 Quartic coupling

Above we discussed the production of scalars only through the mixing with the Higgs

boson. One more interaction term in the Lagrangian (1.2),

Lquartic =
α

2
S2h, (2.14)

(the so-called “quartic coupling” that originates from the term S2H†H in the La-

grangian (1.1)) affects the production of scalars from decays of mesons and opens an

additional production channel — production from Higgs boson decays, see figure 7.
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The production from the Higgs boson (case (a)) can be important for high-energy

experiments like LHC. The branching ratio is

BR(h→ SS) =
α2|pS |

16πm2
hΓh
≈ 2.0 · 10−2

( α

1 GeV

)2

√
1− 4m2

S

m2
h

, (2.15)

where pS is a momentum of a scalar in the rest frame of the Higgs boson and we used

the SM decay width of the Higgs boson Γh ≈ 4 MeV [54]. If the decay length of the

scalar is large enough cγτS & 1 m this decay channel manifests itself at ATLAS and CMS

experiments as an invisible Higgs boson decay. The invisible Higgs decay is constrained at

CMS [9], the 2σ upper bound is

BR(h→ invis.) < 0.19. (2.16)

This puts an upper bound α < 3.1 GeV for the scalar masses mS < mh/2.

The production probability Ph→SS = χh × BR(h → SS), where χh is a production

fraction of the Higgs bosons. Comparing with the production from B mesons for a scalar

mass below the B threshold estimated by the inclusive production (2.9) we get

Ph→SS
PB

∼ 10−3 1

θ2

(
α

1 GeV

)2 χh
χbb̄
∼ 10−10 1

θ2

(
α

1 GeV

)2

, (2.17)

where we used χh ∼ 10−9 for the LHC energy [55] and χbb̄ ∼ 10−2 (see table 2).

Also, the quartic coupling generates new channels of scalar production in meson decays

(case (b)). In addition to the process X → X ′S shown in figure 3(c) the quartic coupling en-

ables also additional processes X → SS andX → X ′SS shown in figure 7(b) [1, 31, 56–59].

First, let us make a simple comparison between the branching ratios for the scalar

production from mesons in the case of mixing with the Higgs boson and quartic coupling.

Comparing Feynman diagrams in figures 3(c) and 7(b) we see that for the case mS � mX

BR(X → X ′SS)

BR(X → X ′S)
∼α

2m2
X

θ2m4
h

∼ 10−9 1

θ2

( α

1 GeV

)2
(

mX

1 GeV

)2

, (2.18)

BR(X → SS)

BR(X → X ′S)
∼α

2f2
X

θ2m4
h

∼ 10−9 1

θ2

(
α

1 GeV

)2( fX
1 GeV

)2

, (2.19)

where fX is a meson’s decay constant (see appendix G).

The channel X → X ′SS is very similar to the channel X → X ′S from figure 3(c). By

the same reasons, this process is strongly suppressed for D-mesons and is efficient only for

kaons and B mesons.

The decay X → SS is possible only for K0, D0, B0 and B0
s due to conservation

of charges. The production from D0 mesons is strongly suppressed by the same reason

as above (small Yukawa constant and CKM elements in the effective interaction, see ap-

pendix A.3).

Our results for the branching ratio of the scalar production from mesons decays in

the case of the quartic coupling are presented in table 4 and in figure 8, the formulas for

the branching ratios and details of calculations are given in appendix G. The results are

shown for the value of coupling constant α = 1 GeV which corresponds to the Higgs boson

branching ratio BR(h→ SS) ≈ 0.02 (see eq. (2.15)).
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Process BR(mS = 0) Closing mass [GeV] Appendix

K0
L → SS 4.4 · 10−13 0.252 G

K0
L → SSπ0 6.6 · 10−15 0.140 F.1.1

K± → SSπ± 1.4 · 10−15 0.136 F.1.1

K0
S → SS 7.8 · 10−16 0.252 G

K0
S → SSπ0 1.2 · 10−17 0.140 F.1.1

Bs → SS 4.0 · 10−10 2.670 G

B± → SSK± 1.4 · 10−10 1.998 F.1.1

B± → SSK∗,±0 (700) 1.2 · 10−10 1.621 F.1.2

B± → SSK±1 (1270) (1.2+0.5
−0.5) · 10−10 1.478 F.2.2

B± → SSK∗,±(892) 9.1 · 10−11 1.701 F.2.1

B± → SSK∗,±0 (1430) 3.5 · 10−11 1.621 F.1.2

B± → SSK∗,±(1410) (1.9+0.6
−0.5) · 10−11 1.358 F.2.1

B± → SSK∗,±2 (1430) 2.5 · 10−11 1.499 F.3

B0 → SS 1.1 · 10−11 2.624 G

B± → SSK∗,±(1680) (9.9+0.4
−0.3) · 10−12 1.240 F.2.1

B± → SSπ± (4.7+1.2
−1.1) · 10−12 2.149 F.1.1

B± → SSK±1 (1400) (7.3+0.3
−0.3) · 10−13 1.545 F.2.2

Table 4. Properties of the main production channels of a scalar S from kaons and B mesons

through quartic coupling (2.14). First column: decay channels; Second column: branching ratios

of 2-body meson decays evaluated at mS = 0 and α = 1 GeV, see eqs. (G.7), (G.8). For B mesons

the numerical values are given for B± mesons; in the case of decays of B0 mesons, all the given

branching ratios should be multiplied by a factor 0.93 that comes from the difference in total decay

widths of B± and B0 mesons [44]. Uncertainties (where available) follow from uncertainties in

meson transition form-factors; Third column: effective closing mass, i.e. a mass of a scalar at which

the branching ratio of the channel decreases by a factor of 10. Fourth column: a reference to

appendix with details about form-factors used.

3 Scalar decays

The main decay channels of the scalar are decays into photons, leptons and hadrons, see

appendix H. In the mass range mS . 2mπ the scalar decays into photons, electrons and

muons, see appendix H.1.

For masses small enough compared to the cutoff ΛQCD ≈ 1 GeV, ChPT (Chiral Per-

turbation Theory) can be used to predict the decay width into pions [34]. For masses of

order mS & ΛQCD a method making use of dispersion relations was employed in [35–37]

to compute hadronic decay rates. As it was pointed out in [33] and later in [30], the reli-

ability of the dispersion relation method is questionable for mS & 1 GeV because of lack

of the experimental data on meson scattering at high energies and unknown contribution

of scalar hadronic resonances, which provides significant theoretical uncertainties. To have

a concrete benchmark — although in the light of the above the result should be taken

with a grain of salt — we use the decay width into pions and kaons from [32], see figure 9,
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Figure 8. Branching ratios of decays B+ → SSXs/d and B → SS, where Xq is a hadron that

contains a quark q, versus the scalar mass. By the K∗ channel, we denote the sum of the branching

ratios for K∗(892), K∗(1410), K∗(1680) final states, by K∗0 — for K∗0 (700), K∗0 (1430), and by K1

— for K1(1270), K1(1400). The values of the branching ratios are given at α = 1 GeV.

which combines the next-to-leading order ChPT with the analysis of dispersion relations

for the recent experimental data. For the ratio of the decay widths into neutral and charged

mesons we have

ΓS→π0π0/ΓS→π+π− = 1/2, ΓS→K0K̄0/ΓS→K+K− = 1. (3.1)

For scalar masses above f0(1370) the channel S → 4π becomes important and should

be taken into account [60]. The decay width of this channel is currently not known; its

contribution can be approximated by a toy-model formula [32]

Γmulti-meson = Cθ2m3
Sβ2π, β2π =

√
1− (4mπ)2/m2

S , (3.2)

where a dimensional constant C is chosen so that the total decay width is continuous at

large mS that will be described by perturbation QCD, see figure 10.

For mS ≥ Λpert
S ' 2−4 GeV hadronic decays of a scalar can be described perturbatively

using decays into quarks and gluons, see appendix H.2. Currently, the value of Λpert
S is

not known because of lack of knowledge about scalar resonances which can mix with S

and enhance the scalar decay width. In [32] the value of Λpert
S is set to 2 GeV, in [5] it

is Λpert
S = 2.5 GeV, while in [19] its value is Λpert

S = 2mD. This scale certainly should

above the mass of the heaviest known scalar resonance f0(1710), so in this work we choose

Λpert
S = 2 GeV.

The summary of branching ratios of various decay channels of the scalar and the total

lifetime of the scalar is shown in figure 10.
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Figure 9. The ratio of the decay widths of a light scalar into pions, kaons and into muons

obtained in [32]. We summed over all final meson states, i.e. for decays into pions we summed over

π+π−, π0π0. A peak in the decay width corresponding to the channel S → ππ around mS ' 1 GeV

is caused by the narrow f0(980) resonance.

Channel Open, MeV Rel. from, MeV Rel. to, MeV Max BR, % Formula

S → 2γ 0 0 1.02 100 (H.2)

S → e+e− 1.02 1.02 212 ≈ 100 (H.1)

S → µ+µ− 211 211 and 1668 564 and 2527 ≈ 100 (H.1)

S → π+π− 279 280 1163 65.5 Figure 9

S → 2π0 270 280 1163 32.8 Figure 9

S → K+K− 987 996 Λpert
S = 2000 36.8 Figure 9

S → K0K̄0 995 1004 Λpert
S = 2000 36.8 Figure 9

S → 4π 550 1210 Λpert
S = 2000 52.4 (3.2)

S → GG 275 Λpert
S = 2000 4178 68.6 (H.10)

S → ss̄ 990 Λpert
S = 2000 3807 42.5 (H.3)

S → τ+τ− 3560 3608 — 45.7 (H.1)

S → cc̄ 3740 3797 — 50.6 (H.3)

Table 5. Relevant scalar decay channels. Only channels with the branching ratio above 1% covering

the scalar mass range up to 10 GeV are shown. The gray line corresponds to the fake multi-meson

channel, see discussion in text. Columns : (1) the scalar decay channel. (2) The scalar mass at

which the channel opens; (3) The scalar mass starting from which the channel becomes relevant

(contributes larger than 10%); (4) The scalar mass above which the channel contributes less than

10%; “—” means that the channel is still relevant at mS = 10 GeV; (5) The maximal branching

ratio of the channel for mS < 10 GeV; (6) Reference to the formula (or figure in case of decays into

pions and kaons) for the decay width of the channel.
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Figure 10. Left panel: branching ratios of decays of a scalar S as a function of its mass. For decays

into hadrons up to mS = 2 GeV we used results from [32], while for decays into hadrons in the mass

range mS > 2 GeV we used perturbative decays into quarks and gluons (see section H.2). In order to

match these two regimes, we added a toy-model contribution to the total decay width that imitates

multi-meson decay channels, see eq. (3.2). Right panel: the lifetime of a scalar S as a function of

its mass with the mixing angle θ2 = 1. Solid blue line denotes the lifetime calculated using decays

into leptons, kaons and pions from [32] and fictitious multi-meson channel, see eq. (3.2), while

solid red line — the lifetime obtained using decays into quarks and gluons within the framework

of perturbative QCD. The filled gray regions on the plot correspond to the domain of the scalar

masses for which there are significant theoretical uncertainties in hadronic decays.

4 Conclusion

In this paper, we have reviewed and revised the phenomenology of the scalar portal, a

simple extension of the Standard Model with a scalar S that is not charged under the

SM gauge group, for masses of scalar mS . 10 GeV. We considered three examples of

experimental setup that correspond to DUNE (with proton-proton center of mass energy
√
spp ≈ 16 GeV), SHiP (

√
spp ≈ 28 GeV) and LHC based experiments (

√
spp = 13 TeV).

Interactions of a scalar S with the Standard Model can be induced by the mixing with

the Higgs boson and the interaction Sh2 (the “quartic coupling”), see Lagrangian (1.1).

The mixing with the Higgs boson is relevant for a scalar production and decay, while the

quartic coupling could be important only for the scalar production.

For the scalar production through the mixing with the Higgs boson, we have explicitly

compared decays of secondary mesons, proton bremsstrahlung, photon-photon fusion, and

deep inelastic scattering. For the energy of the SHiP experiment, the most relevant pro-

duction channel is the production in decays of secondary mesons, specifically kaons and B

mesons. For smaller energies (corresponding in our examples to the DUNE experiment) the

situation is more complicated, and direct production channels from p−p collisions (proton

bremsstrahlung, deep inelastic scattering) give the main contribution to the production of

scalars, see figure 6.

Our results for various channels of the scalar production from mesons via mixing with

the Higgs boson are summarized in table 3 and in figure 5. The results for decays B → KS,

B → K∗(892)S agree with the references [1, 2, 5, 8, 31, 32], while other decay channels

have not been studied in these papers.
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Figure 11. Diagrams of the interaction of the scalar S with photons and gluons.

For the LHC based experiments, an important contribution to the production of scalars

is given by the production in decays of Higgs bosons that may be possible due to non-zero

quartic coupling. This production channel, when allowed by the energy of an experiment,

allows to search for scalars that are heavier than B mesons. It may also significantly

increase the experimental sensitivity in the region of the lower bound of the sensitivity

curve, where production through the mixing with the Higgs boson is less efficient.

Also the quartic coupling gives rise to meson decay channels X → SS and X → X ′SS
that are important for scalar masses mS . mB/2. Our results for these channels are

presented in table 4 and in figure 8.

The description of scalar decays is significantly affected by two theoretical uncertain-

ties: (i) the decay width of a scalar into mesons like S → ππ and S → KK (that may be

uncertain more than by an order of magnitude for masses of a scalar around 1 GeV) and (ii)

the uncertainty in the scale Λpert
S at which perturbative QCD description can be used. As

a benchmark, for decays into mesons we use results of [32] and choose Λpert
s = 2 GeV, but

we stress that the correct result is not really known for such masses. The main properties

of scalar decays are summarized in table 5 and figure 10.
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A Effective interactions

A.1 Photons and gluons

The effective lagrangian of the interaction of S with photons and gluons is generated by

the diagrams 11. It reads

L = θSCSγγ
αEM

4πv
FγFµνF

µν + θSCSGG
αs

4πv
FG
∑

a

GaµνG
µν,a. (A.1)

Here the effective vertices Fγ , FG are [5, 61]

Fγ =
∑

l=e,µ,τ

Fl +Nc

∑

q

Fq + FW , FG =
∑

q

Fq, (A.2)
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Figure 12. Dependence of the photon and gluon loop factors (A.2) on the scalar mass.

where

Ff (lf ) = −2lf (1 + (1− lf )x2(lf )),

FW = 2 + 3lW (1 + (2− lW )x2(lW )), lX = 4m2
X/m

2
S , (A.3)

and

x(l) =





arctan

(
1√
l − 1

)
, l > 1,

1

2

(
π + i ln

[
1 +
√

1− l
1−
√

1− l

])
, l < 1

(A.4)

Their behavior in dependence on the scalar mass is shown in figure 12. The values of the

constants CSGG and CSγγ vary in the literature. Namely, in [5] they are CSγγ = 1, CSGG =

1/
√

8. From the other side, in [61] predicts |CSγγ | = 1/2, |CSGG| = 1/4. Calculating

the decay branching ratio of the Higgs boson into two photons, we found that the value

CSγγ = 1/2 is consistent with experimental results for the signal strength of the process

p + p → h + X, h → γγ [62].2 The gluon loop factor in the triangle diagram 11 differs

from the photon loop factor by the factor tr[tata] = 1
2 , where ta is the QCD gauge group

generators, and therefore CSgg = 1/4.

A.2 Nucleons

Consider the low-energy interaction Lagrangian between the nucleons N and the scalar:

LSNN = gSNNθSN̄N (A.5)

The coupling gSNN is defined as

gSNN ≡
1

v
lim
p→p′
〈N(p)|

∑

q

mq q̄q|N(p′)〉 ≡ 1

v
〈N |

∑

q

mq q̄q|N〉, (A.6)

2We used the Higgs boson decay width Γh,SM = 4 MeV.
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where the shorthand notation 〈N | . . . |N〉 ≡ limp→p′〈N(p)| . . . |N(p′)〉 was used. The ap-

plicability of the effective interaction (A.5) is m2
S . r−2

N ' 1 GeV2. Above this scale the

elastic SNN vertex competes with the inelastic processes on partonic level and hence it

is suppressed.

For energy scales of order of the nucleon mass, the u, d, s quarks are light, while the

c, b, t quarks are heavy. Therefore, the latter can contribute to the effective coupling (A.6)

only through effective interactions involving the lighs quarks and gluons. The latter can

be obtained using the heavy quarks expansion [63, 64]. Keeping only the leading 1/mqheavy

term, for the effective interaction operator we obtain [65]

∑

q=c,b,t

mq q̄q → −nheavy ·
αs

12π
GaµνG

µν,a +O

(
1

m2
qheavy

)
. (A.7)

Here αs is the QCD interaction constant evaluated on the scale of the hadronic mass, Gaµν
is the gluon strength tensor and nheavy = 3 is the number of the heavy quarks. Therefore,

in the leading order of 1/mqheavy
expansion the coupling (A.6) takes the form [65, 66]

gSNN =
θ

v
〈N |

∑

q=u,d,s

mq q̄q − nheavy
αs

12π
GaµνG

µν,a|N〉. (A.8)

The last expression we can written in terms of the nucleon mass mN ,

mN ≡ 〈N |θµµ|N〉, (A.9)

where θµµ is the trace of the stress-energy tensor in the QCD [65]

θµµ =
∑

q=u,d,s

mq q̄q +
βs

4αs
GaµνG

µν,a, (A.10)

where βs is the QCD β function,

βs = −
(

9− 2

3
nheavy

)
α2
s

2π
, (A.11)

in the leading order by αs. Therefore, we get [65, 66]

gSNN =
2

9

mN

v

(
1 +

7

2

∑

q=u,d,s

mq

mN
〈N |q̄q|N〉

)
. (A.12)

The numerical value is gSNN ≈ 1.2 · 10−3 [67].

In order to incorporate effects of non-zero momentum transfer q2 in the SNN vertex,

we need to take into account an scalar nucleon form-factor FN,S(q2):

gSNN → gSNNFN,S(q2), FN,S(0) = 1. (A.13)

We have not found any paper discussing the form-factor FN,S . From general ground we

expect that it incorporates a mixing with scalar resonances f0 which causes peaks at q2 =

m2
f0

. For large momentum transfers FN,S should vanish.
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Figure 13. Diagrams of the production of the scalar S in flavor changing quarks transitions in the

unitary gauge.

ξij ξds ξuc ξdb ξsb

Value 3.3 · 10−6 1.4 · 10−9 7.9 · 10−5 3.6 · 10−4

Table 6. Numerical values of ξij constants in effective Lagrangian (A.14).

A.3 Flavor changing effective Lagrangian

A light scalar S can be produced from a hadron via flavor changing quarks transitions (see

diagrams in figure 13). The flavor changing amplitude was calculated using different tech-

niques in many papers [38–43]. The corresponding effective Lagrangian of flavor changing

quark interactions with the S particle is

LSqqeff = θ
S

v

∑

i,j

ξijmQj Q̄iPRQj + h.c., (A.14)

where Qi and Qj are both upper or lower quarks and PR ≡ (1 + γ5)/2 is a projector on

the right chiral state. The effective coupling ξij is defined as

ξij =
3GF
√

2

16π2

∑

k

V ∗kim
2
kVkj , (A.15)

where Qk are the lower quarks if Qi and Qj are the upper and vice versa, Vij are the

elements of the CKM matrix, and GF is the Fermi constant. One power of the quark mass

in the expression for ξ comes from the hq̄q coupling, while another one comes from the

helicity flip on the quark line in the diagrams in figure 13. Because of such behavior, the

quark transition generated by the Lagrangian (A.14) is more probable for lower quarks

than for upper ones, since the former goes through the virtual top quark. Numerical values

of some of ξij constants are given in table 6.

B Scalar production from mesons

In the scalar production from hadron decays, the main contribution comes from the lightest

hadrons in each flavor, which are mesons.3 The list of the main hadron candidates is the

3Indeed, if X is the lightest hadron in the family, it could decay only through weak interaction, so it

has small decay width ΓX (in comparison to hadrons that could decay through electromagnetic or strong
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following (the information is given in the format “Hadron name (quark contents, mass in

MeV)”):

• s-mesons K−(sū, 494), K0
S,L(sd̄, 498);

• c-mesons D0(cū, 1865), D+(cd̄, 1870), Ds(cs̄, 1968), J/ψ(cc̄, 3097);

• b-mesons B−(bū, 5279), B0(bd̄, 5280), Bs(bs̄, 5367), Bc(bc̄, 6276), Υ(bb̄, 9460).

The production of a scalar from mesons is possible through the flavor changing neutral

current A.3, so the production from Ds, J/ψ, Bs, Bc and Υ mesons does not have any

advantage with respect to the production from D0, D+, B− and B0, while their amount

at any experiment is significantly lower. Therefore, we will discuss below only production

from later mesons.

B.1 Inclusive production

The decay widths for the processes Qi → QjS, Qi → Q′eν̄e are

ΓQi→Qj+S =
|MQi→QjS |2

8πmb

|pS |
mb
≈ |ξbs|2

m3
b

(
1− m2

S

m2
b

)2

32πv2
θ2, (B.1)

ΓQi→Qk+e+ν̄e =
1

(2π)3

∫ m2
Qi

m2
Qk

dsQke

∫ seν,max

seν,min

dseν
|MQi→Qk+e+ν̄e |2

32m3
Qi

≈
G2
F |VQiQk |2m5

Qi

192π3
× f(mQk/mQi), (B.2)

where pS is the S particle momentum at the rest frame of the meson X,

|pS | =

√
(m2

X − (mS +mX′)2)((m2
X − (mS −mX′)2)

2mX
, (B.3)

the integration limits are

seν,min = 0, seν,max = m2
Qi +m2

Qi − sQke −
m2
Qi
m2
Qk

sQke
, (B.4)

and

f(mQk/mQi) =

(
1− 8

m2
Qk

m2
Qi

− 24
m4
Qk

m4
Qi

ln

(
mQk

mQi

)
+ 8

m6
Qk

m6
Qi

−
m8
Qk

m8
Qi

)
≈ 1/2 (B.5)

is the phase space factor.

interactions). The probability of light scalar production from hadron is inversely proportional to hadron

decay width thus the light scalar production from the lightest hadrons is the most efficient.
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B.2 Scalar production in two-body mesons decays

Let us consider exclusive 2-body decay of a meson

XQi → X ′Qj + S, (B.6)

corresponding to the transition Qi → Qj +S. Here and below, XQ denotes a meson which

contains a quark Q.

The Feynman diagram of the process is shown in figure 3(c). Using the La-

grangian (A.14), for the matrix element we have

M(XQi → SX ′Qj ) =
θ

2

mQi

v
× ξij ×MXX′(m

2
S), (B.7)

where

MXX′((pX − pX′)2) ≡ 〈X ′(pX′)|Q̄i(1 + γ5)Qj |X(pX)〉 (B.8)

is the matrix element of the transition XQi → X ′Qj . Expressions for these matrix elements

for different initial and final mesons are given in appendix F. So, we can calculate the

branching fraction of the corresponding process by the formula [44]

BR(XQi → X ′Qj + S) =
1

ΓX
θ2
|ξij |2m2

Qi
|MXX′(m

2
S)|2

32πv2

|pS |
m2
X

, (B.9)

where ΓX is the decay width of the meson X. We use the lifetimes of mesons from [44].

For the kaons, the only possible 2-body decay is the process

K → π + S (B.10)

There are 3 types of the kaons — K±,K0
L,K

0
S . Although the decay width for each of them

is by given by the same loop factor, ξsd, the branching ratios differ. The first reason is that

these kaons have different decay widths. The second reason is that the K0
S is approximately

the CP -even eigenstate. Therefore the decay K0
S → πS is proportional to the CKM CP -

violating phase and is strongly suppressed [41]. Further we assume that the corresponding

branching ratio vanishes. See table 3 for the branching ratios of K0
L,K

±.

B.3 Scalar production in leptonic decays of mesons

Consider the process X → Seν. Its branching ratio is [68, 69]

BR(X → Seν) =

√
2GFm

4
X

96π2m2
µ(1−m2

µ/m
2
h)2
× BR(X → µν)

(
7

9

)2

f

(
m2
S

m2
X

)
, (B.11)

where f(x) = (1−8x+x2)(1−x2)−12x2lnx. The values of the branching ratios for different

types of the mesons are shown in table 7. However, although for the D this channel enhances

the production in ' O(100) times, the production from D is still sub-dominant.
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Meson BR(h→ Seν)/f (x) θ2

D → Seν 5.2 · 10−9

K → Seν 4.1 · 10−8

B → Seν < 7.4 · 10−10

Table 7. Branching ratios of 3-body meson decay. From experimental data we have only upper

bound on the BR(B → µν), so we put upper bound on B → Seν decay.

p

p

G

G
S

p

p

q

q̄
S

Figure 14. The diagrams of the production of the scalar in deep inelastic scattering.

C DIS

The scalar production in the DIS is driven by the interaction with the quarks and gluons:

L = Sθ
∑

q

mq

v
q̄q + θ

Sαs
16πv

FG(mS)GaµνG
µν,a, (C.1)

where FG is a loop factor being of order of |FG|2 ' 10−20 for the scalars in the mass range

mS . 10 GeV (see appendix A.1). Processes of the scalar production in DIS are quark

and gluon fusions:

q + q̄ → S, G+G→ S (C.2)

Corresponding diagrams are shown in figure 14 and the matrix elements are

M(GG→ S) = 4
FG(mS)αs

16π

θ

v
[(kµ2 · kν1 )− gµν(k1 · k2)]εµ(k1)εν(k2), (C.3)

iM(qq̄ → S) = v(k2)

(−iθmq

v

)
u(k1). (C.4)

The differential cross section is given by

dσ(sY Y ) =
(2π)4

4

|M(Y Y → S)|2√
(k1 · k2)2

dΦ(k1 + k2, pS) =
π|M(Y Y → S)|2

m2
S

δ(sY Y −m2
S), (C.5)
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where Y denotes a quark/antiquark or a gluon, |M(GG→ S)|2 is the squared matrix

element averaged over gluon or quark polarizations and

dΦ(k1 + k2, pS) = δ4(k1 + k2 − pS)
d3pS

(2π)32Es
. (C.6)

The hard cross sections for the gluon and quark fusions are thus

σG(sGG) = δ(sGG −m2
S)
|FG(mS)|2α2

sθ
2m2

S

128πv2
, (C.7)

σq(sqq) =
π

m2
S

δ(sqq −m2
S)
θ2m2

q

2v2
m2
S . (C.8)

Using hard cross sections (C.8) and (C.7), one can calculate the total cross section of the

production in DIS as

σDIS,Y = gY

∫
σY (s)fY1(

√
sY1Y2 , x1)fY2(

√
sY1Y2 , x2)dx1dx2. (C.9)

Here, fY (Q, x) is the parton distribution function (pdf) of the parton Y carrying the

momentum fraction x at the scale Q. gq = 2, gG = 1; gq is a combinatorial factor tak-

ing into account that the quark/antiquark producing a scalar can be stored in both of

colliding protons.

The result is

σDIS,q(s) =
π

m2
S

θ2m2
qm

2
S

2v2s
×Wqq̄, σDIS,G(s) = θ2 |FG(mS)|2α2

s(mS)m2
S

128πsv2
×WGG. (C.10)

Here, s denotes the pp CM energy, mq is the MS quark mass at the scale mS , and

WXX(s,mS) ≡
∫ 1

m2
S/s

dx

x
fX(mS , x)fX

(
mS ,

m2
S

sx

)
(C.11)

is the partonic weight of the process. Since the partonic model breaks down at scales

Q . 1 GeV, the description of the scalar production in DIS presented in this section is

valid only for scalars with masses mS & 1 GeV. For numerical estimates we have used

LHAPDF package [70] with CT10NLO pdf set [71].

The main contribution to the DIS cross section comes from gluons. To see this, let us

compare the gluon cross section σDIS,G with the s-quark cross section σDIS,S , which is the

largest quark cross section.4 Their ratio is

σDIS,G

σDIS,s
≈ 0.6

(
αs(mS)

0.4

)2 |FG(mS)|2
20

×
(

mS

1 GeV

)2WGG

Wss
. (C.12)

The product |FG|2α2
s changes with mS relatively slowly, and therefore the ratio (C.12) is

determined by the product (mS/1 GeV)2WGG/Wss. It is larger than one for the masses

mS & 2 GeV in broad CM energy range, see figure 4.

4Indeed, the quark cross sections are proportional to the Yukawa constant squared y2
q , and the large

ratio (ys/yu,d)
2 compensates smaller partonic weight Wss/Wu,d.
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Figure 15. A diagram of the production of a scalar in the proton bremsstrahlung process.

Having the cross sections (C.10), we calculate the DIS probability as

PDIS =

∑
q σDIS,q + σDIS,G

σpp
, (C.13)

where for the total proton-proton cross section σpp we used the data from [44].

D Scalar production in proton bremsstrahlung

A scalar S can be produced through the SNN vertex (see section A.2) in proton-proton

bremsstrahlung process

p+ p→ S +X, (D.1)

with the diagram of the process shown in figure 15. Corresponding probability can be

estimated using generalized Weizsacker-Williams method, allowing to express the cross

section of the given process by the cross section of its sub-process [72–78]. Namely, let us

denote the momentum of the incoming proton in the rest frame of the target proton by

pp, the fraction of pp carried by S as z and the transverse momentum of S as pT . Then,

under conditions

p2
T

4p2
p

� z(1− z)2,
m2
S

4p2
p

� z(1− z),
m2
p

4p2
p

� (1− z)2

z
(D.2)

the differential production cross section of S production can be written as (see ap-

pendix D.1)

dσbrem ≈ σppt(s′)× Pp→pS(pT , z)dp2
Tdz, (D.3)

where we denoted a target proton as pt, σppt is the total p-p cross section, s′ = 2mppp(1−
z) + 2m2

p and the differential splitting probability of the proton to emit a scalar is

Pp→pS(pT , z) ≈ |FpS(m2
S)|2 g

2
SNNθ

2

8π2
z

m2
p(2− z)2 + p2

T

(m2
pz

2 +m2
S(1− z) + p2

T )2
, (D.4)

with gSNN being low-energy proton-scalar coupling, and FpS the scalar-proton form-factor,

see appendix A.2.
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Figure 16. Proton-proton total cross section as a function of the center of mass energy
√
spp.

For the total pp cross section we use experimental fit

σpp(s) = Z +B ln2

(
s

s0

)
+ C1

(
s1

s

)η1
− C2

(
s1

s

)η2
, (D.5)

where Z = 35.45 mb, B = 0.308 mb, C1 = 42.53 mb, C2 = 33.34 mb,
√
s0 = 5.38 GeV,√

s1 = 1 GeV, η1 = 0.458 and η2 = 0.545 [44]. This cross section is shown in figure 16,

where we see that it is almost constant for a wide range of energies.

The total cross section can be written in the form

σbrem = g2
SNNθ

2|FpS(m2
S)|2σpp(s)Pbrem(s,mS), (D.6)

where

Pbrem(s,mS) =
1

g2
SNNθ

2

∫
dp2

TdzPp→pS(pT , z)
σpp(s

′)
σpp(s)

. (D.7)

The domain of the definition of pT and z is determined by the conditions (D.2). For

definiteness, we fix the domain of integration by the requirement

m2
S(1− z) +m2

pz
2 + p2

T

4p2
pz(1− z)2

< 0.1. (D.8)

The probability of a scalar production in proton bremsstrahlung is

Pbrem =
σbrem

σpp(s)
≈ g2

SNNθ
2|FpS(m2

S)|2Pbrem(s,mS), (D.9)

where s is the CM energy of two protons. We show its dependence on the scalar mass and

the incoming beam energy in figure 17.

D.1 Splitting probability derivation

Following the approach described in [72], let us consider the process (D.1) within the old-

fashioned perturbation theory. The corresponding diagrams are shown in figure 18. The
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Figure 17. The probability of the production of a scalar S in bremsstrahlung process versus the

scalar mass.
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Figure 18. The lowest order old-fashioned perturbation theory diagrams for the bremsstrahlung

process (D.1). Vertical dotted lines denote the intermediate states.

matrix element has the form Vppt→SX = Va + Vb, where

Va =
Mp→p′SMp′pt→X

2Ep′(Ep′ + ES − Ep)

∣∣∣∣
pp′=pp−pS

, Vb =
Mpt→p′XMp′p→S

2Ep′(Ep + Ep′ − ES)

∣∣∣∣
pp′=pp−pS

. (D.10)

Here, M denotes Lorentz-invariant amplitude of the processes. There exists a kinematic

domain at which |Mb| � |Ma|. Namely, let us consider an ultrarelativistic incoming p,

and write the 4-momenta of p, S and intermediate p′ as

Pµp =

(
pp +

m2
p

p2
p

,0, pp

)
, (D.11)

PµS =

(
ppz +

p2
T +m2

S

2ppz
,pT , zpp

)
, (D.12)

Pµp′ =

(
(1− z)pp +

m2
p + p2

T

2pp(1− z)
,−pT , (1− z)pp

)
, (D.13)
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Figure 19. Diagrams the bremsstrahlung process (D.1) (left) and its sub-process ppt → X de-

scribing a proton-proton collision (right).

where pT is a transverse momentum of S and z is a fraction of a parallel momentum carried

by S. Then the energy denominators in (D.10) are

∆Ea = Ep′ + ES − Ep ≈
p2
T + (1− z)m2

S + z2m2
p

2ppz(1− z)
, ∆Eb = Ep + Ep′ − ES ≈ 2pp(1− z).

(D.14)

Assuming that ∆Ea � ∆Eb we can neglect the matrix element Vb.
Once we neglect Vb, it is possible to relate the differential cross section of the pro-

cess (D.1) to the total pp scattering cross section. Indeed, let us consider a corresponding

process ppt → X, which is a sub-process of (D.1) obtained by removing the in p line and

out S line, see figure 19. The matrix element for this process is simply

Vppt→S =Mppt→X . (D.15)

Using (D.10), (D.15), for the corresponding differential cross sections we obtain

dσppt→SX =
1

4EpEpt

|Mp→p′S |2|Mp′pt→X |2
(2Ep′)2(Ep′ + ES − Ep)2

× (2π)4δ(4)

(
pp + ppt − pS −

∑

X

pX

)
d3pS

(2π)32ES
×
∏

X

d3pX
(2π)32EX

, (D.16)

dσp′pt→X =
1

4Ep′Ept
|Mp′pt→X |2 × (2π)4δ(4)

(
pp′ + ppt −

∑

X

pX

)∏

X

d3pX
(2π)32EX

(D.17)

Neglecting the difference in the energy conservation arguments in the delta-functions that

are of order O(m2
p/S/p

2
p, p

2
T /p

2
p), we can relate these two cross sections as

dσppt→SX = dPp→p′S(z, pT )dσp′pt→X(pT , z), (D.18)

where we introduced differential splitting probability dPp→p′S :

dPp→p′S(pT , z) ≡ 2
|Mp→p′S |2

4EpEp′(Ep′ + ES − Ep)2

d3pS
(2π)32ES

. (D.19)

Here a factor of 2 is combinatorial factor taking into account that a scalar can be produced

from both the legs of colliding protons.
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Figure 20. A diagram of the production of a scalar in photon fusion.

Integrating the differential cross section (D.18) over the momenta of the final states

particles X and summing over all possible sets {X}, we finally arrive at

dσppt→SX ≈ Pp→p′S(z, pT )dp2
Tdzσpp(s

′), (D.20)

where s′ ≈ 2mppp(1− z) + 2m2
p,

5 and σpp(s
′) is the total proton-proton cross section.

Let us now find explicit expression for the splitting probability (D.19). Using the

expressions (D.2), we find

d3pS
(2π)32ES

≈ dp2
Tdz

16π2z
, |Mp→pS |2 ≈ 2g2

SNNθ
2|FpS(m2

S)|2(m2
p + (Pp · Pp′)). (D.21)

Finally, we arrive at

Pp→p′S ≈
g2

SNNθ
2|FpS(m2

S)|2
8π2

z
m2
p(2− z)2 + p2

T

(m2
pz

2 +m2
S(1− z) + p2

T )2
. (D.22)

E Scalar production in photon fusion

A scalar can be produced elastically in pp collisions through the Sγγ vertex (see ap-

pendix A.1). The production process is

p+ Z → p+ Z + S, (E.1)

with the corresponding diagram shown in figure 20. To find the number of produced

scalars in the photon fusion, we will use the equivalent photon approximation (EPA),

which provides a convenient framework for studying processes involving photons emitted

from fast-moving charges [79–81]. The basic idea of the EPA is a replacement of the charged

particle Y in the initial and final state, that interacts through the virtual photon carrying

the virtuality q and the fraction of charge’s energy x, by the almost real photon with a

distribution nY (x; q2) that depends on the type of the charged particle, see figure 21. The

magnitude of the momentum transfer carried by the virtual photon can be approximated as

q2 ≈ q2
t + x2m2

Y

1− x , (E.2)

5Here we neglected the pT dependence in σpp.
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Figure 21. The idea of the equivalent photon approximation. If a charge with the momentum k,

emitting the virtual photon with the virtuality q, is ultrarelativistic, then the cross section of the

process (a) can be expressed in terms of the cross section of the process (b). The remained effect

of the charge is the distribution function ncharge(x, q2), where x is the energy fraction carried by

photon.

where qt is the transverse component of the spatial momentum of the photon with respect

to the spatial momentum of the particle Y , and mY is the mass of Y . Conditions for

validity of the EPA are x � 1 and qt . xmY [81]. The distribution nY (x, q2
t ) of the

emitted photons can be described by

nY (x; q2
t ) =

αEM

2π

1 + (1− x)2

x(q2
t + x2m2

X)

[
q2
t

q2
t + x2m2

Y

DY (q2) +
x2

2
CY (q2)

]
, (E.3)

where C(q2), D(y2) are appropriate form-factors. We take the proton and nucleus form-

factors from [81].

Within the EPA, we approximate the cross section of the process (E.1) by

σpZ→SpZ =

∫
dx1dx2d~q

2
1td~q

2
2tγp(q

2
1t, x1)γZ(q2

2t, x2)σγγ→S(sγγ). (E.4)

Here

σγγ→S(sγγ) =
π

m2
S

|Fγ(mS)|2α2
EMθ

2m4
S

256π2v2
δ(sγγ −m2

S) ≡ 1

x1
Σγγ

δ
(
x2 − m2

S
x1spZ

)

x1spY
, (E.5)

where sγγ = (q1 + q2)2 ≈ 4x1x2E
CM
p ECM

Y ≈ x1x2spY , and

Σγγ = θ2 |Fγ |2α2
EMm

2
S

256πv2spZ
. (E.6)

Let us discuss the boundaries of integration in eq. (E.4). Following [81], for the upper

limit of q we choose qmax = 1 GeV for the maximal virtuality of a photon emitter by

the proton and qmax = 4.49/R1 for a photon emitted by the nucleus. Using (E.2), we

get xp,max ≈ 0.63, xZ,max = 0.018. The lower bound on q, it is given by the kinematic
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Figure 22. The production probabilities of the scalar in photon fusion process versus the scalar

mass. We consider Mo nucleus (Z = 42, A = 96).

threshold for the S particle production. For the nucleus, there is additional constraint

q2 & r−2
s , where rs ' 10 keV is the inverse radius of the electron shell (at larger scales the

nucleus is screened by electrons).

Substituting the photon fusion cross section (E.5) into (E.4), for the pZ cross section

we get

σpZ→pZS = Z2α2
EMΣγγ ×Wcoh, (E.7)

where

Wγ fusion =
(2π)2

Z2α2
EM

∫ q1t,max

0
q1t dq1t

∫ q2t,max

0
q2t dq2t

×
∫ x1,max

m2
S

x2,maxspZ

dx1

x1
γp(x1, q1t)γZ

(
m2
S

x1spZ
, q2t

)
(E.8)

is the integrated form-factor. Here we simplified the integration domain for pt assuming

q1t,max, q2t,max = 1 GeV, since the integrand is nonzero only in some region of parameters

within the integration area, and therefore by increasing of integration limits we will not

affect the result.

The production probability is calculated using the cross section (E.7) as

Pγ fusion =
σpZ→pZS
σpZ

, (E.9)

where σpZ ≈ 53 A0.77 mb is the total pZ cross section, with A being the mass number of

the nucleus target [45].

The dependence of Pγ fusion on the scalar mass and collision energy is shown in figure 22.
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F Form-factors for the flavor changing neutral current meson decays

Consider matrix elements

MP=P ′
XX′ = 〈X ′(pX′)|Q̄jQi|X(pX)〉, MP 6=P ′

XX′ = 〈X ′(pX′)|Q̄jγ5Qi|X(pX)〉 (F.1)

describing transitions of mesons X(Qi) → X ′(Qj) in the case of the same and opposite

parities P , P ′ correspondingly. These matrix elements can be related to the matrix elements

Mµ
XX′ ≡ 〈X ′(pX′)|Q̄iγµQj |X(pX)〉, Mµ5

XX′ ≡ 〈X ′(pX′)|Q̄iγµγ5Qj |X(pX)〉 (F.2)

describing the weak charged current mediating mesons transition X → X ′. To derive the

relation, we follow [82] in which a relation for pseudoscalar transition X ′ was obtained. We

generalize this approach to the arbitrary final-state meson. We first notice that

MP=P ′
XX′ ≡

1

mQi −MQj

〈X ′(pX′)|Q̄j/pQQi|X(pX)〉, (F.3)

MP 6=P ′
XX′ ≡

1

mQi +mQj

〈X ′(pX′)|Q̄jγ5/pQQi|X(pX)〉, (F.4)

where pµQ ≡ pµQi − p
µ
Qj

and we used the Dirac equation for free quarks. Using then the

identity

Q̄j/pQQi ≡ P̂µQ̄jγ
µQi ≡ [P̂µ, Q̄jγ

µQi], (F.5)

where P̂µ ≡ i∂µ is the momentum operator, we find

MP=P ′
XX′ =

1

mQi −mQj

〈X ′(pX′)|[P̂µ, Q̄jγµQi]|X(pX)〉 (F.6)

= − 1

mQi −mQj

(pX − pX′)µ〈X ′(pX′)|Q̄jγµQi|X(pX)〉 ≡ − 1

mQi −mQj

qµMµ,

where qµ ≡ pX′µ − pXµ; for deriving the expression we have acted by P̂µ on the meson

states |X〉, |X ′〉. Similarly, for P 6= P ′ we find

MP 6=P ′
XX′ = − 1

mQi +mQj

qµM5
XXµ (F.7)

Further we will assume that X is a pseudoscalar, and therefore transitions in pseudoscalar,

pseudovector mesons X ′ are parity even, while transitions in scalar, vector and tensor

mesons are parity odd.

F.1 Scalar and pseudoscalar final meson state

F.1.1 Pseudoscalar

In the case of the pseudoscalar meson, X ′ = P , we have [83]

Mµ
XP = 〈P (pP )|Q̄iγµQj |X(pX)〉

=

[
(pX + pP )µ − m2

X −m2
P

q2
qµ
]
fXP1 (q2) +

m2
X −m2

P

q2
qµfXP0 (q2), (F.8)

where q = pX − pP .
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X,P B+/0,K+/0 B+/0, π+/0 K,π

mX
fit, GeV 6.16 6.16 ∞
FXP

0 0.33± 0.04 0.258± 0.031 0.96

Table 8. Values of the parameters in the form-factor (F.11) for different X,P . We use [50, 84].

Contracting it with qµ, we obtain

qµM
µ
XP = (m2

X −m2
P )fXP0 (q2) (F.9)

Therefore

MXP =
m2
X −m2

P

mQj −mQi

fXP0 (q2) (F.10)

We take the expression for the form-factor fXP0 (q2) from [50]:

fXP0 (q2) =
FXP0

1− q2/(mX
fit)

2
(F.11)

The values of the parameters mX
fit, F

XP
0 for different X,P are summarized in table 8.

F.1.2 Scalar

For the scalar meson X ′ = S̃ we have [52]

Mµ

XS̃
= −i

[
(pX + pS̃)µ − qµ

]
fXS̃+ (q2) (F.12)

(here we used f+(q2) = −f−(q2) in eq. (6) of [52]). Similarly to the case h′ = P ,

MXS̃ = i
m2
X −m2

S̃
− q2

mQj +mQi

fXS̃+ (q2). (F.13)

Consider the transition B → K∗0S. There is an open question whether hypothetical

K∗0 (700) is a state formed by two or four quarks, see, e.g. [85], discussions in [52, 86]

and references therein. We assume that K∗0 (700) is a di-quark state and K∗0 (1430) is its

excited state. There are no experimentally observed decays B → K∗0 (700)X, and there-

fore there is quite large theoretical uncertainty in determination of the form-factors (see

a discussion in [87]). We will use [52], where there are results for B → K∗0 (700) and

B → K∗0 (1430), and the results for the latter are in good agreement with the experimental

data for B → K∗0 (1430)η′ decay.

We fit the q2 dependence of f
BK∗0
+ from [52] by the standard pole-like function that is

used in the literature discussing the B → K∗0 transitions (see, e.g., [86]):

f
BK∗0
+ (q2) =

F
BK∗0
0

1− a q2

m2
B

+ b
(
q2

m2
B

)2 , (F.14)

where mB = 5.3 GeV is the mass of the B+ meson. The fit parameters are given in table 9.
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S̃ FBS̃
0 a b

K∗0 (700) 0.46 1.6 1.35

K∗0 (1430) 0.17 4.4 6.4

Table 9. Values of the parameters in the form-factor (F.14) for B = B+, S̃ = K∗00 (700), K∗0 (1430).

We used [52].

F.2 Vector and pseudovector final meson state

F.2.1 Vector

For the vector final state, X ′ = V , we have [49, 83]

〈V (pV )|Q̄iγµγ5Qj |X(pX)〉 = (mX +mV )εµ∗(pV )A1(q2)

− (ε∗(pV ) · q)(pX + pV )µ
A2(q2)

mX +mV

− 2mV
ε∗(pV ) · q

q2
qµ(A3(q2)−A0(q2)), (F.15)

〈V (pV )|Q̄iγµQj |X(pX)〉 =
2V (q2)

mX +mV
iεµνρσε∗ν(pV )pX,ρpV,σ, (F.16)

where εµ(pV ) is the polarization vector of the vector meson, and Ai, V are the form-factors.

The form-factor A3 is related to A1 and A2 as

A3(q2) =
mX +mV

2mV
A1(q2)− mX −mV

2mV
A2(q2) (F.17)

Contracting (F.15) and (F.16) with qµ, we obtain that the vector part of the matrix element

vanishes, while for the axial-vector part we find

MXV = 〈V (pV )|Q̄iγ5Qj |X(pX)〉 = −(ε∗(pV ) · pX)

mQi +mQj

2mVA
XV
0 (q2), (F.18)

where we used the relation (F.17). Consider a scalar product (ε∗(pV ) ·pX) in the rest frame

of the meson X. In this case only longitudinal polarization of ε∗µ(pV ) contributes. Using

εL,∗µ (pV ) =
(
|pV |
mV

, pV
|pV |

EV
mV

)
we obtain

MXV = − 2mX |pV |
mQi +mQj

A0(q2) (F.19)

For the case B → K∗(892), we follow [49] and parametrize the form-factor as

A
BK∗(892)
0 (q2) =

r1

1− q2/m2
R

+
r2

1− q2/(mA0
fit )2

. (F.20)

The values of parameters are given in table 10.

For the case B → V = K∗(1410),K∗(1680), we use an expression for the form-

factors [53, 88]:

ABV0 (q2) =

(
1− 2m2

V

m2
B +m2

V − q2

)
ξ||(q

2) +
mV

mB
ξ⊥(q2), (F.21)
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V r1 r2 mR, GeV mfit, GeV ABV
0 (0)

K∗(892) 1.364 −0.99 m+
B

√
36.8 0.374+0.033

−0.033

Table 10. Values of the parameters in the vector form-factor (F.20) from [49].

V ξ⊥(0) ξ||(0) ABV
0 (0)

K∗(1410) 0.28+0.04
−0.04 0.22+0.03

−0.03 0.3+0.036
−0.036

K∗(1680) 0.24+0.05
−0.05 0.18+0.03

−0.03 0.22+0.04
−0.04

Table 11. Values of the parameters in the vector form-factors (F.21) from [53, 88].

where

ξ⊥/||(q
2) =

ξ⊥/||(0)

1− q2/m2
B

(F.22)

The values of the parameters are given in table 11.

F.2.2 Pseudo-vector

For the pseudo-vector mesons, X ′ = A, the expansion of the matrix elements is similar

to (F.15), (F.16), but the expressions for the vector and axial-vector matrix elements are

interchanged [89, 90],

〈A(pA)|Q̄iγµQj |X(pX)〉 = (mX +mA)εµ∗(pA)V1(q2)

− (ε∗(pA) · q)(pX + pA)µ
V2(q2)

mX +mA

− 2mA
ε∗(pA) · q

q2
qµ(V3(q2)− V0(q2)), (F.23)

〈A(pA)|Q̄iγµγ5Qj |X(pX)〉 =
2A(q2)

mX +mA
iεµνρσε∗ν(pA)pX,ρpA,σ, (F.24)

with the same relation between Vi as for Ai in the case of vector mesons (F.17). We

therefore obtain

MXA =
2mX |pA|
mQj −mQi

V XA
0 (q2), (F.25)

We will consider two lightest pseudo-vector resonances K1(1270),K1(1400), each of

which is the mixture of unphysical K1A and K1B states [89],

(
|K1(1270)〉
|K1(1400)〉

)
=

(
sin(θK1) cos(θK1)

cos(θK1) − sin(θK1)

)(
|K1A〉
|K1B〉

)
, (F.26)

The form-factors V BK1
0 can be related to the form-factors V

A/B
0 of the K1A,K1B as

V
BK1(1270)

0 (q2) =
1

mK1(1270)

[
sin(θK1)mK1A

V A
0 (q2) + cos(θK1)mK1B

V B
0 (q2)

]
, (F.27)

V
BK1(1400)

0 (q2) =
1

mK1(1400)

[
cos(θK1)mK1A

V A
0 (q2)− sin(θK1)mK1B

V B
0 (q2)

]
, (F.28)
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FA
0 FB

0 aA aB bA bB

0.22+0.04
−0.04 −0.45+0.12

−0.08 2.4 1.34 1.78 0.69

Table 12. Values of the parameters in the vector form-factors (F.29) from [89].

θK1
mK1A

mK1B
V

BK1(1270)
0 (0) V

BK1(1400)
0 (0)

−34◦ ± 13◦ 1.31 GeV 1.34 GeV −0.52+0.13
−0.09 −0.07+0.033

−0.012

Table 13. Values of the parameters in the vector form-factors (F.27), (F.28) from [89].

where

V
A/B

0 (q2) =
F
A/B
0

1− aA/B q2

m2
B

+ bA/B

(
q2

m2
B

)2 . (F.29)

The values of all relevant parameters are given in tables 12, 13.

F.3 Tensor final meson state

For the tensor meson, X ′ = T , the expansion of the matrix element is [51, 91]

〈T (pT )|Q̄iγµγ5Qj |X(pX)〉 = (mX +mT )εµ∗,sT (pT )A1(q2)

− (ε∗,sT (pT ) · q)(pX + pT )µ
A2(q2)

mX +mT

− 2mT
ε∗,sT (pT ) · q

q2
qµ(A3(q2)−A0(q2)) (F.30)

Here, εsTµ(pT ) is a vector defined by

εsTµ(pT ) ≡ 1

mX
εsµν(pT )pνX , (F.31)

with εsµν being the polarization tensor of T satisfying pµε
µν,s(p) = 0 and εµν,s = ενµ,s,

εµ, sµ = 0. For particular polarizations s = ±2,±1, 0 we have [91]

ε±2
Tµ = 0, ε±1

Tµ =
1

mh

√
2

(ε0 · pX)ε±1
µ , ε0Tµ =

√
2

3

ε0 · pX
mX

ε0µ, (F.32)

where

ε±1
µ =

1√
2

(0,∓1, i, 0), ε0µ =
1

mT
(|pT |, 0, 0, ET ). (F.33)

Repeating the same procedure as in the previous section, we find that to qµM
µ,s
XT contributes

only the polarization s = 0, and therefore

MXT = − qµM
µ,0
XT

mQi +mQj

= − 1

mQi +mQj

√
2

3

mX |pT |2
mT

2AXT0 (q2). (F.34)

The parametrization of the form-factor AXT0 is [51, 91]

AXT0 (q2) =
FXT0(

1− q2

m2
X

)(
1− aT q2

m2
X

+ bT

(
q2

m2
X

)2
) (F.35)

For the transition B → K∗2 (1430) we use the values F
BK∗2
0 = 0.23, aT = 1.23, bT = 0.76

from [51].
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Meson X B0 Bs K0

fX , GeV 0.19 0.23 0.16

Table 14. Values of meson decay constants. We use [92] and references therein.

G Production from mesons through quartic coupling

The quartic coupling

Lquartic =
α

2
hS2 (G.1)

generates new production channels from the mesons

XQi → X ′QjSS, X → SS, (G.2)

that are described by Feynman diagrams in figure 7(b).

The matrix element for decays XQi → X ′QjSS can be written in terms of the matrix

element MXX′ of hadronic transitions given by eq. (B.8):

M(XQi → X ′QjSS) ≈ α

m2
h

mQi

2v
ξijMXX′(q

2), (G.3)

where q2 is invariant mass of scalars pair, MXX′(q
2) is the matrix element of hadronic

transitions XQi → X ′Qj given by eq. (B.8).

The matrix element for a process XQiQj → SS can be expressed in terms of the decay

constant fX of the meson X. Namely, fX is defined by

〈0|Q̄iγµγ5Qj |X(p)〉 ≡ ifXpµ (G.4)

Contracting it with pµ and using the same trick as in eq. (F.6), we obtain

〈0|Q̄iγ5Qj |X(p)〉 ≡ − ifXm
2
X

mQi −mQj

(G.5)

Therefore, the matrix element M(XQiQj → SS) is

M(XQiQj → SS) =
mQiξij
2vm2

h

〈0|Q̄iγ5Qj |X(p)〉 ≈ iαfXm
2
X

2vm2
h

ξij , (G.6)

The values of fX are summarized in table 14. For the decay width of the process XQiQj →
SS we find

Γ(XQiQj → SS) =
m3
X

v2

|ξij |2f2
Xα

2

128πm4
h

√
1− 4m2

S

m2
X

(G.7)

The decay width for the process XQi → X ′QjSS can be calculated using the formulas from

appendices B.1. Namely, we have

ΓXQi→X′QjSS
=
|ξij |2m2

Qi
α2

512π3m3
Xv

2m4
h

∫ (mX−mX′ )2

4m2
S

|MXX′(q
2)|2
√

(E∗2)2−m2
S

√
(E∗3)2−|m2

X′dq
2,

(G.8)

where q2 is the squared invariant mass of two scalars, and

E∗2 =

√
q2

2
, E∗3 =

m2
X − q2 −m2

X′

2
√
q2

(G.9)
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H Decays of a scalar

H.1 Decay into leptons and photons

The decay width of the S particle into leptons pair simply follows from the Lagrangian (1.1)

and reads

Γ(S → l+l−) =
θ2y2

fmS

8π
β3
l , (H.1)

where βl =
(

1− 4m2
l

m2
S

)1/2
. The decay width into photons is

Γ(S → γγ) = |Fγ(mS)|2
(
αEM

8π

)2 θ2m3
S

8πv2
, (H.2)

Where Fγ is given by eq. (A.2).

H.2 Decays into quarks and gluons

The decay width into quarks in leading order in αs can be obtained directly from the

Lagrangian (1.1); the QCD corrections were obtained in [93]. In order to take into account

the quark hadronization, we follow [12, 32, 94] and use the mass of the lightest hadron mMq

containing quark q instead of the quark mass mq in the kinematical factors. The result is

Γ(S → q̄q) = Nc

θ2mSm
2
q(mS)

8πv2

(
1−

4m2
Mq

m2
S

)3/2 (
1 + ∆QCD + ∆t

)
, (H.3)

where Mq = K for the s quark and D for c quark, the factor Nc = 3 stays for the number

of the QCD colors,

∆QCD = 5.67
αs(mS)

π
+ (35.94− 1.36Nf )

(
αs(mS)

π

)2

+ (164.14− 25.77Nf + 0.259N2
f )

(
αs(mS)

π

)3

, (H.4)

∆t =

(
αs(mS)

π

)2
(

1.57− 2

3
log

m2
S

m2
t

+
1

9
log2

m2
q(mS)

m2
S

)
, (H.5)

and the running mass [93] mq(mS) is given by

mq(mS) = mq(Q)
c(αs(mS)/π)

c(αs(Q)/π)
, (H.6)

with the coefficient c, which is equal to

c(x) =

(
9

2
x

)4/9

(1 + 0.895x+ 1.371x2 + 1.952x3), for ms < mS < mc, (H.7)

c(x) =

(
25

6
x

)12/25

(1 + 1.014x+ 1.389x2 + 1.091x3), for mc < mS < mb, (H.8)

c(x) =

(
23

6
x

)12/23

(1 + 1.175x+ 1.501x2 + 0.1725x3), for mb < mS < mt. (H.9)

We use the MS-mass at Q = 2 GeV scale [95]: mc = 1.23 GeV and ms = 0.0924 GeV.
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For decays into gluons, using the effective couplings (C.1), summing over all gluon

species (which gives a factor of 8) and including QCD corrections, we obtain [93]

Γ(S → GG) = |FG(mS)|2
(
αs
4π

)2 θ2m3
S

8πv2

(
1 +

m2
t

8v2π2

)
, (H.10)

Where FG is given by eq. (A.2).

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] C. Bird, P. Jackson, R.V. Kowalewski and M. Pospelov, Search for dark matter in b→ s

transitions with missing energy, Phys. Rev. Lett. 93 (2004) 201803 [hep-ph/0401195]

[INSPIRE].

[2] M. Pospelov, A. Ritz and M.B. Voloshin, Secluded WIMP dark matter, Phys. Lett. B 662

(2008) 53 [arXiv:0711.4866] [INSPIRE].

[3] G. Krnjaic, Probing light thermal dark-matter with a Higgs portal mediator, Phys. Rev. D 94

(2016) 073009 [arXiv:1512.04119] [INSPIRE].

[4] M. Shaposhnikov and I. Tkachev, The νMSM, inflation and dark matter, Phys. Lett. B 639

(2006) 414 [hep-ph/0604236] [INSPIRE].

[5] F. Bezrukov and D. Gorbunov, Light inflaton hunter’s guide, JHEP 05 (2010) 010

[arXiv:0912.0390] [INSPIRE].

[6] F. Bezrukov and D. Gorbunov, Light inflaton after LHC8 and WMAP9 results, JHEP 07

(2013) 140 [arXiv:1303.4395] [INSPIRE].

[7] K. Schmidt-Hoberg, F. Staub and M.W. Winkler, Constraints on light mediators:

confronting dark matter searches with B physics, Phys. Lett. B 727 (2013) 506

[arXiv:1310.6752] [INSPIRE].

[8] J.D. Clarke, R. Foot and R.R. Volkas, Phenomenology of a very light scalar (100 MeV

< mh < 10 GeV) mixing with the SM Higgs, JHEP 02 (2014) 123 [arXiv:1310.8042]

[INSPIRE].

[9] CMS collaboration, Search for invisible decays of a Higgs boson produced through vector

boson fusion in proton-proton collisions at
√
s = 13 TeV, Phys. Lett. B 793 (2019) 520

[arXiv:1809.05937] [INSPIRE].

[10] ATLAS collaboration, Search for invisible decays of a Higgs boson using vector-boson fusion

in pp collisions at
√
s = 8 TeV with the ATLAS detector, JHEP 01 (2016) 172

[arXiv:1508.07869] [INSPIRE].

[11] ATLAS collaboration, Search for invisible Higgs boson decays in vector boson fusion at√
s = 13 TeV with the ATLAS detector, Phys. Lett. B 793 (2019) 499 [arXiv:1809.06682]

[INSPIRE].

[12] S. Alekhin et al., A facility to search for hidden particles at the CERN SPS: the SHiP

physics case, Rept. Prog. Phys. 79 (2016) 124201 [arXiv:1504.04855] [INSPIRE].

– 38 –



84

J
H
E
P
1
1
(
2
0
1
9
)
1
6
2

[13] SHiP collaboration, A facility to search for hidden particles (SHiP) at the CERN SPS,

arXiv:1504.04956 [INSPIRE].

[14] SHiP collaboration, Sensitivity of the SHiP experiment to Heavy Neutral Leptons, JHEP 04

(2019) 077 [arXiv:1811.00930] [INSPIRE].

[15] V.V. Gligorov, S. Knapen, M. Papucci and D.J. Robinson, Searching for long-lived particles:

a compact detector for exotics at LHCb, Phys. Rev. D 97 (2018) 015023 [arXiv:1708.09395]

[INSPIRE].

[16] D. Curtin et al., Long-lived particles at the energy frontier: the MATHUSLA physics case,

Rept. Prog. Phys. 82 (2019) 116201 [arXiv:1806.07396] [INSPIRE].

[17] J.P. Chou, D. Curtin and H.J. Lubatti, New detectors to explore the lifetime frontier, Phys.

Lett. B 767 (2017) 29 [arXiv:1606.06298] [INSPIRE].

[18] D. Curtin and M.E. Peskin, Analysis of long lived particle decays with the MATHUSLA

detector, Phys. Rev. D 97 (2018) 015006 [arXiv:1705.06327] [INSPIRE].

[19] J.A. Evans, Detecting hidden particles with MATHUSLA, Phys. Rev. D 97 (2018) 055046

[arXiv:1708.08503] [INSPIRE].

[20] J.C. Helo, M. Hirsch and Z.S. Wang, Heavy neutral fermions at the high-luminosity LHC,

JHEP 07 (2018) 056 [arXiv:1803.02212] [INSPIRE].

[21] MATHUSLA collaboration, MATHUSLA: a detector proposal to explore the lifetime frontier

at the HL-LHC, arXiv:1901.04040 [INSPIRE].

[22] J.L. Feng, I. Galon, F. Kling and S. Trojanowski, ForwArd Search ExpeRiment at the LHC,

Phys. Rev. D 97 (2018) 035001 [arXiv:1708.09389] [INSPIRE].

[23] J.L. Feng, I. Galon, F. Kling and S. Trojanowski, Dark Higgs bosons at the ForwArd Search

ExpeRiment, Phys. Rev. D 97 (2018) 055034 [arXiv:1710.09387] [INSPIRE].

[24] F. Kling and S. Trojanowski, Heavy neutral leptons at FASER, Phys. Rev. D 97 (2018)

095016 [arXiv:1801.08947] [INSPIRE].

[25] A. Berlin, S. Gori, P. Schuster and N. Toro, Dark sectors at the Fermilab SeaQuest

Experiment, Phys. Rev. D 98 (2018) 035011 [arXiv:1804.00661] [INSPIRE].

[26] SHiP collaboration, Prospects of the SHiP and NA62 experiments at CERN for hidden

sector searches, PoS NuFact2017 (2017) 139 [arXiv:1712.01768] [INSPIRE].

[27] NA62 collaboration, Search for heavy neutral lepton production in K+ decays, Phys. Lett. B

778 (2018) 137 [arXiv:1712.00297] [INSPIRE].

[28] M. Drewes, J. Hajer, J. Klaric and G. Lanfranchi, NA62 sensitivity to heavy neutral leptons

in the low scale seesaw model, JHEP 07 (2018) 105 [arXiv:1801.04207] [INSPIRE].

[29] LBNE collaboration, The long-baseline neutrino experiment: exploring fundamental

symmetries of the universe, in the proceedings of the Snowmass 2013: Workshop on Energy

Frontier, June 30–July 3, Seattle, U.S.A. (2013), arXiv:1307.7335.

[30] F. Bezrukov, D. Gorbunov and I. Timiryasov, Uncertainties of hadronic scalar decay

calculations, arXiv:1812.08088 [INSPIRE].

[31] B. Batell, M. Pospelov and A. Ritz, Multi-lepton signatures of a hidden sector in rare B

decays, Phys. Rev. D 83 (2011) 054005 [arXiv:0911.4938] [INSPIRE].

– 39 –



85

J
H
E
P
1
1
(
2
0
1
9
)
1
6
2

[32] M.W. Winkler, Decay and detection of a light scalar boson mixing with the Higgs boson,

Phys. Rev. D 99 (2019) 015018 [arXiv:1809.01876] [INSPIRE].

[33] A. Monin, A. Boyarsky and O. Ruchayskiy, Hadronic decays of a light Higgs-like scalar,

Phys. Rev. D 99 (2019) 015019 [arXiv:1806.07759] [INSPIRE].

[34] M.B. Voloshin, Once again about the role of gluonic mechanism in interaction of light Higgs

boson with hadrons, Sov. J. Nucl. Phys. 44 (1986) 478 [INSPIRE].

[35] S. Raby and G.B. West, The branching ratio for a light Higgs to decay into µ+µ− pairs,

Phys. Rev. D 38 (1988) 3488 [INSPIRE].

[36] T.N. Truong and R.S. Willey, Branching ratios for decays of light Higgs bosons, Phys. Rev.

D 40 (1989) 3635 [INSPIRE].

[37] J.F. Donoghue, J. Gasser and H. Leutwyler, The decay of a light Higgs boson, Nucl. Phys. B

343 (1990) 341 [INSPIRE].

[38] R.S. Willey and H.L. Yu, The decays K± → π±`+`− and limits on the mass of the neutral

Higgs boson, Phys. Rev. D 26 (1982) 3287 [INSPIRE].

[39] R.S. Willey, Limits on light Higgs bosons from the decays K± → π±`−`+, Phys. Lett. B 173

(1986) 480 [INSPIRE].

[40] B. Grzadkowski and P. Krawczyk, Higgs particle effects in flavor changing transitions, Z.

Phys. C 18 (1983) 43 [INSPIRE].

[41] H. Leutwyler and M.A. Shifman, Light Higgs particle in decays of K and η mesons, Nucl.

Phys. B 343 (1990) 369 [INSPIRE].

[42] H.E. Haber, A.S. Schwarz and A.E. Snyder, Hunting the Higgs in B Decays, Nucl. Phys. B

294 (1987) 301 [INSPIRE].

[43] R.S. Chivukula and A.V. Manohar, LImits on a light Higgs boson, Phys. Lett. B 207 (1988)

86 [Erratum ibid. B 217 (1989) 568] [INSPIRE].

[44] Particle Data Group collaboration, Review of Particle Physics, Phys. Rev. D 98 (2018)

030001 [INSPIRE].

[45] J. Carvalho, Compilation of cross sections for proton nucleus interactions at the HERA

energy, Nucl. Phys. A 725 (2003) 269 [INSPIRE].

[46] C. Lourenco and H.K. Wohri, Heavy flavour hadro-production from fixed-target to collider

energies, Phys. Rept. 433 (2006) 127 [hep-ph/0609101] [INSPIRE].

[47] SHiP collaboration, Heavy flavour cascade production in a beam dump,

CERN-SHiP-NOTE-2015-009 (2015).

[48] M. Cacciari, M. Greco and P. Nason, The pT spectrum in heavy flavor hadroproduction,

JHEP 05 (1998) 007 [hep-ph/9803400] [INSPIRE].

[49] P. Ball and R. Zwicky, Bd,s → ρ, ω,K∗, φ decay form-factors from light-cone sum rules

revisited, Phys. Rev. D 71 (2005) 014029 [hep-ph/0412079] [INSPIRE].

[50] P. Ball and R. Zwicky, New results on B → π,K, η decay formfactors from light-cone sum

rules, Phys. Rev. D 71 (2005) 014015 [hep-ph/0406232] [INSPIRE].

[51] H.-Y. Cheng and K.-C. Yang, Charmless hadronic B decays into a tensor meson, Phys. Rev.

D 83 (2011) 034001 [arXiv:1010.3309] [INSPIRE].

– 40 –



86

J
H
E
P
1
1
(
2
0
1
9
)
1
6
2

[52] Y.-J. Sun, Z.-H. Li and T. Huang, B(s) → S transitions in the light cone sum rules with the

chiral current, Phys. Rev. D 83 (2011) 025024 [arXiv:1011.3901] [INSPIRE].

[53] C.-D. Lu and W. Wang, Analysis of B → K∗J(→ Kπ)µ+µ− in the higher kaon resonance

region, Phys. Rev. D 85 (2012) 034014 [arXiv:1111.1513] [INSPIRE].

[54] A. Denner et al., Standard model Higgs-boson branching ratios with uncertainties, Eur. Phys.

J. C 71 (2011) 1753 [arXiv:1107.5909] [INSPIRE].

[55] LHC Higgs Cross Section Working Group collaboration, Handbook of LHC Higgs

Cross Sections: 3. Higgs Properties, arXiv:1307.1347 [INSPIRE].

[56] C. Bird, R.V. Kowalewski and M. Pospelov, Dark matter pair-production in b→ s

transitions, Mod. Phys. Lett. A 21 (2006) 457 [hep-ph/0601090] [INSPIRE].

[57] C.S. Kim, S.C. Park, K. Wang and G. Zhu, Invisible Higgs decay with B → Kνν̄ constraint,

Phys. Rev. D 81 (2010) 054004 [arXiv:0910.4291] [INSPIRE].

[58] X.-G. He, S.-Y. Ho, J. Tandean and H.-C. Tsai, Scalar dark matter and standard model with

four generations, Phys. Rev. D 82 (2010) 035016 [arXiv:1004.3464] [INSPIRE].

[59] A. Badin and A.A. Petrov, Searching for light dark matter in heavy meson decays, Phys. Rev.

D 82 (2010) 034005 [arXiv:1005.1277] [INSPIRE].

[60] B. Moussallam, N(f) dependence of the quark condensate from a chiral sum rule, Eur. Phys.

J. C 14 (2000) 111 [hep-ph/9909292] [INSPIRE].

[61] M. Spira, Higgs boson production and decay at hadron colliders, Prog. Part. Nucl. Phys. 95

(2017) 98 [arXiv:1612.07651] [INSPIRE].

[62] ATLAS, CMS collaboration, Measurements of the Higgs boson production and decay rates

and constraints on its couplings from a combined ATLAS and CMS analysis of the LHC pp

collision data at
√
s = 7 and 8 TeV, JHEP 08 (2016) 045 [arXiv:1606.02266] [INSPIRE].

[63] A.I. Vainshtein, V.I. Zakharov and M.A. Shifman, A possible mechanism for the ∆T = 1/2

rule in nonleptonic decays of strange particles, JETP Lett. 22 (1975) 55 [INSPIRE].

[64] E. Witten, Heavy quark contributions to deep inelastic scattering, Nucl. Phys. B 104 (1976)

445 [INSPIRE].

[65] M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Remarks on Higgs boson interactions with

nucleons, Phys. Lett. B 78 (1978) 443.

[66] H.-Y. Cheng, Low-energy interactions of scalar and pseudoscalar Higgs bosons with baryons,

Phys. Lett. B 219 (1989) 347 [INSPIRE].

[67] H.-Y. Cheng and C.-W. Chiang, Revisiting scalar and pseudoscalar couplings with nucleons,

JHEP 07 (2012) 009 [arXiv:1202.1292] [INSPIRE].

[68] S. Dawson, Higgs boson production in semileptonic K and π decays, Phys. Lett. B 222

(1989) 143 [INSPIRE].

[69] H.-Y. Cheng and H.-L. Yu, Are there really no experimental limits on a light Higgs boson

from kaon decay?, Phys. Rev. D 40 (1989) 2980 [INSPIRE].

[70] A. Buckley et al., LHAPDF6: parton density access in the LHC precision era, Eur. Phys. J.

C 75 (2015) 132 [arXiv:1412.7420] [INSPIRE].

[71] H.-L. Lai et al., New parton distributions for collider physics, Phys. Rev. D 82 (2010) 074024

[arXiv:1007.2241] [INSPIRE].

– 41 –



87

J
H
E
P
1
1
(
2
0
1
9
)
1
6
2

[72] G. Altarelli and G. Parisi, Asymptotic freedom in parton language, Nucl. Phys. B 126 (1977)

298 [INSPIRE].
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1. Introduction

Despite all the successes of the standard model (SM), see e.g. [1], there are some phenomena
that cannot be solved within the SM. These include baryon asymmetry of the Universe (see
e.g. [2–4]), dark matter (see e.g. [5–7]), and neutrino oscillations (see e.g. [8–10]). In addition
to these well-established phenomena, it should be noted that there is a number of observed
parameters that are difficult to explain. For example, the strong CP problem (as to why the
degree of CP violation in the QCD is unobservably small, see e.g. [11, 12]), the Higgs hierarchy
problem (as to why quantum corrections to the Higgs mass cancel well, see e.g. [13, 14]),
stability of the SM vacuum (top quark Yukawa coupling and the Higgs mass are very close to
its critical value, see e.g. [15, 16]), the cosmological constant and dark energy (as to why the
cosmological constant is so small, see e.g. [17]). Therefore, one can conclude that the SM is
an incomplete theory and it requires an extension. Moreover, the existence of ‘hidden’ sectors
with particles of new physics seems plausible.

Many of the aforementioned phenomena can be explained by an extension of the SM by
beyond standard model (BSM) particles. The values of their masses can be in very different
ranges. For example, small neutrino masses, dark matter, and baryon asymmetry of the Uni-
verse can be explained by new particles with masses from the sub-eV scale up to the GUT
scale, see e.g. [9, 18]. The fact that we do not observe BSM particles in accelerator experi-
ments has two possible explanations. Either these particles are too massive to be produced at
modern accelerators like the LHC, or they feebly interact with SM particles. If BSM particles
are heavy enough, then to search for them we need more powerful, more expensive accelerators
and energy frontier experiments, see e.g. [19, 20]. But the case of light but feebly interacting
BSM particles is very topical for the experimental search for new physics right now. To search
for them, we need intensity frontier experiments with high-intensity particle beams and large
detectors, see e.g. [21, 22]. Several such intensity frontier experiments have been proposed in
recent years: MATHUSLA [23], FACET [24], FASER [25, 26], SHiP [27, 28], NA62 [29–31],
DUNE [32, 33], etc.

Searching for new physics, one should keep in mind that among the hidden particles there
must be particles that solve the above-mentioned SM problems. However, the hidden sector
may also contain particles that are not directly related to the solution of an SM problem. That
is why it is important to look for manifestations of new physics particles at all accessible energy
scales. In this work we will be interested in GeV-scale feebly interacting new particles.

The properties of the new light particles are not yet known. They can be scalars (e.g.
[34–36]), pseudoscalars (axion-like particles), see e.g. [37–40], vectors (e.g. [41–43]), or
fermions (e.g. [44–47]). Each of these options requires thorough study. Discussion of their
possible interactions with SM particles (portals) and the available experimental constraints are
given e.g. in reviews [23, 28].

In this paper, we will be interested in consideration of the Chern–Simons (CS) portal, which,
in our opinion, has received insufficient attention especially concerning experimental search
for the CS particles. In this portal a new vector particle Xμ couples with the SM gauge fields
by the so-called effective CS interaction in the form of four-dimension operators [48]:

LCS = czε
μνλρXμZν∂λZρ + cγε

μνλρXμZν∂λAρ

+
{

cwεμνλρXμW−
ν ∂λW+

ρ + h.c.
}

, (1)

where Aμ is the electromagnetic field; W±
μ and Zμ are fields of the weak interaction; εμνλρ

is the Levi-Civita symbol (ε0123 = +1) and cz, cγ , cw are some dimensionless independent

2
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coefficients. Coefficients cz and cγ are real, but cw can be complex. As one can see, there is no
direct interaction of the CS vector boson Xμ with fields of the matter. It should be noted that
Lagrangian (1) does not contain term εμνλρXμAν∂λAρ which is not gauge invariant with respect
to the electromagnetic U(1) group.

The interest in the CS model is due to the fact that the CS interaction is derived by an
anomaly cancellation. This way is theoretically attractive because the contribution of extremely
heavy fermions (not available for direct search at accelerators) to anomaly cancellation remains
unsuppressed at low energies [49, 50]. These heavy fermions can act as mediators and induce
observable interaction of the SM particles with new light vector particles from the ‘hidden’
sector. A detailed explanation of the origin of the CS interactions (1), including using of a toy
UV model, can be found in [48]. The CS interactions appear in various theoretical models,
including extra dimensions and the string theory, see [51–60]. In addition to the need to study
the CS theory as one of the possible extensions of the SM, the presence of the Levi-Civita
symbol indicates the possible effects of violation of CP invariance in the CS theory, and perhaps
the CS boson will be useful in solving some of the SM problems. On the other hand, if the
CS boson is discovered, this will unequivocally indicate the presence of new physics at high
energy scales. It is important to note that the CS boson was included in the proposal of the
SHiP experiment [28].

In order to start looking for the CS boson in experiments, one needs to know the main chan-
nels of the CS boson production and decay. In this paper we will consider only the production
of GeV-scale CS bosons. We will limit ourselves only to the case of the CS boson production
in the decays of different types of mesons. To do this, we will consider loop interaction of
the CS boson with the SM fermions and construct the effective Lagrangian of the CS bosons
interaction with two different quarks. This will allow us to find more effective channels for the
production of CS bosons and bring us closer to the experimental search for CS bosons.

The paper is organized as follows: in section 2 we discuss theoretical aspects of the CS
model. In section 3 we obtain the effective Lagrangian of the CS boson interaction with differ-
ent quarks; in section 4 we consider the CS boson production in mesons decays. The summary
and final discussion are given in section 5. Necessary technical clarifications and details about
form-factors used are given in appendices.

2. Chern–Simons model

The simplest case of the SM extension with non-trivial anomaly cancellation that involves
the electromagnetic UEM(1) gauge group requires small parameters of the photon mass or
millicharge of new particles, see [61–64]. These parameters are strongly restricted, see e.g.
[65–68], and suppress any visible effects. We get a similar situation when considering non-
trivial anomaly cancellation in the electroweak sector of the SM. The small parameter, in this
case, is the sum of the electric charges of the electron and the proton, which is also limited to
a very small value [69, 70].

To avoid the need to deal with very small parameters of the models that suppress any visible
effects it is interesting to consider extension of the SM by an additional gauge group, see e.g.
[71] and references therein. In particular, Lagrangian (1) can be obtained in UX(1) gauge field
extension of the SM to the general theory with SUC(3) × SUW(2) × UY(1) × UX(1) symmetry.
One should also add to the theory heavy new chiral fermions that interact both with the gauge
field of UX(1) and with the SM gauge fields. Herewith the SM fermions are not charged with
respect to the UX(1) group [64].

Lagrangian (1) has UEM(1) gauge invariance, but unfortunately we need at least six-
dimension operators [28, 48] to restore UY(1) × SUW(2) invariance:

3
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L1 =
CY

Λ2
Y

· Xμ(DνH)†HBλρ · εμνλρ + h.c., (2)

L2 =
CSU(2)

Λ2
SU(2)

· Xμ(DνH)†FλρH · εμνλρ + h.c., (3)

where ΛY, ΛSU(2) are new scales of the theory; CY, CSU(2) are new dimensionless
coupling constants; H—scalar field of the Higgs doublet; Bμν = ∂μBν − ∂νBμ, Fμν =

−ig
∑3

i=1
τ i

2 Vi
μν —field strength tensors of the UY(1) and SUW(2) gauge fields.

It is convenient to rewrite the coefficients before operators of dimension-6 as CY/Λ2
Y =

C1/v2 and CSU(2)/Λ2
SU(2) = C2/v2, where C1 = c1 + ic1i and C2 = c2 + ic2i are dimensionless

coefficients, v is the vacuum expectation value of the Higgs field. In this case Lagrangians
(2) and (3) after the electroweak symmetry breaking generate Lagrangian of three fields
interactions (1) with coefficients in unitary gauge:

cz = −c1ig
′ +

c2

2
g2, (4)

cγ = c1ig +
c2

2
gg′, (5)

cw =
c2 + ic2i

2
g2 ≡ ΘW1 + iΘW2. (6)

In [28] it was pointed out that from dimension-6 operators (2) and (3) follows cz/cγ =
tan θW. However, we see from relations (4)–(6) that ratio cz/cγ depends on two unknown
parameters c1i and c2. It is evident that the ratio of these quantities has a simple form only
in the particular case when the real part of the parameter C2 is zero (cz/cγ = −tan θW), or
the imaginary part of the parameter C1 is zero (cz/cγ = cot θW). As one can see, relations
(4)–(6) allow us to write a relation between the real part of parameter C2 and cz, cγ that gives
ΘW1 = cos2 θW(cz + tan θWcγ). It is also interesting that the real part of parameter C1 (param-
eter c1) is not included into (4)–(6) and the imaginary part of parameter C2 (parameter ΘW2)
is an independent parameter.

It should be noted that relations (4)–(6) and corresponding conclusions are valid only in
the assumptions that the CS theory is derived only by dimension-6 operators (2) and (3). But
it may turn out that the main or a significant contribution to Lagrangian (1) comes from higher
dimension operators. So, following [28], below we will consider cz, cγ , cw as independent
dimensionless parameters.

3. Effective interaction of the CS boson with different quarks

Lagrangian (1) gives diagrams of the CS boson loop interactions with two SM fermions pre-
sented in figure 1. Since we want to consider the CS boson production in decays of mesons we
only need diagrams (c) and (d), where a heavy initial particle decays in a light particle with the
production of the CS boson. It means we can consider in Lagrangian (1) only the interaction
of the CS boson with W bosons and put cz = cγ = 0 for simplicity.

Certainly, one can present four fermion interaction with the CS boson without loop, see
figure 2, but this interaction will be suppressed by G2

F and, as it will be shown in section 3.3,
can be neglected compared to the loop interaction of the CS boson with two fermions.

4



94J. Phys. G: Nucl. Part. Phys. 49 (2022) 085003 Y Borysenkova et al

Figure 1. CS boson loop interactions with two fermions of the SM.

Figure 2. Interaction of the CS boson with four fermions.

3.1. Interaction of the CS boson with two different down-type quarks

Computation of the loop diagram for the interaction of the CS boson with down-type quarks
gives us, see figure A1 and appendix A, the following amplitude of the heavy down-type quark
(dn) decay into light down-type quark (dm) and the CS boson in the unitary gauge:

M fi = −i
g2

2

∑

i=u,c,t

V+
dmiVidn dm(p′)Yμ

(i)dn(p)ε∗λX
μ , (7)

where Yμ
(i) has a rather cumbersome form

5
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Yμ
(i) = Λ̂0

{
2(x + y − 1) {ΘW1(2y − 1) − iΘW2} − 2y {ΘW1(1 − 2x − 2y)

+ iΘW2} − x
M2

W

[
c∗
w

{
(2x + 2y − 1)m2 + ym′2 − 3y(pp′)

}

+ 2ΘW1

{
(x + y)2m2 + y2m′2 − 2y(x + y)(pp′)

}

+ 2iΘW2
{

(x + y)m2 − 2y(pp′)
}] }

p′
λγρ pν P̂Lε

μνλρ

+ Λ̂0m′y {ΘW1((1 − 2x − 2y)p + (2y − 1)p′)λ

+ iΘW2(p − p′)λ} γργν P̂Lε
μνλρ

+ Λ̂1

{
−iΘW1γργλγν − p′

λγρ pν

M2
W

[−ΘW2

+ iΘW1(1 + 6x)]

}
P̂Lε

μνλρ

+ Λ̂0

{
− (x + y − 1)m {ΘW1[(1 − 2x − 2y)p + (2y − 1)p′]λ

+ iΘW2(p − p′)λ} γργν +
xmm′

M2
W

[ΘW1(1 − x)

+ iΘW2(2y + x − 1)] p′
λγρpν

}
P̂Rεμνλρ

− Λ̂1
m

2M2
W

icw(p − p′)λγργν P̂Rεμνλρ, (8)

integral operators Λ̂0(1) are defined as

Λ̂0 = i
π2

(2π)4

∫ 1

0
dx

∫ 1−x

0
dy

1
D(mi)

, (9)

Λ̂1 = − π2

(2π)4

∫ 1

0
dx

∫ 1−x

0
dy ln

Λ2x
D(mi)

, (10)

here

D(mi) = xm2
i + (1 − x)M2

W + xy(M2
X + m2 − m′ 2) − x(1 − x)m2 − y(1 − y)M2

X, (11)

P̂R(L)—projection operators on the right(left)-handed chirality states, p is the four-momentum
and m is the mass of the initial down-type quark (dn), p′ is the four-momentum and m′ is the
mass of the final down-type quark (dm), mi is the mass of the virtual up-type ui quark, MW and
MX are the masses of the W and CS vector bosons, Λ is the regularization parameter that should
be set to infinity.

The divergent part of Yμ
(i) is hidden in the operator Λ̂1 (10). We can extract in this operator

singular and finite parts:

Λ̂1 = Λ̂sing
1 + Λ̂fin

1 = − π2

(2π)4

∫ 1

0
dx

∫ 1−x

0
dy

{
ln

Λ2x
μ2

− ln
D(mi)

μ2

}
, (12)

6
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where μ is some parameter with the dimension of mass. It should be noted that operator Λsing
1

does not depend on the mass of the virtual quark in the loop (mi) and it acts on an expression
that does not depend on mi too. So, after summation over the all virtual quarks in (7) we get a
term proportional to

∑

i=u,c,t

V+
dmiVidn ln

Λ2x
M2

W

= (V+V)dmdn ln
Λ2x
M2

W

= 0, m �= n,

due to the unitarity of the CKM-matrix in the SM. So, in the expression (8) we can replace
operator Λ̂1 by finite operator Λ̂fin

1

Λ̂fin
1 =

π2

(2π)4

∫ 1

0
dx

∫ 1−x

0
dy ln

D(mi)
μ2

. (13)

With the help of the unitary condition for the CKM-matrix, it is not difficult to show that the
amplitude of the process does not depend on the value of the parameter μ, see appendix A. In
the following, we will put μ = MW for the convenience of computations. It should be noted
that the established fact of the divergent part of the CS boson loop interaction with quarks of
two different flavors being zero (as a consequence of the CKM matrix unitarity in the SM) is
consistent with the results of [59, 60].

An explicit form of the Yμ
(i) can be obtained after applying the operators Λ̂0, Λ̂fin

1 and per-
forming summation over the virtual up-type quarks in (8), see appendix B. The amplitude of a
heavy down-type quark (dn) (with mass m and four-momentum p) decay into a light down-type
quark (dm) (with mass m′ and four-momentum p′) and the CS boson in the unitary gauge (7) is
convenient to present in the form

M fi = −i
g2

32π2

m2
t

M2
W

V+
dmtVtdndm(p′)Jμ,d(p, p′)dn(p)ε∗λX

μ , (14)

where mt is mass of the top quark and

Jμ =

(
ad

LP̂Rγργλγν P̂L + bd
L

p′
λ pν

M2
W

P̂RγρP̂L + cd
L

m′ p′
λ

M2
W

P̂Lγργν P̂L

+ dd
L

m′ pλ

M2
W

P̂Lγργν P̂L + bd
R

mm′

M2
W

p′
λ pν

M2
W

P̂LγρP̂R

+ cd
R

mp′
λ

M2
W

P̂Rγργν P̂R + dd
R

mpλ

M2
W

P̂Rγργν P̂R

)
εμνλρ. (15)

Coefficients in (15) in the first approximation can be considered independent of the masses
of down-type quarks. They can be computed numerically, but we also managed to find the ana-
lytical expression for these coefficients with less than 1% difference from their values obtained
numerically, see appendix B. The values of the coefficients are given in table 1. Coefficients
at ΘW1 are imaginary with sufficient accuracy, but coefficients at ΘW2 are real. Taking into
account that near the coefficients bd

L,R, cd
L,R, dd

L,R there are suppressing factors, one can see that
the main contribution to (15) comes from the term ad

L (if ΘW1 �= 0). It should be noted that coef-
ficient ad

L depends only on one parameter (ΘW1) unlike almost all other coefficients depending
on both parameters: ΘW1 and ΘW2.

7
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Table 1. Coefficients in the expression for the amplitude of a heavy quark decay into a
down-type quark and the CS boson in (15). Superscript d stands for the decay of down-
type quark dn → dm + X, superscript up is for the decay of up-type quark c → u + X.

Coeff. Value Coeff. Value ·106

ad
L −0.13iΘW1 aup

L (−0.98 + 1.13i)ΘW1

bd
L −0.61iΘW1 + 0.13ΘW2 bup

L (−6.4 + 7.4i)ΘW1 − (1.1 + 0.98i)ΘW2

cd
L 0.008iΘW1 − 0.033ΘW2 cup

L (0.27–0.31i)ΘW1 + (0.57 + 0.49i)ΘW2

dd
L 0.02iΘW1 + 0.033ΘW2 dup

L (0.38–0.44i)ΘW1 − (0.57 + 0.49i)ΘW2

bd
R −0.028iΘW1 bup

R (−0.64 + 0.75i)ΘW1

cd
R 0.086iΘW1 − 0.098ΘW2 cup

R (0.87 − i)θW1 + (1.1 + 0.98i)ΘW2

dd
R −0.058iΘW1 + 0.098ΘW2 dup

R (−0.23 + 0.25i)ΘW1 − (1.1 + 0.98i)ΘW2

3.2. Interaction of the CS boson with two different up-type quarks

Let us now consider the interaction of the CS boson with up-type quarks. The amplitude of a
heavy up-type quark (un) decay into a light up-type quark (um) and the CS boson in the unitary
gauge is given by

M fi = −i
g2

2

∑

i=d,s,b

V+
ium

Vuni um(p′)Yμ
(i)un(p)ε∗λX

μ , (16)

where Yμ
(i) is defined in (8). However, in this case p is the four-momentum and m is mass of the

initial up-type quark (un), p′ is the four-momentum and m′ is mass of the final up-type quark
(um), mi is mass of the virtual down-type quark (di).

It should be noted that mass of the virtual down-type quark (di) in Yμ
(i) is included only in

function D(mi) (11), but for all virtual down-type quarks mi � MW. So, in the first approxima-
tion function D(mi) can be considered independent of the mass of virtual down-type quark mi

and can be taken as D(mi) = (1 − x)M2
W . It means that Yμ

(i) ≈ Yμ and

∑

i=d,s,b

V+
umiViun Yμ

(i) ≈ Yμ
∑

i=d,s,b

V+
umiViun = 0, m �= n. (17)

Thus, in the first approximation the amplitude of a heavy up-type quark (un) decay into a light
up-type quark (um) and the CS boson is zero. If we perform accurate calculations and present
the amplitude in the form similar to the case of the down-type quarks:

M fi = −i
g2

32π2

m2
t

M2
W

V+
st Vtbum(p′)Jμ,upun(p)ε∗λX

μ , (18)

where Jμ,up has form (15), but with coefficients with superscript up, we get values presented in
the table 1.

3.3. Lagrangian of the effective interaction of the CS boson with two different quarks

After analyzing the data in table 1 one can conclude that the production of CS bosons in decays
of up-type quarks is substantially suppressed in comparison with the production of CS bosons
in decays of down-type quarks.

If parameter ΘW1 is nonzero, then the main contribution for the CS boson production from
down-type quarks comes from the term ad

L = −ia ΘW1, see (15). Using relation

εαμνργμγνγρ = 6iγαγ5, (19)

8
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one can write the effective Lagrangian of the GeV-scale CS boson interaction with different
down-type quarks in the form

LCS
quarks =

∑

m<n

ΘW1
(
Cmn dm γμ P̂L dnXμ + C+

nm dn γμ P̂L dmXμ

)
, (20)

where the summation occurs over the generations of quarks,

Cmn =
3a

2
√

2π2
GFm2

t V+
dmtVtdn (21)

and

|Csb| = 1.97 × 10−4, |Cdb| = 4.43 × 10−5, |Cds| = 1.77 × 10−6. (22)

Interaction of the GeV-scale CS boson with up-type quarks can be neglected. These results are
consistent with the results of [59, 60].

There are two points to pay attention to. First, Lagrangian (20) is valid only for the GeV-
scale CS boson interaction with different quarks. The case of the CS boson interaction with the
same quarks must be considered separately. In the last case, we cannot eliminate divergences
in the loop integral using only the condition of the CKM-matrix unitarity. Second, Lagrangian
(20) is slightly similar to the interaction Lagrangian of quarks with W bosons in the SM. As in
the case of the SM the term dm γμ P̂L dnXμ has no symmetry under the separate action of charge
conjugation (Ĉ) and parity transformation (P̂) operators. But this term will have symmetry
under the simultaneous action of charge conjugation and parity transformation operators

ĈP̂dm γμ P̂L dnXμ = dn γμ P̂L dmXμ, (23)

if we impose a reasonable condition

ĈP̂Xμ = −Xμ. (24)

Thus, having analyzed the effective Lagrangian (20), we come to the conclusion that the CS
boson has no well-defined symmetry under the separate action of charge conjugation (Ĉ)
and parity transformation (P̂) operators, but is even under the simultaneous action of ĈP̂
transformation like Z boson.

As in the case of the interaction Lagrangian of quarks with W bosons in the SM, the effective
Lagrangian (20) will be ĈP̂ invariant only if matrix Cmn is real.

4. The CS boson production in decays of mesons

Since the CS boson interaction with up-type quarks is strongly suppressed, we will consider
only production of CS bosons from mesons containing b or s quarks. Such lightest mesons are
B mesons and K±, K0

S , K0
L mesons.

Dominant reactions of the B meson decay with the CS boson production are two-body
decays into pseudoscalar mesons (K and π mesons); scalar mesons K0∗(700) and K0∗(1430);
vector mesons K∗(892), K∗(1410), K∗(1680); pseudovector mesons K1(1270) and K1(1400);
tensor final meson state K2(1430).

For the initial kaons states, the only possible two-body decay with the CS boson production
is the process

K → π + X. (25)

9
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There are three types of kaons—K±, K0
L, K0

S . Although the decay width for each of them is
given by the same loop factor (Cd

sd) the branching ratios differ. The first reason is that these
kaons have different decay widths. The second reason is that π0 meson is the CP-odd eigenstate,
K0

S is approximately the CP-even eigenstate, and K0
L is approximately the CP-odd eigenstate.

The CP parity of the final state in the reaction K0
L → π0X is (−1)L(CP)π0(CP)X = +1 (since the

total angular momentum of the initial meson is zero, the final particles must have orbital angular
momentum L = 1). Therefore, the decay width of the reaction K0

L → π0X is proportional to the
CKM CP-violating phase [72, 73].

Branching of the two-body meson decay h → h′ + X is defined as

Br(h → h′X) =
1
Γh

|Mh→h′X|2
8πM2

h

|�k|, (26)

where

|�k| =

√
λ(M2

h , M2
h′ , M2

X)

2Mh
(27)

and λ(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2zx is the Källén function [74].
The amplitude of the decay of a containing dn quark h meson into a containing dm quark h′

meson and the CS boson has form, see (20),

Mh→h′X = Θ1WCmn 〈h′(p′)|d̄mγμP̂Ldn|h(p)〉 ε∗λX
μ , (28)

where the absolute values of Cmn are given by (21). In the case of decay of K0
S , K0

L mesons, one
has to be more careful due to the presence of a certain CP parity in them, namely

MK0
L→π0X = Θ1W Im[Cds] 〈π0(p′) ) |d̄γμP̂Ls|K0

S (p)〉 ε∗λX
μ , (29)

MK0
S→π0X = Θ1W Re[Cds] 〈π0(p′) ) |d̄γμP̂Ls|K0

L(p)〉 ε∗λX
μ , (30)

where Re[Cds] = −1.62 × 10−6 and Im[Cds] = −6.69 × 10−7.
The average over meson states 〈h′(p′) ) |d̄mγμP̂Ldn|h(p)〉 can be obtained with help of

formalism summarized e.g. in [36].
In the rest frame of the initial h meson we have p = (Mh, 0). It decays into the h′ meson and

the CS boson with momentums

p′ = (E′, −�k), pX = (EX,�k), pX = p − p′. (31)

where direction of spatial vector�k is arbitrary, but module |�k| is defined by (27). Let us guide Z-
axis along the spatial momentum of the CS boson, then four-vector of the CS boson polarisation
is defined as

ε(±)
X = (0, 1, ∓i, 0) /

√
2, ε(0)

X =
(
|�k|, 0, 0, EX

)
/MX, (32)

where ε(±)
X corresponds to the spin projection ±1 and ε(0)

X corresponds to zero spin projection
on the momentum direction.

If 〈h′(p′) ) |d̄nγ
μP̂Ldm|h(p)〉 depends only on pμ or p′μ, then only the longitudinal component

of the CS boson polarisation gives contribution into the amplitude of the reaction because
ε(±)

X p = ε(±)
X p′ = 0. It will be useful to write also

10
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Table 2. Properties of the main production channels of the CS boson from kaons and B
mesons. First column: decay channels; second column: type of final mesons; third col-
umn: branching ratios of two-body meson decays evaluated at mX → 0 and normalized
by θ2

W1. For B mesons the numerical values are given for B± mesons; in the case of B0

meson all the given branching ratios should be multiplied by a factor of 0.93 that comes
from the difference in total decay widths of B± and B0 mesons [70]; fourth column: clos-
ing mass, i.e. the difference between the masses of the initial and the final mesons; fifth
column: a reference to the appendix with details about form-factors used.

Process Final meson limmX→0
( mX

1 GeV

)2 Br(mX )
θ2

W1
Closing mass (GeV) Appendix

K± → Xπ± Pseudo scalar 2.49 × 101 0.35 Appendix C.1
K0

L → Xπ0 Pseudo scalar 1.56 × 101 0.36 Appendix C.1
K0

S → Xπ0 Pseudo scalar 1.61 × 10−1 0.36 Appendix C.1
B± → Xπ± Pseudo scalar 2.37 × 102 5.14 Appendix C.1
B± → XK± Pseudo scalar 7.73 × 103 4.79 Appendix C.1
B± → XK∗,±

0 (700) Scalar 1.43 × 104 4.46 Appendix C.2
B± → XK∗,±(892) Vector 9.14 × 103 4.39 Appendix C.3.1
B± → XK±

1 (1270) Pseudo vector 1.72 × 104 4.01 Appendix C.3.2
B± → XK±

1 (1400) Pseudo vector 2.34 × 102 3.88 Appendix C.3.2
B± → XK∗,±(1410) Vector 3.99 × 103 3.86 Appendix C.3.1
B± → XK∗,±

0 (1430) Scalar 1.85 × 103 3.85 Appendix C.2
B± → XK∗,±

2 (1430) Tensor 6.03 × 103 3.85 Appendix C.4
B± → XK∗,±(1680) Vector 2.53 × 103 3.56 Appendix C.3.1

Figure 3. Dependence of the branching Br = θ−2
W1

( mX
1 GeV

)2
Br(h → h′X) of reactions of

the CS boson production on the CS boson mass: (a)—reaction of the CS boson pro-
duction in two-body decays of charged K mesons and neutral K0

L, K0
S mesons (values of

the branching for the reaction K0
S → π0 + X are multiplied by 102); (b)—reaction of the

CS boson production in two-body decays of charged B mesons (contributions over the
(pseudo)scalar, (pseudo)vector and tensor channels of the B meson decays are summed
up).

ε(0)
X p = ε(0)

X p′ = |�k| Mh

MX
, ε(0)

X pX = 0. (33)

Results for the branchings for the corresponding reactions are presented in table 2, where for
the decays of the B mesons we took into account only the lightest final excited K meson states
from its scalar, pseudoscalar, vector, pseudovector and tensor states. The branching dependen-
cies on the CS boson mass for decays of charged K mesons and neutral K0

L, K0
S mesons are

shown in figure 3(a). The branching dependencies on the CS boson mass for decays of charged
B mesons are shown in figure 3(b), where, for clarity, we have summed up the contributions

11
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over the (pseudo)scalar, (pseudo)vector and tensor channels. Because of the inverse quadratic
divergence of the amplitude of meson decay at small masses of the CS boson (it originates
from its longitudinal component), values of the reaction branchings are presented for quantity
limmX→0

(
mX

1 GeV

)2 Br(mX )
θ2

W1
. Main contribution to the uncertainties in the presents results follows

from uncertainties in meson transition form-factors. Our results are consistent with the results
of [60], where some of the reactions we considered had been calculated.

5. Summary

The goal of our study was to describe the production of the new GeV-scale vector particle Xμ

(CS boson) in the decays of mesons starting from the effective interaction of this boson with
electroweak gauge bosons (1).

We consider the loop interaction of the CS boson with quarks of different flavors through
W bosons. In this case, see figures 1(c) and (d), we have the CS boson interaction with two
down-type or two up-type quarks. We have shown that the divergent terms in the calculation
of loop diagrams are automatically canceled out due to the unitarity of the CKM matrix, see
appendix A. Unfortunately, this result is valid only for the CS boson interaction with quarks of
different flavors. The case of the interaction of the CS boson with two identical quarks or with
leptons requires a separate, more accurate consideration and some renormalization scheme,
which is the subject of further research.

We have shown that the interaction of the CS boson with up-type quarks is sufficiently
suppressed compared with down-type quarks. This is due to the fact that when the up-type
quarks interact with the CS boson, the masses of the virtual down-type quarks in the loop
are small compared to the W boson mass. As a result, in the first approximation, there is no
dependence of the loop terms on the mass of virtual down-type quarks and interaction of up-
type quarks is suppressed by the condition of the unitarity of the CKM matrix.

We construct the effective Lagrangian of the CS boson interaction with two different down-
type quarks (20). It turned out that the effective Lagrangian depends only on one of two
unknown couplings (ΘW1) of the CS boson interaction with W boson, see (1). It should be
noted that in the interaction of the CS boson with quarks (20), the CS boson behaves like a CP
even particle, see (24).

We consider the production of the CS boson in decays of mesons. Since CS bosons
interact effectively only with down-type quarks, they can be produced in decays of mesons
containing b or s quarks. Such lightest mesons are B mesons and K± mesons. Due to the
contribution of longitudinal polarization of the CS boson, the decay width of the reactions
increases with decreasing boson mass as M−2

X . So, for convenience, we computed quantity

θ−2
W1

(
mX

1 GeV

)2
Br(h → h′X).

We consider the production of the CS bosons in decays of charged K mesons and neutral K0
L,

K0
S mesons. In the case of decays of K0

L, K0
S mesons, we took into account that these particles

have certain CP parity and the CS boson is a CP even particle. As a result, we found that reaction
K0

L → π0 + X has the greatest branching among the reactions of the CS boson production in
decays of kaons. The branching of the reaction K0

S → π0 + X is suppressed in ∼103 times
compared to the reaction K0

L → π0 + X, see table 2 and figure 3(a).
We consider dominant reactions of the CS bosons production in two-body decays of B

meson into pseudoscalar mesons (K and π mesons); scalar mesons K0∗(700) and K0∗(1430);
vector mesons K∗(892), K∗(1410), K∗(1680); pseudovector mesons K1(1270) and K1(1400);
tensor final meson state K2(1430). Results for the branching of the corresponding reactions are
presented in table 2 for a very small mass of the CS boson. Dependence of the branching of

12
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the CS boson production on its mass is presented in figure 3(b), where, for clarity, we summed
up the contributions over the (pseudo)scalar, (pseudo)vector and tensor channels. As one can
see, channels of the CS boson production with the greatest branching are decays of B mesons
into pseudovector, vector and scalar mesons for the CS boson mass up to mX � 3 GeV, into
pseudovector and vector mesons for 3 GeV � mX � 4 GeV, vector and pseudoscalar mesons
for 4 GeV � mX � 4.37 GeV, and pseudoscalar mesons for 4.37 GeV � mX � 4.79 GeV.
The greatest branching of the CS boson production up to mX � 3.8 GeV is that of channel
B± → XK±

1 (1270), but other channels are also important and cannot be neglected.
The results of our research will be helpful for the construction of the sensitivity region

and the search for the GeV-scale long-lived CS boson at intensity frontier experiments such
as MATHUSLA [23], FACET [24], FASER [25, 26], NA62 [29–31], DUNE [32, 33], etc.
Especially considering that the CS boson was already included in the SHiP experiment proposal
[28].
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Appendix A. Computation of the loop diagram for CS boson interaction with
different down-type quarks

The amplitude of a heavy down-type quark (dn) decay into a light down-type quark (dm) and
the CS boson Xμ in the unitary gauge can be presented as

M fi = −i
g2

2

∑

i=u,c,t

V+
dmiVidn dm(p′)P̂RIμ

(i)P̂Ldn(p)ε∗λX
μ , (A.1)

where P̂R(L)—projection operators on the right(left)-handed chirality states and in the unitary
gauge Iμ

(i) has form

Iμ
(i) =

∫
d4k

(2π)4
γαG(p − k)Dαρ(k − pX)

[
cω(k − pX)λ

+ c∗
ωkλ

]
Dνβ(k)γβεμνλρ

= Â(k)γα
[
mi + (p/ −k/)

] [
gαρ − (k − pX)α(k − pX)ρ

M2
W

] [
cω(k − pX)λ

+ c∗
ωkλ

] [
gβν − kβkν

M2
W

]
γβεμνλρ, (A.2)
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where mi is the mass of the ui quark and integral operator Â is defined as

Â(k) =

∫
d4k

(2π)4F(k)
, F(k) =

[
m2

i − (p − k)2
] [

M2
W − (k − p′)2

] [
M2

W − k2
]
. (A.3)

Relation (A.2) can be further simplified with the help of the following identities:

P̂R(a + bγi)P̂L = bP̂RγiP̂L, P̂Rγiγ jP̂L = 0. (A.4)

We use the technique of α (Schwinger) representation, see e.g. [75], namely relations

1
m2 − k2 − iε

= i
∫ ∞

0
dα eiα(k2−m2+iε), ε → 0, (A.5)

∫ ∞

−∞
d4k ei(Ak2+2Bk) =

π2

i
· 1

A2
e−i B2

A , (A.6)

∫ ∞

−∞
d4k ei(Ak2+2Bk)kν =

π2

i
· 1

A2
e−i B2

A

[
−Bν

A

]
, (A.7)

∫ ∞

−∞
d4k ei(Ak2+2Bk)kνkμ =

π2

i
· 1

A2
e−i B2

A

[
2BνBμ + iAgμν

2A2

]
, (A.8)

∫ ∞

−∞
d4k ei(Ak2+2Bk)kνkμkλ =

π2

i
· 1

A2
e−i B2

A

×
[
−4BμBνBλ + 2iA

[
gμνBλ + gμλBν + gνλBμ

]

4A3

]
. (A.9)

With the help of this technique, we can get the following relations:

K(0) = Â · 1 =
iπ2

(2π)4

∫ 1

0
dx

∫ 1−x

0
dy

1
D(mi)

, (A.10)

K(1)
α = Âkα =

iπ2

(2π)4

∫ 1

0
dx

∫ 1−x

0
dy

(xp + ypX)α
D(mi)

, (A.11)

K(2)
αβ = Âkαkβ =

iπ2

(2π)4

∫ 1

0
dx

∫ 1−x

0
dy

×
[

(xp + ypX)α(xp + ypX)β
D(mi)

− gαβ

2
ln

Λ2x
D(mi)

]
, (A.12)

where Λ is some constant with dimension of mass (it should be put to infinity in the end of
the computation, Λ → ∞) and function D(mi) is defined by (11).

If we introduce integral operators Λ̂0(1) (9) and (10) and notation P = xp + ypX , we can
rewrite relation (A.10)–(A.12) as

K(0) = Λ̂0, K(1)
i = Λ̂0Pi, K(2)

iλ̄
= Λ̂0Pλ̄Pi +

i
2

gλ̄iΛ̂1. (A.13)
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It will be useful also to give the relation

K(3)
i = Âk2ki = −Λ̂0P2Pi − 3iΛ̂1Pi. (A.14)

Using the relations obtained above, we can get

Iμ
(i) = Λ̂0

{
γρ(P/ − p/)γν {ΘW1(pX − 2P)λ + iΘW2 pX,λ}

+
pX,λ

M2
W

Pνγρ

[
c∗
w {(pP) + p/XP/ − p/X p/} + 2ΘW1P2

+ 2iΘW2 p/P/
]}

εμ �νλρ + Λ̂1

{
− iΘW1γργλγν

+
pX,λ

M2
W

[
i
c∗
w

2
γρ p/γν + 6iΘW1γρPν − ΘW2γρ p/γν

]}
εμνλρ. (A.15)

The divergent part of this relation is hidden in the integral operator Λ̂1, see (10), but we can
distinguish in this operator singular and finite parts (12) and replace operator Λ̂1 by finite
operator Λ̂fin

1 (13), see section 3.1.
With help of the unitary condition for the CKM matrix, it is not difficult to show that the

amplitude of the process does not depend on the value of μ. Indeed, for reaction b → s + X we
have V+

su Vub = −(V+
st Vtb + V+

ct Vcb) and
∑

i=u,c,t

V+
si VibΛ̂

fin
1 F(x, y, {p})

∼
∫ 1

0
dx

∫ 1−x

0
dy

∑

i=u,c,t

V+
si Vib ln

D(mi)
μ2

F(x, y, {p})

=

∫ 1

0
dx

∫ 1−x

0
dy

[
V+

st Vtb

(
ln

D(mt)
μ2

− ln
D(mu)

μ2

)

+ V+
sc Vcb

(
ln

D(mc)
μ2

− ln
D(mu)

μ2

)]
F(x, y, {p})

=

∫ 1

0
dx

∫ 1−x

0
dy

[
V+

st Vtb ln
D(mt)
D(mu)

+ V+
sc Vcb ln

D(mc)
D(mu)

]
F(x, y, {p}). (A.16)

In the following, we will put μ = MW for the convenience of computations.
Instead of momentum pX, it is better to use the momentums of quarks pX → p − p′. It will

allow us to use relations d̄m(p′)p/′ = m′d̄m(p′) and p/dn(p) = mdn(p) and, in particular, to get

d̄m(p′)P̂Rγρ̄p/γν̄ P̂Ldn(p)

= d̄m(p′)P̂R[2γρ̄ pν̄]P̂Ldn(p) − d̄m(p′)P̂R[mbγρ̄γν̄]P̂Rdn(p),

d̄m(p′)P̂Rγρ̄p/ ′γν̄ P̂Ldn(p)

= d̄m(p′)P̂R[2p′
ρ̄ γν̄]P̂Ldn(p) − d̄m(p′)P̂L[msγρ̄γν̄]P̂Ldn(p),

d̄m(p′)P̂Rγρ̄p/′ p/P̂Ldn(p)

= d̄m(p′)P̂R[2mb p′
ρ̄]P̂Rdn(p) − d̄m(p′)P̂L[msmbγρ̄]P̂Rdn(p),
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Figure A1. Interaction of the CS boson with two down-type quarks via loop diagram.

where m is the mass of the initial down-type quark (dn) and m′ is the mass of the final down-type
quark (dm). After this substitution, we finally get the relation Yμ

(i) = P̂RIμ
(i)P̂L (8).

Appendix B. Coefficients in the amplitude of the CS boson interaction with
different down-type quarks

Let us perform summation over virtual quarks and integration over the variables x and y in (7)
and (8). For simplicity of notation we consider only decay of the b quark into s quark and the
CS boson. First, it is more convenient to compute detached terms that are included in (7) such
as

A0 =
∑

i=u,c,t

V+
si VibΛ̂0, A0 f =

∑

i=u,c,t

V+
si VibΛ̂0 f ,

A1 =
∑

i=u,c,t

V+
si VibΛ̂

fin
1 , A1 f =

∑

i=u,c,t

V+
si VibΛ̂

fin
1 f .

(B.1)

To do it analytically, we will make an estimation, taking into account that M2
W � m2, m′2, M2

X ,
and simplify relation (11) to the form:

D(mi) =

{
Duc = (1 − x)M2

W for i = u, c quarks,

Dt = (1 + (tw − 1)x)M2
W for i = t quark,

(B.2)

where tw = m2
t /M2

W . Then one can easily obtain quite simple relations e.g.

A0 =
iπ2

(2π)4

1
M2

W

{
V+

su Vub + V+
sc Vcb + V+

st Vtb
1 − tw + tw ln tw

(tw − 1)2

}
; (B.3)

A0x =
iπ2

(2π)4

1
2M2

W

{
V+

su Vub + V+
sc Vcb + V+

st Vtb
t2
w − 1 − 2tw ln tw

(tw − 1)3

}
; (B.4)

A1 = −1
4

π2

(2π)4

{
V+

su Vub + V+
sc Vcb − V+

st Vtb
2t2

w ln tw − 1 + 4tw − 3t2
w

(tw − 1)2

}
.

(B.5)
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From the unitarity condition (V+V)sb = 0, one can conclude V+
su Vub + V+

sc Vcb = −V+
st Vtb and

write

A0 = − iπ2

(2π)4

V+
st Vtb

M2
W

tw
tw − 1 − ln tw

(tw − 1)2
; (B.6)

A0x = − iπ2

(2π)4

V+
st Vtb

M2
W

tw
3 + (tw − 4)tw + 2 ln tw

2(tw − 1)3
; (B.7)

A0y = − iπ2

(2π)4

V+
st Vtb

M2
W

tw
t2
w − 1 − 2tw ln tw

4(tw − 1)3
; (B.8)

A0x2 = − iπ2

(2π)4

V+
st Vtb

M2
W

tw
2t3

w − 9t2
w + 18tw − 11 − 6 ln tw

6(tw − 1)4
; (B.9)

A0y2 = − iπ2

(2π)4

V+
st Vtb

M2
W

tw
1 − 6tw + 3t2

w + 2t3
w − 6t2

w ln tw
18(tw − 1)4

; (B.10)

A0xy = − iπ2

(2π)4

V+
st Vtb

M2
W

tw
2 + 3tw − 6t2

w + t3
w + 6tw ln tw

12(tw − 1)4
; (B.11)

A0x3 = − iπ2

(2π)4

V+
st Vtb

M2
W

tw
25 − 48tw + 36t2

w − 16t3
w + 3t4

w + 12 ln tw
12(tw − 1)5

; (B.12)

A0x2y = − iπ2

(2π)4

V+
st Vtb

M2
W

tw
−3 − 10tw + 18t2

w − 6t3
w + t4

w − 12tw ln tw
24(tw − 1)5

;

(B.13)

A0y2x = − iπ2

(2π)4

V+
st Vtb

M2
W

tw
−1 + 8tw − 8t3

w + t4
w + 12t2

w ln tw ]
36(tw − 1)5

; (B.14)

A1 =
π2

(2π)4
V+

st Vtb tw
1 − tw + tw ln tw

2(tw − 1)2
; (B.15)

A1x =
π2

(2π)4
V+

st Vtb tw
2(tw − 1) + (tw − 3)tw ln tw

6(tw − 1)3
. (B.16)

Denoting

A0α = −i
π2

(2π)4
V+

st Vtb tw
a0α

M2
W

, A1α =
π2

(2π)4
V+

st Vtb tw a1α, (B.17)

where the subscript α is some combination of x and y (or empty index), we get values for
dimensionless coefficients a0α, a1α, see table B1. As one can see, these coefficients do not
depend on the down-type quarks which were at the beginning and at the end of the reaction.

Now we can write relations for coefficients in (15):

ad
L = −i a1ΘW1, (B.18)

cd
L = i(a0y − 2a0y2 )ΘW1 − a0yΘW2, (B.19)

dd
L = i(2a0xy − a0y + 2a0y2)ΘW1 + a0yΘW2, (B.20)

bd
R = −i (a0x−a0x2 )ΘW1 + (a0x2 +2a0xy−a0x)ΘW2, (B.21)
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Table B1. Numerical values of the coefficients a0α and a1α.

a0 a0x a0y a0x2 a0xy a0y2 a0x3 a0x2y a0y2 x a1 a1x

0.16 0.094 0.033 0.066 0.014 0.012 0.051 0.0076 0.0042 0.13 0.066

cd
R = i

(
a0 − a0x + 2a0xy − 3a0y + 2a0y2 +

a1

2

)
ΘW1

−
(

a0 − a0x − a0y +
a1

2

)
ΘW2, (B.22)

dd
R = i

(
−a0 + 3a0x − 2a0x2 − 4a0xy + 3a0y − 2a0y2 − a1

2

)
ΘW1

+
(

a0 − a0x − a0y +
a1

2

)
ΘW2. (B.23)

We also write separately the most cumbersome coefficient

bd
L =

i
2

[
(a0xy − 2a0x + 4(a0x2 + a0x3 + a0x2y))

m2

M2
W

+ (4a0x2y + 3a0xy + 4a0xy2 )
M2

X

M2
W

− (4a0x2y + a0xy)
m′2

M2
W

− 4(a0 − a0x)

− 16(a0xy − a0y + a0y2) − 2a1 − 12a1x

]
ΘW1

+

[
2a0 − 4a0y + a1 − 2a0x −

(
a0x − a0xy

2

) m2

M2
W

+
3a0xy

2
m′2

M2
W

− a0xy

2
M2

X

M2
W

]
ΘW2. (B.24)

In the case of GeV-scale CS bosons the terms suppressed by factor ∼ M−2
W can be neglected

and we get

bd
L =

i
2

[
−4(a0 − a0x) − 16(a0xy − a0y + a0y2 ) − 2a1 − 12a1x

]
ΘW1

+
[
2a0 − 4a0y + a1 − 2a0x

]
ΘW2. (B.25)

The numerical values of these coefficients are presented in table 1.

Appendix C. Decays of mesons with the CS boson production

C.1. Decay into mesons of the same parity

Let us consider here the production of the CS boson in decays of B mesons into K, π mesons
and decays of K mesons into π mesons.
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In the case of a decay of one meson into another meson with the same parity, we have the
following relation for the averaging the quark current over the meson states:

2〈h′(p′)|Q̄iγ
μP̂LQ j|h(p)〉 = 〈h′(p′)|Q̄iγ

μQ j|h(p)〉

=

[
(p + p′)μ − m2

P − m2
P′

q2
qμ

]
f hh′
+ (q2) +

m2
P − m2

P′

q2
qμ f hh′

0 (q2), (C.1)

where q is the momentum transfer to h′ meson, namely q = p − p′, q2 = M2
X .

Using relations (28) and (33) one can get the amplitude of the an h meson decay (pseu-
domeson, P) into an h′ meson (with the same parity) and the CS boson:

MP→P′X = Θ1WCmn|�k|
Mh

MX
f hh′
+ (M2

X). (C.2)

Thus, we will be interested only in the f hh′
+ form-factor. It should be noted that in the case of

K0
S , K0

L mesons with a certain CP parity, we have to use the real or the imaginary part of the
coefficient Cds, see (29) and (30).

We take form-factors f hh′
+ (q2) for the decays of B mesons from [76], where they were given

with the help of pole parametrizations:

f hh′
+ (q2) =

r1

1 − q2/m2
1

+
r2

1 − q2/m2
fit

, (C.3)

f hh′
+ (q2) =

r1

1 − q2/m2
1

+
r2(

1 − q2/m2
1

)2 . (C.4)

The last relation is used for the case when mfit gets too close to m1.
Form-factors for the decay of K meson are discussed in detail in [70].
We use form-factors f hh′

+ (q2) for the decays of K± mesons in the form of a quadratic
expansion:

f hh′
+ (q2) = f hh′

+ (0)

(
1 + λ′

+

q2

m2
fit

+
λ′′

+

2

(
q2

m2
fit

)2
)

. (C.5)

We take values of the parameters λ′
+ and λ′′

+ from [70], which are the averaged over the values
given in [77–79].

For the decays of K0
L mesons we take form-factors f hh′

+ (q2) in the form of the quadratic
expansion (C.5) too. We take values of the parameters λ′

+ and λ′′
+ from [70], which are the

averaged over the values given in [80–82], assuming μ − e universality.
The values of the parameters in (C.3)–(C.5) are summarized in table C1.
For the decays of K0

S mesons we take form-factors f hh′
+ (q2) in the form of a linear expansion:

f hh′
+ (q2) = f hh′

+ (0)

(
1 + λ+

q2

m2
fit

)
, (C.6)

where values of the parameters f (0) = 0.96 and λ+ = 3.39 × 10−2 were taken from [83].

C.2. Decays into mesons of another parity

Let us consider here the production of the CS boson in the decays of B mesons into K0∗(700),
K0∗(1430) mesons.
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Table C1. Fit parameters for equations (C.3)–(C.5). Here m1 is the meson mass in the
corresponding channel: mπ

1 = mB∗ = 5.32 GeV and mK
1 = mB∗

s
= 5.41 GeV.

r1 r2 (m1)2 m2
fit

f Bπ
+ 0.744 −0.486 (mπ

1 )2 40.73
f BK
+ 0.162 0.173 (mK

1 )2 —

f (0) λ′
+ λ′′

+ m2
fit

f K±π
+ 0.96 2.59 × 10−2 1.86 × 10−3 m2

π+

f
K0

Lπ

+ 0.96 2.4 × 10−2 2 × 10−3 m2
π+

Table C2. Values of the parameters in the form-factor parameterization (C.9) for B =
B+, S = K∗0

0 (700), K∗
0 (1430) in regions q2 < 11 GeV2 and q2 < 8 GeV2 correspond-

ingly. We used figure 3 of [84] to find interpolation coefficients of (C.9).

S FBS
0 a b

K∗
0 (700) 0.466 1.501 1.026

K∗
0 (1430) 0.181 4.293 6.450

In the case of a decay of one meson into another meson with different parity we get

2〈h′(p′)|Q̄iγ
μP̂LQ j|h(p)〉 = −

[
(p + p′)μ − qμ

]
f hh′
+ (q2) = −2p′μ f hh′

+ (q2),

(C.7)

where we used f+(q2) = − f−(q2) in (C.1), [84].
There is an open question whether hypothetical K∗

0 (700) is a state formed by two or four
quarks, see, e.g. [85], discussions in [84, 86] and references therein. In this paper, we will do
the same as we did in [36], namely, we assume that K∗

0 (700) is a di-quark state and K∗
0 (1430)

is its excited state. There are no experimentally observed decays of B meson into K∗
0 (700), and

therefore there is quite a large theoretical uncertainty in the determination of the form-factors
(see the discussion in [87]). We will use [84], where there are results for B → K∗

0(700) and
B → K∗

0 (1430), and the results for the latter are in good agreement with the experimental data
for B → K∗

0 (1430)η′ decay.
Using relations (28) and (33) one can get the amplitude of an h meson decay (pseudomeson,

P) into an h′ meson (scalar meson, S) and the CS boson:

MP→SX = −Θ1WCmn|�k|
Mh

MX
f hh′
+ (M2

X). (C.8)

We take f
BK∗

0
+ (q2) from [84] in the form of a pole-like function:

f
BK∗

0
+ (q2) =

F
BK∗

0
0

1 − a q2

m2
B

+ b
(

q2

m2
B

)2 , (C.9)

where mB = 5.3 GeV is the mass of the B+ meson. The fit parameters are given in table C2.
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C.3. Vector and pseudovector final meson state

C.3.1. Vector. Let us consider here the production of the CS boson in the decays of B mesons
into vector states B → K∗(892), K∗(1410), K∗(1680). Since the total angular momentum of the
B meson is zero, two final vector particles must have zero total angular momentum.

For the vector final state, h′ = V, we have [88, 89]

〈V(p′)|Q̄iγ
μγ5Q j|h(p)〉 = (Mh + MV )εμ∗

V (p′)A1(q2) − (ε∗
V(p′) · q)

× (p + p′)μ
A2(q2)

Mh + MV
− 2MV

ε∗
V (p′) · q

q2
qμ(A3(q2) − A0(q2)), (C.10)

〈V(p′)|Q̄iγ
μQ j|h(p)〉 =

2V(q2)
Mh + MV

iεμνρσε∗
V,ν (p′)pρ p′

σ , (C.11)

where εμ
V(p′) is the polarization vector of the vector meson, and Ai, V are the form-factors. The

form-factor A3 is related to A1 and A2 as

A3(q2) =
Mh + MV

2MV
A1(q2) − Mh − MV

2MV
A2(q2). (C.12)

The amplitude of an h meson decay into a vector V meson and the CS boson has form

Mh→VX(λV , λX) = ΘW1g2Cmn〈V(p′, λV )|d̄nγ
μP̂Ldm|h(p)〉ε∗λX

X,μ

= −ΘW1
g2Cmn

2

[
− 2V(q2)

Mh + MV
iεμνρσελX∗

X,μ ελV ∗
V,ν pρ p′

σ

+ (Mh + MV )(ελV∗
V · ελX∗

X )A1(q2)

− (ελV ∗
V · q)(ελX∗

X · (p + p′))
A2(q2)

Mh + MV

− 2MV
ελV ∗

V · q
q2

(ελX∗
X · q)(A3(q2) − A0(q2))

]
, (C.13)

where ελV ∗
V and ελX∗

X correspond to the polarizations of the vector meson (Vμ) and the CS boson
(Xμ).

In the rest frame of the h meson p = (Mh, 0) we have relations (31). Let us guide Z-axis
along the spatial momentum of the CS boson �k, then the other vector particle will move in the
opposite direction. In this case, four-vectors of the polarizations for the CS boson or the vector
particle have form

ε(±)
X(V) =

1√
2

(0, 1, ∓i, 0) , ε(0)
X =

1
MX

(
|�k|, 0, 0, EX

)
,

ε(0)
V =

1
MV

(
|�k|, 0, 0, −EV

)
,

(C.14)

where ε(±) corresponds to the spin projection ±1 and ε(0) corresponds to zero spin projection
on Z-axis.
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Using (C.14) one can get (33) and the following relations for different polarizations of vector
particles:

ε(0)∗
V · p = |�k| Mh

MV
, ε(0)∗

V · p′ = 0,

ε(0)∗
V · ε(0)∗

X =
�k2 + EXEV

MXMV
, ε(+)∗

V · ε(−)∗
X = ε(−)∗

V · ε(+)∗
X = −1,

(C.15)

where module |�k| is defined by (26).
Consider now the following convolution εμνρσε∗

X,με
∗
V,ν(p′)pρp′

σ . Due to the fact that only the
0 and 3 components of the momentums p and p′ are nonzero, only the 1 and 2 components of
polarization vectors can be used. These components are zero for the longitudinal polarization
of the vector particles, so the contribution from longitudinal polarizations is absent, but the
contribution from transversal opposite polarizations is nonzero:

εμνρσε(±)∗
X,μ ε(∓)∗

V,ν pρ p′
σ = (p0 p′

3 − p3 p′
0)

(
ε(±)∗

X,1 ε(∓∗)
V,2 − ε(±)∗

X,2 ε(∓)∗
V,1

)
, (C.16)

namely

εμνρσε(+)∗
X,μ ε(−)∗

V,ν pρ p′
σ = −iMh|�k|, εμνρσε(−)∗

X,μ ε(+)∗
V,ν pρ p′

σ = +iMh|�k|. (C.17)

So, we get the following nonzero amplitudes of the reaction:

Mh→VX(+, −) = −Θ1W
Cmn

2

[
2Mh|�k|

Mh + MV
V(q2) − (Mh + MV )A1(q2)

]
, (C.18)

Mh→VX(−, +) = Θ1W
Cmn

2

[
2Mh|�k|

Mh + MV
V(q2) + (MMV )A1(q2)

]
, (C.19)

Mh→VX(0, 0) = −Θ1W
Cmn

2

[
(Mh + MV )

�k2 + EXEV

MXMV
A1(q2)

− 2
�k2M2

h

MV MX

A2(q2)
Mh + MV

]
, (C.20)

and

∑

polarizations

|Mh→VX |2 = Θ2
1W

|Cmn|2
4

[
8M2

h
�k 2

(Mh + MV )2
V2(q2)

+ 2(Mh + MV)2A2
1(q2) +

(
(Mh + MV )

�k2 + EXEV

MXMV
A1(q2)

− 2M2
h
�k2

MV MX(Mh + MV)
A2(q2)

)2
⎤
⎦ . (C.21)
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Table C3. Values of parameters of the vector form-factors (C.22)–(C.24) for the decay
of a B meson into K∗(892) [88].

form-factors r1 r2 mR (GeV) mfit (GeV) q2 = 0

V(q2) 0.923 −0.511 5.32
√

49.40 0.411
A1(q2) — 0.29 —

√
40.38 0.292

A2(q2) −0.084 0.342 —
√

52.00 0.259

For the case of the decay of a B meson into K∗(892), we follow [88] and parametrize the
form-factor V and A0 as

F(q2) =
r1

1 − q2/m2
R

+
r2

1 − q2/m2
fit

, (C.22)

form-factor A1 as

F(q2) =
r2

1 − q2/m2
fit

, (C.23)

and form-factor A2 as

F(q2) =
r1

1 − q2/m2
fit

+
r2(

1 − q2/m2
fit

)2 . (C.24)

The values of the corresponding parameters are given in table C3.
For the case of the decay of a B meson into K∗(1410), K∗(1680), we use another parametriza-

tion for the form-factors [90, 91]:

A0(q2) =

(
1 − 2M2

V

M2
h + M2

V − q2

)
ζ‖(q2) +

MV

Mh
ζ⊥(q2), (C.25)

A1(q2) =
2EV

Mh + MV
ζ⊥(q2) =

M2
h + M2

V − q2

Mh(Mh + MV )
ζ⊥(q2), (C.26)

A2(q2) =

(
1 +

MV

Mh

) [
ζ⊥(q2) − 2MhMV

M2
h + M2

V − q2
ζ‖(q2)

]
, (C.27)

V(q2) =

(
1 +

MV

Mh

)
ζ⊥(q2), (C.28)

where

ζ⊥/‖(q2) =
ζ⊥/‖(0)

1 − q2/M2
h

. (C.29)

The values of the corresponding parameters are given in table C4.

C.3.2. Pseudo-vector. For the case of pseudo-vector mesons, h′ = A, one has to interchange
the expressions for the vector and axial-vector matrix elements (C.10) and (C.11), see [92, 93]:

〈A(p′)|Q̄iγ
μQ j|h(p)〉 = (Mh + MA)εμ∗

A (p′)V1(q2) − (ε∗
A(p′) · q)(p + p′)μ

× V2(q2)
Mh + MA

− 2MA
ε∗

A(p′) · q
q2

qμ(V3(q2) − V0(q2)), (C.30)
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Table C4. Values of parameters in the vector form-factors (C.25)–(C.28) for the decay
of a B meson into K∗(1410), K∗(1680), [90, 91].

V ζ⊥(0) ζ‖(0)

K∗(1410) 0.28 0.22
K∗(1680) 0.24 0.18

〈A(p′)|Q̄iγ
μγ5Q j|h(p)〉 =

2A(q2)
Mh + MA

iεμνρσε∗
A,ν(p′)pρp′

σ , (C.31)

with the same relation between Vi as for Ai in the case of vector mesons (C.12).
Expression (C.21) in this case takes form

∑

polarizations

|Mh→AX |2 = Θ2
1W

|Cmn|2
4

⎡
⎣ 8M2

h
�k2

(Mh + MA)2
A2(q2)

+ 2(Mh + MA)2V2
1 (q2) +

(
(Mh + MA)

�k2 + EXEA

MXMA
V1(q2)

− 2M2
h
�k2

MAMX(Mh + MA)
V2(q2)

)2
⎤
⎦ . (C.32)

We will consider decays of B mesons in two lightest pseudo-vector resonances K1(1270),
K1(1400), each of which is a mixture of unphysical K1A and K1B states [92],

(
|K1(1270)〉
|K1(1400)〉

)
=

(
sin(θK1 ) cos(θK1 )
cos(θK1 ) − sin(θK1 )

) (
|K1A〉
|K1B〉

)
. (C.33)

The form-factors VBK1
i and ABK1 can be related to the appropriate form-factors of the K1A and

K1B states as

ABK1(1270)(q2) = sin(θK1 )
mB + mK1(1270)

mB + mK1A

AK1A (q2)

+ cos(θK1 )
mB + mK1(1270)

mB + mK1B

AK1B(q2), (C.34)

ABK1(1400)(q2) = cos(θK1 )
mB + mK1(1400)

mB + mK1A

AK1A(q2)

− sin(θK1 )
mB + mK1(1400)

mB + mK1B

AK1B(q2), (C.35)

VBK1(1270)
2 (q2) = sin(θK1 )

mB + mK1(1270)

mB + mK1A

VK1A
2 (q2)

+ cos(θK1 )
mB + mK1(1270)

mB + mK1B

VK1B
2 (q2), (C.36)
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Table C5. Form-factors for B → K1A, K1B transitions are fitted to the three-parameter
form in (C.40), see [93].

F F(0) a b F F(0) a b

VBK1A
1 0.34 0.635 0.211 VBK1B

1 −0.29 0.729 0.074
VBK1A

2 0.41 1.51 1.18 VBK1B
2 −0.17 0.919 0.855

ABK1A 0.45 1.60 0.974 ABK1B −0.37 1.72 0.912

VBK1(1400)
2 (q2) = cos(θK1 )

mB + mK1(1400)

mB + mK1A

VK1A
2 (q2)

− sin(θK1 )
mB + mK1(1400)

mB + mK1B

VK1B
2 (q2), (C.37)

VBK1(1270)
1 (q2) = sin(θK1 )

mB + mK1A

mB + mK1(1270)
VK1A

1 (q2)

+ cos(θK1 )
mB + mK1B

mB + mK1(1270)
VK1B

1 (q2), (C.38)

VBK1(1400)
1 (q2) = cos(θK1 )

mB + mK1A

mB + mK1(1400)
VK1A

1 (q2)

− sin(θK1 )
mB + mK1B

mB + mK1(1400)
VK1B

1 (q2), (C.39)

where we take θK1 = −34◦, mK1A = 1.31 GeV, mK1B = 1.34 GeV and the momentum depen-
dence of all form-factors is parameterized as

F(q2) =
F(0)

1 − a q2

m2
B

+ b
(

q2

m2
B

)2 . (C.40)

The values of all relevant parameters are given in table C5.

C.4. Tensor final meson state

Let us consider here the production of the CS boson in the decays of B mesons into tensor state
K∗

2 (1430). For the tensor meson, h′ = T, the expansions of the matrix elements are similar to
(C.10) and (C.11), see [94, 95],

〈T(p′)|Q̄iγ
μγ5Q j|h(p)〉 = (Mh + MT )εμ∗,s

T (p′)AT1(q2) − (ε∗,s
T (p′) · q)

× (p + p′)μ
AT2(q2)

Mh + MT
− 2MT

ε∗,s
T (p′) · q

q2
qμ(AT3(q2) − AT0(q2)), (C.41)

〈T(p′)|Q̄iγ
μQ j|h(p)〉 =

2T(q2)
Mh + MT

iεμνρσε∗,s
T,ν (p′)pρ p′

σ , (C.42)
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with the same relation between ATi as for Ai in the case of vector mesons (C.12). So, the ampli-
tude of the h meson decay into a tensor T meson and the CS boson has form like (C.13):

Mh→TX(s, λX) = Θ1WCmn〈T(p′, s)|d̄nγ
μP̂Ldm|h(p)〉ε∗λX

X,μ

= −Θ1W
Cmn

2

[
− 2T(q2)

Mh + MT
iεμνρσελX∗

X,μ εs∗
T,ν pρ p′

σ

+ (Mh + MT )(εs∗
T · ελX∗

X )A1T(q2) − (εs∗
T · q)(ελX∗

X · (p + p′))

× A2T(q2)
Mh + MT

− 2MT
εs∗

T · q
q2

(ελX∗
X · q)(A3T(q2) − A0T(q2))

]
, (C.43)

where ελX∗
X corresponds to the CS boson polarization, s = ±2, ±1, 0 are the polarization states

of the tensor meson and εs
Tμ(p′) is a vector defined by

εs
Tμ(p′) ≡ 1

Mh
εs
μν(p′)pν , (C.44)

where εs
μν is the polarization tensor of T meson satisfying conditions pμε

μν,s(p) = 0 and εμν,s =
ενμ,s, εμ,s

μ = 0. Tensor εs
μν can be constructed with the help of a spin-1 polarization vectors:

ε(±2)
μν = ε(±)

μ ε(±)
ν , ε(±1)

μν =
1√
2

[ε(±)
μ ε(0)

ν + ε(±)
ν ε(0)

μ ],

ε(0)
μν =

1√
6

[ε(+)
μ ε(−)

ν + ε(+)
ν ε(−)

μ ] +

√
2
3
ε(0)
μ ε(0)

ν .

(C.45)

In the case of the rest frame of an h meson we have p = (Mh, 0) and relations (31). We
can guide the CS boson to move along Z-axis and the tensor meson to move in the opposite
direction. In this case we can choose spin-1 polarization vectors for the tensor meson as

ε(0)
μ =

1
MT

(|�k|, 0, 0, −ET), ε(±)
μ =

1√
2

(0, 1, ∓i, 0), (C.46)

then we get

ε±2
Tμ = 0, ε±1

Tμ =
|�k|√
2MT

ε(±)
μ , ε0

Tμ =

√
2
3

|�k|
MT

ε(0)
μ , (C.47)

where module |�k| is defined by (26).
So, the amplitude of the reaction is zero for s = ±2. Using relations (C.15), (C.17) and

(C.47) we get

Mh→TX(+, −) = −Θ1W
Cmn

2
|�k|√
2MT

[
2Mh|�k|

Mh + MT
T(q2) − (Mh + MT)A1T(q2)

]
, (C.48)

Mh→TX(−, +) = Θ1W
Cmn

2
|�k|√
2MT

[
2Mh|�k|

Mh + MT
T(q2) + (Mh + MT)A1T(q2)

]
. (C.49)
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Table C6. Values of the form-factors’ parameters for transition B → K∗
2 (1430), [94].

F F(0) a b F F(0) a b

TBK∗
2 0.29 2.17 2.22 A

BK∗
2

0 0.23 1.23 0.74

A
BK∗

2
1 0.22 1.42 0.50 A

BK∗
2

2 0.21 1.96 1.79

Mh→TX(0, 0) = −Θ1W
Cmn

2

√
2
3

|�k|
MT

[
(Mh + MT)

�k2 + EXET

MXMT
A1T(q2)

− 2
�k2M2

h

MT MX

A2T(q2)
Mh + MT

]
, (C.50)

and

∑

polarizations

|Mh→TX|2 = Θ2
1W

|Cmn|2
4

�k2

M2
T

⎡
⎣1

2

(
8M2

h
�k2

(Mh + MT )2
T2(q2)

+ 2(Mh + MT)2A2
1T(q2)

)
+

2
3

(
(Mh + MT )

�k2 + EXET

MXMT
A1T

× (q2) − 2M2
h
�k2

MT MX(Mh + MT)
A2T(q2)

)2
⎤
⎦ . (C.51)

The parametrization of the form-factors T and A1T, A2T is taken from [94, 95]

FXT
0 (q2) =

FhT
0

1 − aT
q2

M2
h

+ bT

(
q2

M2
h

)2 , (C.52)

where the corresponding parameters are given in table C6.
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Abstract The equations connecting elements of the Yukawa
matrix to elements of the active neutrino mass matrix in the
νMSM theory (an extension of the Standard Model by a
singlet of three right-handed neutrinos) was analyzed, and
explicit relations for the ratio of the Yukawa matrix ele-
ments and elements of the active neutrino mass matrix were
obtained. This relation can be used for getting more accu-
rate constraints on the model parameters. Particularly, with
the help of the obtained results we investigated CP-violating
phase in the νMSM theory. We demonstrate that even in the
case when elements of the active neutrino mass matrix are
real the baryon asymmetry can be generated also.

1 Introduction

The Standard Model (SM) [1–3] of the electroweak and the
strong interactions is one of the greatest successes of the
physics. It describes correctly the processes with participa-
tion of elementary particles to energy scale ∼100 GeV and
for individual processes to several TeV. It predicted a num-
ber of particles, the overwhelming majority of which has
been observed. However, it is well known that the SM does
not account for several phenomena in particle physics, astro-
physics and cosmology. Namely: the SM does not provide
the dark matter candidate; the SM does not explain neutrino
oscillations and the baryon asymmetry of the Universe; the
SM cannot solve the strong CP problem in particle physics,
the primordial perturbations problem and the horizon prob-
lem in cosmology, etc.

The solutions of the above mentioned problems of the
SM need some new physics between the electroweak and
the Planck scales. An important challenge for the theoretical
physics is to see if it is possible to solve them using only the
extensions of the SM below the electroweak scale [4].

a e-mail: gorka@univ.kiev.ua
b e-mail: sivil@univ.kiev.ua

The SM is the renormalized theory which is based on
SU(3)× SU(2)×U(1) gauge group and contains three gen-
erations fermions. The left-handed components of fermions
form the weak isospin doublets relative to the SU(2) group,
and the right-handed components of all fermions except neu-
trinos are singlets of the weak isospin. The absence of the
right-handed neutrino fields in the SM is due to the fact
that neutrinos are considered as massless particles. How-
ever, the recent experimental discovery of the neutrino os-
cillation phenomenon [5, 6] (transitions between neutrinos
of different flavors) is a proof that neutrinos have a nonzero
mass. The current data show that the mass squared differ-
ences of active neutrino �m2

atm = (2.5 ± 0.2) × 10−3 eV2

and �m2
sol = (8.0 ± 0.3) × 10−5 eV2.

One of the simplest and the most promising ways of mod-
ification of the SM is an extension of the fermionic sector by
adding the singlet of right-handed neutrinos, which do not
take part in the SM gauge interactions.1 The consequence
of the existence of two distinct scales �m2

atm and �m2
sol is

that number of right-handed neutrinos must be greater than
or equal to two. The introduction of only two right-handed
neutrinos leads to the emergence of 11 new parameters in the
modified theory, which may be able to explain the available
experimental data on the oscillations of active neutrinos. In
this case the model predicts the existence of two massive
active neutrinos and one massless neutrino, which does not
contradict the available experimental data. However, the ex-
tension of the SM by only two right-handed neutrinos does
not solve the remaining problems of the SM, in particular,
does not explain the nature of the dark matter [7, 8].

It turns out that introduction of three right-handed neutri-
nos with masses smaller than electroweak scale can provide
explanations of the experimental data in particle physics,
astrophysics, and cosmology. This model (called νMSM)

1This is why these neutrinos are called sterile neutrinos. The left-
handed neutrinos of the SM are called active neutrinos.
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[7, 9] is the simplest extension2 of the SM, which can ex-
plain simultaneously some of phenomena of the new physics
without a new energy scale. Moreover, the parameters of the
model (it contains 18 new parameters—three Majorana neu-
trino masses, three Dirac neutrino masses, six mixing angles
and six CP-violating phases) can be chosen in such a way
that the physics above the electroweak scale is not altered,
while the following three phenomena beyond the SM are ex-
plained.

(a) All data on the neutrino oscillations can be fitted. The
smallness of the neutrino masses is explained by the
Type I of the “see-saw” mechanism [10].

(b) Parameters of two heavier neutrinos can be chosen to
allow baryogenesis. The masses of these particles can
still be chosen below the electroweak scale.

(c) The lightest sterile neutrino can be intensively produced
in the early universe and have cosmologically long life-
time. So, it might be a viable dark matter candidate.

The topical problem is the determination of the parame-
ters of the νMSM. One of the purpose of this work is to
obtain restrictions on the values of the Yukawa’s matrix el-
ements from the νMSM equations that connect elements of
the Yukawa’s matrix with elements of the active neutrinos
mass matrix.

Since neutrinos in the SM are massless particles, the
only source of CP-symmetry violation in weak interactions
is a single complex element of the Kabbibo–Kobayashi–
Maskawa matrix, which describes the mixing between the
quarks of different generations. Due to the existence of neu-
trinos with nonzero masses it becomes possible to mix dif-
ferent generations of neutrinos. Moreover, in the νMSM
the mix between active and sterile neutrino is possible too.
So, there is another possible source of generation of CP-
symmetry violation and the νMSM theory has a much richer
structure than the SM.

Another purpose of this work is to study CP violation in
the frame of the νMSM theory. As was shown in [7], effect
of the CP violation on the baryogenesis in the νMSM theory
can be expressed through the CP-violating factor δCP. This
factor includes the above mentioned CP-violating phases.
The baryon asymmetry is proportional to δCP. An applica-
ble expression for δCP was obtained in [14]. Investigation of
this expression is the second goal of the work.

The paper is organized as follows. The first section con-
tains basic relations and some results obtained in the νMSM.
In the second section of the paper the νMSM equations are
analyzed in detail, and the explicit relations for ratio of the
Yukawa matrix elements through the elements of active neu-
trino mass matrix are obtained. Using results of the second

2Various possibilities to incorporate neutrino masses in the theory are
discussed, e.g., in [11, 12].

section the CP-violating factor is analyzed in the third sec-
tion.

2 The basic relations and some results of the νMSM

In the νMSM [7, 9] the following terms are added to the La-
grangian of the SM (without taking into account the kinetic
terms):

Lad = −FαI L̄αΦ̃νIR − MIJ

2
ν̄c
IRνJR + h.c.

= −h + v√
2

ν̄αLFαI νIR − ν̄c
IR

MIJ

2
νJR + h.c., (2.1)

where index α = e,μ, τ corresponds to the active neutrino
flavors, indices I, J run from 1 to 3, Lα is for the lepton dou-
blet, νIR the field functions of the sterile right-handed neu-
trinos, the superscript “c” means charge conjugation, FαI is
for the new (neutrino) matrix of the Yukawa constants, MIJ

for the Majorana mass matrix of the right-handed neutrinos,
Φ for the field of the Higgs doublet in the unitary gauge,
Φ̃ = iσ2Φ

∗, h is for the neutral Higgs field and the para-
meter v determines minimum of the Higgs field potential
(v ∼= 247 GeV).

In the SM the mass of fermions are generated due to in-
teractions of fermions fields with scalar Higgs field. The
structure of the SM is such that after spontaneous symmetry
breaking the neutrino remains to be a massless particle.3 The
SM does not contain Dirac mass term ∼ν̄L · νR due to the
absence in theory the right-handed neutrinos, and the Majo-
rana mass term ∼ν̄c

L · νL is forbidden by SU(2)L invariance.
The assumption about the existence of the right-handed neu-
trinos leads to the appearance of the Dirac as well as Majo-
rana mass terms in the Lagrangian, which in the general case
have the form (see, e.g., [15])

LDM = −
(

(NL)c
MDM

2
NL + h.c.

)
, (2.2)

where

NL =
(

νL

νc
R

)
; Nc

L =
(

νc
L

νR

)
;

MDM =
(

ML MT
D

MD MR

)
.

(2.3)

3There is a possibility to introduce the mass of neutrino after the elec-
troweak symmetry breaking with help of the effective dimension 5

non-renormalizable operator
λij

Λ
(LiΦ)T (LjΦ), i, j = e,μ, τ , where

L is the SU(2) lepton doublets, Λ is the cutoff high-energy scale [13].
This operator breaks lepton number and can be obtained from (2.1) by
integrating out heavy right-handed neutrinos.
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Comparing mass terms in (2.1) with (2.2) one can see

ML = 0, MD = F+ v√
2
, MR = M∗, (2.4)

where M,F are square matrix of the third order with ele-
ments FαI and MIJ (2.1).

As it was shown in [7, 9], the parameters of the νMSM
can be chosen in such a way to simultaneously explain the
neutrino oscillations, the baryon asymmetry and to deter-
mine the nature of the dark matter. This requires the exis-
tence of two right-handed neutrinos with large practically
the same masses (�100 MeV) and one right-handed neu-
trino with a relatively small mass.4

In zero approximation the extended Lagrangian LνMSM

is assumed to be invariant under U(1)e × U(1)μ × U(1)τ
transformations, that provides preservation of the e,μ, τ

lepton numbers separately as in the SM. In addition, it is
assumed that two heavy sterile neutrinos interact with the
active neutrinos, but the third (lightest) sterile neutrino does
not interact.5 This assumption can be realized by following
matrix MDM [16]:

M
(0)
L = 0; M

(0)
R =

⎛
⎝0 0 0

0 0 M

0 M 0

⎞
⎠ ,

M
(0)+
D = v√

2

⎛
⎝0 h12 0

0 h22 0
0 h32 0

⎞
⎠ ,

(2.5)

where M is real and h12, h22, h32 are complex quantities.
In this approximation we have two massive right-handed

neutrinos with equal mass M , the third right-handed neu-
trino is massless, and all active neutrinos have a zero mass,
which is in contradiction with observable data. To adjust it
next small terms are added to the matrix MR and MD [16]:

M
(1)
L = 0; M

(1)
R =

⎛
⎝m11e

−iα m12 m13

m12 m22e
−iβ 0

m13 0 m33e
−iγ

⎞
⎠ ;

M
(1)+
D = v√

2

⎛
⎝h11 0 h13

h21 0 h23

h31 0 h33

⎞
⎠ ,

(2.6)

where mij (mij � M) are real, but elements of first and sec-
ond columns (|hi1| � |hk2|, |hi3| � |hk2|) are in general
complex elements.

These corrections break U(1)e × U(1)μ × U(1)τ -sym-
metry, lead to the appearance of a small mass of the third

4For the time being the allowed region for the mass of the lightest
sterile neutrino is (1 ÷ 50) KeV [4].
5The lightest neutrino is the dark matter candidate in the νMSM, just
because it does not have to interact with other particles of the SM.

right-handed neutrino, and remove the mass degeneracy for
two heavy right-handed neutrinos. It ensures the appearance
of extra small masses of the active neutrinos and nonzero
mixing angles among them.

As is well known [15], the mass part of the Lagrangian
(2.2) can be diagonalized by the transition from the basis of
the gauge functions NL to the basis of the mass functions
nL using an unitary matrix V , namely NL = V nL, so

N̄L = n̄LV +; Nc
L = (V +)T nc

L; N
c

L = (nL)cV T ,

(2.7)

where V (6 × 6) is a product of two matrices V = WU .
The W matrix is introduced for the block diagonalization

of the MDM matrix [17]. The explicit form of the W matrix
can be approximately found in the “see-saw” approach due
to the smallness of matrix ε = M−1

R MD � 1:

W =
(

1 − 1
2ε+ε ε+

−ε 1 − 1
2εε+

)
. (2.8)

In this approximation the result of the block diagonalization
has the form

WT MDMW =
(−MT

DM−1
R MD 0

0 MR

)

=
(

Mlight 0
0 Mheavy

)
, (2.9)

where matrices Mlight and Mheavy are the mass matrices of
the active and the sterile neutrinos correspondingly. Note
that the elements of the matrix Mlight and accordingly the
masses of the active neutrinos are completely determined by
elements of the matrices MD and MR .

The U matrix has the form

U =
(

U1 0
0 U2

)
, (2.10)

where matrices U(1,2) (each of them are (3 × 3) matrix) are
chosen for the diagonalization of block matrix WT MDMW

m = diag(m1,m2, . . . ,m6) = V T MV

= UT WT MWU =
(

UT
1 MlightU1 0

0 UT
2 MheavyU2

)
.

(2.11)

There is a standard parametrization [5] for U(1,2):

U(1,2) =
(

c12c13 c13s12 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

)

×
⎛
⎝eiα1/2 0 0

0 eiα2/2 0
0 0 1

⎞
⎠ , (2.12)
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where cij = cos θij , sij = sin θij , θ12, θ13, θ23 are the three
mixing angles; δ is the Dirac phase, and α1, α2 are the Ma-
jorana phases. The angles θij can be in the region 0 ≤ θij

≤ π/2, phases δ,α1, α2 vary from 0 to 2π . Each of the ma-
trices U(1) and U(2) contains its own, independent angles and
phases.

Thus, the determination of the masses of active and ster-
ile neutrinos is reduced to the diagonalization of the ma-
trix (2.9), where diagonalization can be carried out sepa-
rately for the matrices Mlight and Mheavy. Since the matrix
Mlight and Mheavy are not Hermitian, it is more appropri-
ate to find eigenvalues of Hermitian matrices M+

lightMlight

and M+
heavyMheavy by solving corresponding equations. The

found eigenvalues are the square of eigenvalues of the ma-
trices Mlight and Mheavy.

In the approximation when the elements of the first col-
umn of the Yukawa matrix are neglected and M � mij , the
mass of the lightest active neutrino is zero. The nondiagonal
mass matrix of the active neutrinos has the form [16]

[Mlight]αβ = η(hβ3hα2 + hα3hβ2), where η = v2/2M

(2.13)

and eigenvalues

m2,3 = η
(
F2F3 ± |h+h|23

)
, (2.14)

where F 2
2 = [h+h]22, F 2

3 = [h+h]33, F2F3 = M(m2 +
m3)/v

2.
On the other hand, the elements of the matrix Mlight are

defined by masses and mixing matrix U(1) of the active neu-
trinos [15]:

[Mlight]αβ = m1U
∗
(1)i1U

∗
(1)j1 + m2U

∗
(1)i2U

∗
(1)j2

+ m3U
∗
(1)i3U

∗
(1)j3. (2.15)

The elements of the mixing matrix U(1) are known (unfor-
tunately with a considerable inaccuracy) from the neutrino
oscillation experiments (see, e.g., [5, 6]). Parameters of the
matrix U(1) (2.12) are presented in Table 1.

Table 1 Experimental constraints on the parameters of active neutri-
nos

Central value 99% confidence interval

|�m2
12| = (8.0 ± 0.3) × 10−5 eV2 (7.2–8.9) × 10−5 eV2

|�m2
23| = (2.5 ± 0.2) × 10−3 eV2 (2.1–3.1) × 10−3 eV2

tan2 θ12 = 0.45 ± 0.05 30◦ < θ12 < 38◦

sin2 2θ23 = 1.02 ± 0.04 36◦ < θ23 < 54◦

sin2 2θ13 = 0 ± 0.05 θ13 < 10◦

3 The ratio of the Yukawa matrix elements
in the νMSM

The system of (2.13) connects elements of the second and
the third columns of the Yukawa sterile neutrinos matrix
with elements of the active neutrinos matrix and has infinite
number of solutions. Indeed, the replacement of hi2 to zhi2

and hi3 to hi3/z (z is an arbitrary complex number) does not
change the system (2.13).

But the system of (2.13) has a good solutions for the ratio
of the Yukawa matrix elements. Indeed, if we take h13, h23,
and h33 from the equations for the diagonal elements of
Mlight and substitute it into equations for the off-diagonal
elements of Mlight we get

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

M12 = 1
2 (M22

h12
h22

+ M11
h22
h12

),

M13 = 1
2 (M33

h12
h32

+ M11
h32
h12

),

M23 = 1
2 (M33

h22
h32

+ M22
h32
h22

),

(3.1)

with the obvious solutions
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

A12 = M12
M22

(1 ±
√

1 − M11M22
M12

2 ),

A13 = M13
M33

(1 ±
√

1 − M11M33
M13

2 ),

A23 = M23
M33

(1 ±
√

1 − M22M33
M23

2 ),

(3.2)

for the ratio of the second column elements of the Yukawa
matrix

A12 = h12/h22; A13 = h12/h32; A23 = h22/h32.

(3.3)

The ratio of the third column elements of the Yukawa
matrix can be easily obtained from the equations for the di-
agonal elements of Mlight:

h23

h13
= A12

M22

M11
; h33

h13
= A13

M33

M11
. (3.4)

So, in the approximation when (2.13) is valid the ratio
of the Yukawa matrix elements depends only on the active
neutrino mass matrix.

Though formally there are eight different choices for the
solutions, only four are independent. For example, if we fix
the sign before the square roots in the expressions for A12

and A13 then A23 is unambiguously determined by the rela-
tion

A23 = A13/A12. (3.5)
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It should be emphasized that solutions (3.2) do not allow
one to find elements of the Yukawa matrix but only its ratio:6

{h12;h22;h32}
F2

= ei·arg(h12)√
1 + |A12|−2 + |A13|−2

× {
1;A−1

12 ;A−1
13

}
, (3.6)

{h13;h23;h33}
F3

= ei·arg(h13)√
1 + |A12

M22
M11

|2 + |A13
M33
M11

|2

×
{

1;A12
M22

M11
;A13

M33

M11

}
, (3.7)

where phases of h12, h13 are connected by condition

arg(h12) + arg(h13) = arg(M11) (3.8)

and A12,A13,M11,M22,M33 are definitely expressed via
parameters of the active neutrino mass matrix. Since the
system of (2.13) is written in the approximation m1 = 0,
the phase α1 is excluded from all expressions (see (2.12)
and (2.15)). In this approximation only seven parameters
of active neutrinos are used: two mass m2,m3; three mix-
ing angles θ12, θ13, θ23; one Dirac δ and one Majorana α2

CP-violating phases.
To know straight values of the Yukawa matrix elements

we have to know in addition two arbitrary parameters7 of
Yukawa matrix, e.g., absolute value and phase of an arbitrary
Yukawa matrix element or quantities ξ and ε from (4.3).

It can be shown that (for fixed values of the active neu-
trino parameters) there are only two choices8 for placing of
the signs in the expressions for A12,A13,A23 (3.2) which
are not inconsistent with condition (3.5). These two vari-
ants are distinguished from each other by simultaneous re-
placement of the sign in front of square roots in the ex-
pressions for A12,A13,A23. It can be shown that such re-
placement of the signs leads to interchanging and conju-
gating of the relation between elements of the second and
the third columns of the Yukawa matrix, notably h22/h12 ↔
h∗

23/h∗
13, h32/h12 ↔ h∗

33/h∗
13.

The solutions of (2.13) can be analyzed numerically. Re-
ally, using condition (3.5) for setting correct signs in (3.2),
we can straightly find the ratio of elements of the sec-
ond (|h22/h12| = A−1

12 ; |h32/h12| = A−1
13 ) and the third

6It can be shown that our results (3.6), (3.7) coincide with results of
[14] where the ratios of the elements were obtained in the particular
case θ13 → 0, θ23 → π/4.
7Only the relation between absolute values of the elements of the sec-
ond and third columns of the Yukawa matrix ε = F3/F2 was used as
an additional relation in [16]. It allows one to find out only the absolute
values of the Yukawa’s elements.
8This assertion is always true, except the special case of the parameters
when at least one radical expression in (3.2) is zero.

(|h23/h13| = A12
M22
M11

; |h33/h13| = A13
M33
M11

) columns of the
Yukawa matrix for every fixed point in the space of values
m2,m3, θ12, θ13, θ23, α2, δ.

In the case of the normal hierarchy the masses of ac-
tive neutrinos increase with increasing their numbers (m1 <

m2 < m3). In the νMSM m1 = 0, so we take central val-

ues m2 =
√

|�m2
12| = 0.009 eV, m3 =

√
|�m2

23| = 0.05 eV.
The phases δ, α2 vary in range from −π to π , the angles
θ12, θ13, θ23 vary in accordance with Table 1. With help of
the numerical analysis we found the minimum and the max-
imum values for the ratio of elements of the second col-
umn of the Yukawa matrix and obtained 0.65 � |h32/h12|
� 24.2, 1.4 � |h22/h12| � 29.6. Also, we found values of
(|h22/h12|; |h32/h12|) and (Arg[h22/h12]; Arg[h32/h12])
for 104 points in the space of values θ12, θ13, θ23, α2, δ. Re-
sults of calculations are demonstrated in Fig. 1.

It should be noted that if one arbitrary takes a point in the
space of values θ12, θ13, θ23, α2, δ there is a strong probabil-
ity that |h32/h12| and |h22/h12| will lie in range from 1 to
10 and it is improbable that ratio of the Yukawa couplings
will be greater than ten. The values of the phase differences
Arg[h32/h12] and Arg[h22/h12] lie not in the full region
[−π,π] but only in a closed compact region (Fig. 1b).

In the case of the inverse hierarchy the masses of ac-
tive neutrinos increase with reducing their numbers (m1 >

m2 > m3) but the νMSM predicts m1 = 0. In order to con-
form it we can swap the mass state m3 and m1 with help
of additional rotation via unitary anti-diagonal matrix Ũ :
U(1) → U(1)Ũ where U(1) is the mixing matrix of the ac-
tive neutrinos (2.12). Assuming m1 = 0, we get central val-

ues m2 = m3 =
√

|�m2
23| = 0.05 eV and found the same

quantities for the same range of values θ12, θ13, θ23, α2, δ

like in the case of normal hierarchy. In this case the ratio of
elements of the second column of the Yukawa matrix lies
in range 0 ≤ |h32/h12| � 3.2, 1.1 � |h22/h12| � 4.3. The
points in the space of values θ12, θ13, θ23, α2, δ are demon-
strated by Fig. 2.

In this case the boundary great values of the elements ra-
tio are improbable too. The ratio |h32/h12| can be equal to
zero because of |h32/h12| = A−1

12 ∼ M12 and M12 can be
equal zero in allowed range of parameters (Table 1) under
condition m1 = m2. So, in contrast to the case of the normal
hierarchy, elements |hi2| can be of different order of magni-
tude. Similarly to the case of the normal hierarchy, the phase
differences Arg[h32/h12] and Arg[h22/h12] lies in closed
compact region (Fig. 2b).

In the case of normal and inverse hierarchies the graph-
ical representation of ratio of the third column elements
(|h33/h13|; |h23/h13|) is identical to Figs. 1a, 2a. The corre-
sponding representation of the phase differences
(Arg[h33/h13];Arg[h23/h13]) is identical to Figs. 1b, 2b
but in the region [0;2π].
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Fig. 1 The ratio of modules (a)
and difference of phases (b) of
the second column elements of
the Yukawa matrix in the case of
the normal hierarchy

Fig. 2 The ratio of modules (a)
and difference of phases (b) of
the second column elements of
the Yukawa matrix in the case of
the inverse hierarchy

The obtained constraints on the possible values of ratio of
the Yukawa sterile neutrinos matrix elements are determined
by the current data on active neutrino parameters. When the
inaccuracy of the active neutrino parameters will decrease
the constraints will be improved too. Obtained results can
be useful for getting more accurate predictions of the νMSM
theory particularly for the investigation of the baryon asym-
metry.

As one can see, there are four independent variants of
solutions of (2.13). It should be noted that even in the case
when the masses and mixture angles of active neutrinos are
known exactly we will be not able to say which of these
variants of the solutions are realized. To known it we need
the values of phases of the active neutrinos matrix U1. For
fixed values of the all active neutrino matrix parameters the
quantity of the possible solutions reduces to two that cor-
responds to interchanging and conjugating of the relation
between elements of the second and the third columns of
the Yukawa matrix. It is closely related to the symmetry of
(2.13) under replacing the elements of the second column
of the Yukawa matrix by elements of the third column. In
this case two variants of solutions in principle can be dis-
tinguished experimentally with help of measurement of the
mixture angles between active and sterile neutrinos.

4 CP-violation in the νMSM

As is known [18], in order that the baryon asymmetry gen-
erated from the initial charge symmetric state of the hot

Universe, the next conditions must be satisfied simulta-
neously: (a) baryon number non-conservation; (b) C- and
CP-violation; (c) deviations from thermal equilibrium.

In the field theory the Lagrangian under CP-trans-
formations turns into the Lagrangian with complex con-
jugated couplings. If theory contains couplings with unre-
movable phases, then this theory is not CP-invariant. The
unique source of CP-violation in the SM is one complex
element in the Cabibbo–Kobayashi–Maskawa mixing ma-
trix of quarks. In the νMSM theory, owing to massive-
ness of neutrinos, there is mixing among different gener-
ations of neutrinos and therefore there is additional pos-
sible source of CP-symmetry violation. This theory has a
possibility of the baryon asymmetry generation due to ex-
istence of CP-violating oscillations of active neutrinos into
sterile. Such oscillations change the full lepton number of a
system and create lepton asymmetry that transforms into
the baryon asymmetry with the help of the electroweak
sphalerons [4, 19–22].

To analyze CP-symmetry violation in the νMSM we use
relation for the CP-violating factor [14]

δCP = 1

F 6
2

[
Im

(
h+h

)
23

∑
α

(|hα2|4 − |hα3|4
) − (

F 2
2 − F 2

3

)

×
∑
α

(|hα2|2 + |hα3|2
)

Im[h∗
α2hα3]

]
. (4.1)

The solutions (3.2) allow us to express the last relation
through the parameters of the active neutrinos. We get
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δCP(ξ, ε) = |M11|−1C−3[ε(Im
[
e−2iξA

]
B − CD

)
+ ε3(C1D − CD1)

+ ε5(C1D1 − B1 Im
[
e−2iξA

])]
, (4.2)

where there is dependence on only two parameters of the
Yukawa matrix

ξ = arg[h12], ε = |h13/h12| = ε
√

C/C1, (4.3)

and following notations are used:

ε = F3/F2; A = M11 + A12

A∗
12

M22 + A13

A∗
13

M33;

B = 1 + |A12|−4 + |A13|−4;
C = 1 + |A12|−2 + |A13|−2;

B1 = 1 +
∣∣∣∣A12

M22

M11

∣∣∣∣
4

+
∣∣∣∣A13

M33

M11

∣∣∣∣
4

;

C1 = 1 +
∣∣∣∣A12

M22

M11

∣∣∣∣
2

+
∣∣∣∣A13

M33

M11

∣∣∣∣
2

;

D = Im
[
e−2iξM11

] + |A12|−2 Im

[
e−2iξ A12

A∗
12

M22

]

+ |A13|−2 Im

[
e−2iξ A13

A∗
13

M33

]
;

D1 = Im
[
e−2iξM11

] +
∣∣∣∣M22

M11
A12

∣∣∣∣
2

Im

[
e−2iξ A12

A∗
12

M22

]

+
∣∣∣∣M33

M11
A13

∣∣∣∣
2

Im

[
e−2iξ A13

A∗
13

M33

]
.

Numerical analysis of the relation (4.2) confirms the
general properties of the CP-violating factor (4.1) obtained
in [14]:

(1) Sign of the CP-violating factor and correspondingly the
sign of the baryon asymmetry cannot be determined by
only the elements of the active neutrino matrix.

(2) If ε → 0, then δCP ∼ ε and also tends to zero.
(3) The CP-violating factor cannot be equal zero9 when

ε = 1.
(4) The CP-violating factor cannot be equal zero (see foot-

note 9) when θ13 = 0 and θ23 = π/4.
(5) In the case of inverse hierarchy the CP-violating factor

cannot be equal zero (see footnote 9) when m1 = m2,
θ13 = 0, θ23 = π/4.

9For some particular values of mixing angles and phases δCP may be
zero. This values of the parameters can be found numerically.

The range of values of all parameters in the relation (4.2)
is known.10 This allows one to estimate bounds of possi-
ble values of the CP-violating factor. For the case of normal
hierarchy we have |δCP| � 0.27, for the case of inverse—
|δCP| � 0.08.

As one can see from (4.1) the CP-violating factor may
be nonzero only in the case when Yukawa matrix elements
have an imaginary part. The solutions (3.2) allow one to
consider the possibility of the baryon asymmetry generation
in the case when mixing matrix U(1) and, correspondingly
to (2.15), the mass matrix of the active neutrino Mlight are
real. It is easy to see that for real matrix U(1) (2.12) the
following minors of the matrix Mlight = U∗

(1)mU+
(1) (here

m = diag(0,m2,m3)) are not negative:
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

M11M22 − M2
12 = m2m3(sin θ13 cos θ12 cos θ23

− sin θ12 sin θ23)
2 ≥ 0;

M11M33 − M2
13 = m2m3(sin θ13 cos θ12 sin θ23

+ sin θ12 cos θ23)
2 ≥ 0;

M22M33 − M2
23 = m2m3 cos2 θ13 cos2 θ12 ≥ 0.

(4.4)

If the values of the mixing angles are defined by Table 1
all the above minors are positive. In this case the ratio
of Yukawa’s elements (3.3), (3.4) and, consequently, the
Yukawa’s elements are complex numbers. So, we can expect
that CP-violating factor can be nonzero.

The direct numerical analysis of the CP-violating factor
(4.2) confirms this assumption. Furthermore, if one takes
arbitrary a point in the space of values θ12, θ13, θ23, ξ, ε

(δ = α2 = 0) there is a strong probability that the CP-
violating factor will be nonzero.11 Thus, even in the case
when active neutrino mass matrix Mlight is real the elec-
troweak generation of the baryon asymmetry can be realized
also.

The CP-violating factor is a complicated function of pa-
rameters of the active neutrino matrix and the Yukawa ma-
trix. The analysis of this factor is accentuated by fact that
for fixed point in space of active neutrino parameters one
needs to take appropriate variant of solutions of (2.13). The
investigation of manifestation of the different variants of so-
lutions (3.2) on the CP-violating factor is an interesting task
for future.

5 Conclusions

The νMSM is the minimal neutrino modification of the SM
that can explain simultaneously neutrino oscillations, gener-
ation of the baryon asymmetry, and the nature of dark matter.

10The bounds of values of the mixing angles are defined by Table 1,
the phases are in the region [0,2π], 7 × 10−5 < ε < 1 [14].
11The equation for zero CP-violating factor (4.2) has a fine-tuning so-
lutions in space of the mentioned parameters.
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There are strong conditions on the parameters of the νMSM
that can be experimentally checked. For the time being ob-
servable data, obtained from the missions XMM-Newton,
Chandra, INTEGRAL, Suzaku, reveal no signs of existence
of the sterile neutrino in predicted by the νMSM and instru-
mentally allowed region (see [4] and references there). But
new investigations are planed (for example, project Xenia
[23]) that will continue to inspect theoretically allowed re-
gion of the model parameters.

Obtained in this paper exact solutions of the νMSM equa-
tions connect elements of the Yukawa matrix with elements
of the active neutrino mass matrix and will be useful for
analysis, data processing, and getting more accurate con-
straints on the model parameters.

The analysis of the ratio of the Yukawa matrix elements
demonstrates that in the case of normal hierarchy elements
of second (hi2) and third (hi3) columns are the same order
of magnitude. But in the case of inverse hierarchy the mag-
nitudes of elements can considerably vary from each other
in the column.

CP-violating phase in the SM is parameter of the
Cabibbo–Kobayashi–Maskawa matrix and it is known from
observable data. In contrast to it the CP-violating factor
(δCP) in the νMSM is effective parameter that is present in
the expression for the baryon asymmetry. Therefore the CP-
violating factor in the νMSM has a sophisticated structure
as a function of the Yukawa matrix parameters.

Obtained solutions (3.2) allow one to get expression for
the CP-violating factor (4.1) through the parameters of the
active neutrinos and two parameters of the Yukawa matrix.
Due to this the bounds of possible values of the CP-violating
factor were estimated. It should be noted that in the case of
the inverse hierarchy the maximum of |δCP| is considerably
smaller (fourfold) as compared to the case of normal hierar-
chy.

As is known, the phases of the active neutrino mixing ma-
trix cannot be measured for the time being. It was shown that
in any case (even if these phases are zero) the CP-violating
factor can be nonzero and the baryon asymmetry generation
is possible. The fact of the matter is that the elements of the
Yukawa matrix are complex when the elements of the active
neutrino mixing matrix are real.

As it was mentioned above the νMSM provides a can-
didate for dark matter particle with mass M1 in the range
(1÷50) KeV. It is the lightest sterile neutrino that is pro-
duced due to the resonant active-sterile neutrino oscillations
in the presence of lepton asymmetry [14, 24]. It requires the
high mass degeneracy of two other heavier neutrinos and
leads to the fine-turning problem [14, 25].

It should be noted that modifications of the νMSM can
provide other production mechanisms of the lightest sterile

neutrino due to interactions with other particles [26–29] or
primordial Higgs-inflation [30]. It applies some additional
constraints on the parameters of the νMSM (see, also, [25])
and changes the mass range of the lightest sterile neutrino.
The change of only M1 has no action on the results of the
present work but the additional terms in the Lagrangians of
such theories can modify (2.13) that should be taken into
account for investigations of the constraints in such theories.

Acknowledgements We would like to thank A. Boyarsky,
O. Ruchayskiy, D. Iakubovskyi and M. Shaposhnikov for the idea of
treating this subject, and for useful comments and discussions. This
work has been supported by the Swiss Science Foundation (grant
SCOPES 2010-2012, No. IZ73Z0_128040).

References

1. S. Weinberg, Phys. Rev. Lett. 19, 1264 (1967)
2. S.L. Glashow, Nucl. Phys. 22, 579 (1961)
3. A. Salam, in Proceedings of the Nobel Symposium Held 1968 at

Lerum, Sweden, Stockholm (1968), pp. 367–377
4. A. Boyarsky, O. Ruchayskiy, M. Shaposhnikov, Ann. Rev. Nucl.

Part. Sci. 59, 191 (2009)
5. Particle Data Group. http://pdg.lbl.gov
6. A. Strumia, F. Vissani, arXiv:hep-ph/0606054
7. T. Asaka, S. Blanchet, M. Shaposhnikov, Phys. Lett. B 631, 151

(2005)
8. M. Shaposhnikov, Prog. Theor. Phys. 122(1), 185 (2009)
9. T. Asaka, M. Shaposhnikov, Phys. Lett. B 620, 17 (2005)

10. R.N. Mohapatra, A.Y. Smirnov, Ann. Rev. Nucl. Sci. 56, 569
(2006)

11. S.F. King, Rep. Prog. Phys. 67, 107 (2004)
12. G. Altarelli, F. Feruglio, New J. Phys. 6, 106 (2004)
13. S. Weinberg, Phys. Rev. Lett. 43, 1566 (1979)
14. M. Shaposhnikov, arXiv:0804.4542
15. S. Bilenky, S. Petcov, Rev. Mod. Phys. 59(3), 671 (1987)
16. M. Shaposhnikov, Nucl. Phys. B 763, 49 (2007)
17. S. Bilenky, C. Giunti, W. Grimus, Prog. Part. Nucl. Phys. 43, 1

(1999)
18. A.D. Sakharov, JETP Lett. 5, 24 (1967)
19. E.K. Akhmedov, V.A. Rubakov, A.Y. Smirnov, Phys. Rev. Lett.

81, 1359 (1998)
20. V.A. Kuzmin, V.A. Rubakov, M.E. Shaposhnikov, Phys. Lett. B

155, 36 (1985)
21. V.A. Kuzmin, V.A. Rubakov, M.E. Shaposhnikov, Phys. Lett. B

191, 171 (1987)
22. S.Y. Khlebnikov, M.E. Shaposhnikov, Phys. Lett. B 387, 817

(1996)
23. J.W. den Herder et al., arXiv:0906.1788
24. X. Shi, G.M. Fuller, Phys. Rev. Lett. 82, 2832 (1999)
25. A. Roy, M. Shaposhnikov, arXiv:1006.4008
26. M. Shaposhnikov, I. Tkachev, Phys. Lett. B 639, 414 (2006)
27. A. Kusenko, Phys. Rev. Lett. 97, 241301 (2006)
28. A. Anisimov, Y. Bartocci, F.L. Bezrukov, Phys. Lett. B 671, 211

(2009)
29. F. Bezrukov, D. Gorbunov, J. High Energy Phys. 05, 010 (2010)
30. F. Bezrukov, D. Gorbunov, M. Shaposhnikov, J. Cosmol. As-

tropart. Phys. 0906, 029 (2009)



127

1.4. Народження масивних нейтрино з правою

кiральнiстю у 3-частинкових розпадах мезонiв



128Journal of Physics G: Nuclear and Particle Physics

J. Phys. G: Nucl. Part. Phys. 48 (2021) 105001 (24pp) https://doi.org/10.1088/1361-6471/ac1394

Production of GeV-scale heavy neutral
leptons in three-body decays. Comparison
with the PYTHIA approach

V M Gorkavenko∗ , Yu R Borysenkova and
M S Tsarenkova

Faculty of Physics, Taras Shevchenko National University of Kyiv, 64,
Volodymyrs’ka str., Kyiv 01601, Ukraine

E-mail: gorkavol@gmail.com

Received 21 March 2021, revised 26 June 2021
Accepted for publication 12 July 2021
Published 24 August 2021

Abstract
Despite the undeniable success of the standard model of particle physics (SM),
there are some phenomena that the SM cannot explain. These phenomena indi-
cate that the SM has to be modified. One of the possible ways to extend the SM
is to introduce heavy neutral leptons (HNLs). To search for HNLs in intensity
Frontier experiments, one has to consider HNL production both in two-body
and three-body decays of some mesons. We verified the possibility of using the
parton level PYTHIA default matrix elements (without the form-factor formal-
ism) to calculate HNL production in three-body semileptonic decays of B and
D mesons in the experimentally interesting mass range of the produced HNLs.
We conclude that this approach is quite suitable for the estimation of the sensi-
tivity region for HNLs in the intensity Frontier experiments, provided one uses
suitable parton level PYTHIA default matrix elements. Our study was driven
by the usage of such an approximation by the SHiP collaboration. We conclude
that in this case the parton level PYTHIA default matrix elements could have
been chosen more appropriately.

Keywords: physics beyond the standard model, intensity frontier experiment,
HNL

1. Introduction

The standard model of particle physics (SM) [1–3] is a theory that describes with high preci-
sion the processes of electroweak and strong interactions with the participation of elementary
particles. It is consistent up to a very high energy scale (perhaps up to the Planck scale) and
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it is verified in numerous accelerator experiments up to energy ∼ 15 TeV. However, the SM
fails to explain some phenomena such as massiveness of neutrinos (see e.g. [4, 5]), dark mat-
ter (for reviews see e.g. [6–8]), dark energy [9], baryon asymmetry of the Universe [10], etc.
Therefore, the SM is an incomplete theory and it requires an extension. One has to suggest the
existence of ‘hidden’ sectors with particles of new physics.

It turns out that the mentioned SM problems can be theoretically solved by extending the
SM by new particles that can be either heavy or light. Indeed, neutrino oscillations and the
smallness of the active neutrino masses can be explained with the help of new particles with
sub-eV mass as well as with the help of heavy particles of the GUT scale, see e.g. [11]. The
same may be said about the baryon asymmetry of the Universe and dark matter problems:
physics at very different scales can be responsible for them, see e.g. [12].

So, two possible answers can be formulated to the question ‘why do we not observe particles
of new physics in experiments?’ The first answer is the following. The new particles are very
heavy and cannot be produced in modern accelerators like the LHC. To detect them one has to
build more powerful and more expensive accelerators (we need energy Frontier experiments).
However, there is another possibility. The particles of new physics can be light (with a mass
below or of the order of the electroweak scale) that feebly interact with the SM particles. The
last case is very interesting for the experimental search for new physics right now, see e.g. [13].
To search for rare interactions of feebly interacting hypothetical particles, the intensity Frontier
experiments are needed. These experiments aim to create high-intensity particle beams and use
large detectors [14]. Several such intensity Frontier experiments have been proposed in recent
years: DUNE [15], NA62 [16–18], SHiP [19, 20], etc.

We do not know what are the properties of the new particles. They can be new scalars,
pseudoscalars, vectors or fermions, see [19, 21] for a review. Each of these options has to be
tested in experiments. From a theoretical point of view, there are three possible choices of the
new renormalized Lagrangian of the interaction of new particles with the SM particles. These
interactions are called portals. There are scalar (e.g. [22–24]), vector (e.g. [25–27]) and heavy
neutral leptons (HNLs) renormalized portals. It means the new interaction can be observed
at any energy scale, including that below the EW scale. There are also other portals of high-
dimensional operators such as the portal of pseudoscalar particles (axion-like particles), see e.g.
[28–30] and [31] for a review, or Chern–Simons like (parity odd) interaction of electroweak
gauge bosons with a new vector field (e.g. [32, 33]). The lower the energy scale is, the less
important these interactions will be.

In this paper, we consider extending the SM by neutrino singlets with right chirality, which
extremely faintly interact with the SM particles. Such right-handed neutrinos are called sterile
neutrinos or HNLs.

Interest in the HNL modification of the SM is conditioned by the model’s ability to explain
the smallness of active neutrino masses (due to large values of the sterile neutrino masses MI or
small values of Yukawa elements FαI) and to describe the generation of the matter-antimatter
asymmetry of the Universe due to CP violation in the model [34]. It was shown that Majorana
masses of HNLs can be GeV scale [35–37] to explain baryon asymmetry of the Universe.

In 2005 the neutrino minimal standard model (νMSM) model was proposed [36, 38]. In
this model, the SM is extended by three right-handed neutrinos (HNLs) with masses smaller
than the electroweak scale. It was shown that 18 new parameters of the model can be chosen
in such a way as to simultaneously solve problems of neutrino oscillations, baryon asymmetry
in the Universe, and dark matter. In this case, the νMSM model requires the existence of two
right-handed neutrinos with practically the same masses (�100 MeV) and one right-handed
neutrino with a relatively small mass in the keV region, see [39] for a review. The lightest
right-handed neutrino is a long-lived particle, a dark matter candidate. In 2014 the possible
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Figure 1. Dominant branching ratios of HNL production from charged D (figure (a))
and B (figure (b)) mesons, see [43] for details. Here Ue = 1, Uμ = Uτ = 0.

manifestation of the lightest right-handed neutrino with mass 7 keV was found in x-ray spectra
of the Andromeda galaxy and the Perseus galaxy cluster [40, 41].

That is why the HNL extension of the SM attracts a lot of attention and interest. This modifi-
cation of the SM is especially interesting for GeV-scale HNLs that can be in principle detected
in the intensity Frontier experiments [14, 19].

A model-independent phenomenological approach is used in the experimental search for
HNLs, assuming the existence of only one HNL and considering that the other HNLs do not
affect the analysis. For simplicity of analysis, restrictions are imposed on only two free param-
eters of the model: Majorana mass of the appropriate HNL (mN) and the mixing angle of the
interaction of this HNL with only one active neutrino of flavor α (Uα). While it is usually
assumed that the mixing angles of interaction with other active neutrinos are zero.

It should be noted that the results of previous numerous experiments almost completely
closed the region for HNLs with masses below the mass of kaon, see [19, 42] for details.
Therefore, HNLs with mass mN � 0.5 GeV are of interest to us. The phenomenology of GeV-
scale HNLs was considered e.g. in [43]. A recent computation of the sensitivity region for HNL
search in the SHiP experiment was performed in [44].

If we consider the most important production channels of HNLs in the fixed target intensity
Frontier experiments (such as NA62, SHiP or DUNE), we see that they are the semileptonic
decays of D, Ds mesons, B, Bs, Bc mesons and decays of τ leptons, see [43]. It should be
noted that an essential contribution to HNL production is given by three-body decays of the
mentioned particles, see figure 1, where we present branchings for decays of D and B mesons
as an example. Branchings for decays of other mesons can be found in [43].

Taking into account that the number of the produced D mesons is sufficiently greater than
the number of the produced B mesons in proton-target collisions (e.g. ∼1017 and ∼1013 corre-
spondingly for 5 years of SHiP experiment operation [43]), it is obvious that HNLs production
from B mesons decay can be neglected for HNLs with masses mN � 2 GeV.

So, three-body decays of mesons with τ leptons in the final state are either forbidden (for
the decays of D mesons) or ineffective (for the decays of B mesons). We will denote the final
states of charged leptons as � = e, μ.

In the SHiP collaboration paper [44] computation of the three-body semileptonic decay con-
tributions (h → h′ + � + N) for the formation of the sensitivity region for HNLs was based on
PYTHIA 8. PYTHIA is a general purpose collision event generator [45], that can be modified
to embody new simulations with an arbitrarily good approximation in principle. However, the
three-body decay contributions to the sensitivity region built in [44] were computed with use
of the parton level PYTHIA default matrix elements without additional tuning. This can be

3
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clearly seen by looking at their program code1. It motivated us to verify the accuracy of this
approach.

The fact is that for the description of the semileptonic decays of D mesons PYTHIA uses a
default matrix element

|Mfi|2 = (ph p�)(pν ph′) (1)

and for description of the semileptonic decays of B mesons PYTHIA uses a default matrix
element

|Mfi|2 = (ph pν )(p�ph′). (2)

Explicit form of these matrix elements is given in the PYTHIA 6.4 manual [46]. The current
version, PYTHIA 8, uses the same matrix elements without change. Our further computations
are valid for PYTHIA 6 as well as for PYTHIA 8.

However, for accurate consideration we need to use at least form-factors of meson transi-
tions. In this paper, we analyze the relevancy of the usage of the parton level default PYTHIA
matrix elements in the SHiP collaboration paper [44] for the computation of the contributions
of the three-body decays of B and D mesons to the sensitivity region.

As it was pointed out in [19] HNLs can be produced in τ lepton decays and these decays are
important in case of dominant mixing with the τ flavor. The main three-body decay channels
of τ leptons are decays into elementary particles τ → N�αν̄α and τ → ντ�αN, where α = e, μ.
In contrast to meson decays, which must be described using the form-factor formalism, these
decays can be directly described by the PYTHIA formalism.

The paper is organized in the following way. In section 2 we consider a general formalism
of the neutrino modification to the SM. In section 3 we formulate a general strategy to get
the domain of parameters that allows hidden particles to be detected in the intensity Frontier
experiments. In section 4 we get the general definition of a probability density function (PDF)
for the production of particles with a certain value of energy in three-body decays. In sections
5 and 6 we present the exact matrix elements for the three-body decays of mesons. In section 7
we compare PDFs for HNL production in three-body decays of mesons (in the own reference
frame of the mesons) computed using the parton level PYTHIA default matrix elements and
the exact ones. In section 8 we derive the energy and polar angle distribution functions of the
produced HNLs in the laboratory reference frame. In section 9 we find the probability of a
produced HNL to fall on the detector. In section 10 we estimate the probability of a produced
HNL to decay inside the vacuum tank before the detector. Finally, the results are summarized in
section 11. Useful kinematic relations for HNLs in the different reference frames are outlined
in appendix A.

2. Neutrino modification of the SM. Heavy neutral leptons

Renormalized interaction of the right-handed neutrinos with the SM particles (HNL portal)
is similar to the Yukawa interaction of left-handed quark doublets with singlets of the right-
handed quarks in the SM, namely:

Lint = −
(
FαI L̄αH̃NI + h.c.

)
, (3)

1 The calculations of the SHiP collaboration were carried out with the use of the FairShip software framework. The
program code is in open access, see https://github.com/ShipSoft/FairShip.

4



132J. Phys. G: Nucl. Part. Phys. 48 (2021) 105001 V M Gorkavenko et al

where α = e, μ, τ , the index I is from 1 to the full number of the sterile neutrinos (n), Lα—the
doublet of the leptons of α-generation, NI —a right-handed sterile neutrino, FαI —a new matrix
of dimensionless Yukawa couplings, H̃ = iσ2H∗.

Conditions of invariance of the Lagrangian (3) to the transformations of the gauge groups
of the SM demand the corresponding charges of the sterile neutrinos to be zero. Therefore,
sterile neutrinos are not charged relative to the gauge groups of the SM, which justifies their
name.

After the electroweak symmetry breaking, Lagrangian (3) in the unitary gauge looks as
follows:

Lint = −
(
MD

αI ν̄αNI + h.c.
)

, MD
αI =

v√
2

FαI, (4)

where v ≈ 246 GeV is the vacuum expectation value of the Higgs field, MD
αI —Dirac mass

terms.
Considering sterile neutrinos as neutral Majorana particles, we can write the full Lagrangian

of the modified neutrino sector of the SM in the form

Lν,N = iν̄k∂� νk + iN̄I∂� NI −
(

MD
αI ν̄αNI +

MI

2
N̄I

cNI + h.c.

)
, (5)

where MI is the Majorana mass of Ith sterile neutrino. Imposing the condition MD
Iα/MI 	 1,

one can perform the diagonalization of the neutrino mass matrix, see e.g. [11, 47], and get the
mass matrix of the active neutrinos

(Mactive
ν )αβ = −

n∑

I=1

MD
IαMD

Iβ

MI
. (6)

The mass matrix for the sterile neutrinos will remain almost unchanged. This mechanism is
known as the seesaw mechanism2, see e.g. [54, 55].

As a result of the neutrino states mixture, the active neutrino states become superposition
of the mass states of the active and sterile neutrinos

νL =

(
1 − 1

2
U+U

)
V1νmL + U+V2Nc, (7)

where UIα = MD
Iα/MI (U = M−1MD) is a so-called mixing angle (UIα 	 1), V1—a unitary

matrix for diagonalization of the active neutrino mass matrix, V2—a unitary matrix for diag-
onalization of the sterile neutrino mass matrix (it can be taken as a unit matrix in our case). It
means that sterile neutrinos interact with the SM particles similarly to active neutrinos:

Lint =− g

2
√

2
W+

μ

∑

I,α

N̄c
IUIαγμ(1 − γ5)�−

α

− g
4 cos θW

Zμ

∑

I,α

N̄c
IUIαγμ(1 − γ5)να + h.c. (8)

It should be noted that the extension of the SM by HNLs gives an additional source of CP-
symmetry violation in the theory, see e.g. [56].

2 This mechanism is called type-I seesaw mechanism because there are other ways to explain small neutrino masses,
see e.g. [11, 48]. In the type-II seesaw mechanism an extra SU(2) triplet scalar is introduced [49–52], in the type-III
seesaw mechanism an extra fermion in the adjoint of SU(2) is added to the model [53].
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Figure 2. General scheme of the SHiP facility.

3. General strategy

At first, let us remind the general principles of the intensity Frontier experiments operation on
the example of an intended experiment SHiP [57], see figure 2. A beam line from the CERN
SPS accelerator will transmit 400 GeV protons at the SHiP. A proton beam will strike in a
molybdenum and tungsten fixed target at a center-of-mass energy ECM ≈ 27 GeV. A great
number of light SM particles and hadrons will be produced under such collisions. Hidden
particles are expected to be predominantly produced in the decays of the produced hadrons.

The main concept of the SHiP functioning is the following. Almost all the produced SM
particles should be either trapped by an absorber or deflected in a magnetic field (muons).
Remaining events with the SM particles can be rejected using specially developed cuts. If
hidden particles decay into SM particles inside the decay volume, the latter will be detected.
It will mean the existence of hidden particles.

We can estimate the number of hidden particles that can be detected as

Ndet = NBSM · εtot · Pdecay. (9)

This relation allows us to find a range of parameters (mN , θα), when HNLs can be detected.
It is a region where Ndet � Nthr

det. Value Nthr
det is the threshold number of the detected particles

when we can affirm the discovery of HNLs. It depends on the characteristics of the experiment
facilities and the background level.

Let us explain the meaning of the constituent factors in (9). Factor NBSM is the number of
hidden particles produced during all the time of the SHiP experiment operation. Factor εtot

is the product of the following factors εgeom · Brvis · εdet, where εgeom is the probability of a
produced HNL to move towards the detector, εdet is the probability of the detector to register
visible particles, Brvis is the branching of HNL decay into channels, visible for the detectors.
Factor Pdecay is the probability of a produced HNL to decay in the volume of the vacuum tank
before the detectors.

6
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Therefore, to validate the accuracy of the computation with use of the parton level PYTHIA
default matrix elements of the contribution of the produced in the three-body decays HNLs to
the sensitivity region we have to consider only two factors in (9), namely εgeom and Pdecay.

The probability for the produced HNLs to move towards the detector (εgeom) can be easily
found if we know the distribution function of these particles. The probability of the HNLs to
decay inside the vacuum tank before the detector is

Pdecay = e− LΓ
γβ − e− (L+ΔL)Γ

γβ , (10)

where L is the distance from the target to the vacuum tank, ΔL—the length of the vacuum
tank, γ is the Lorentz factor, β—the velocity of the particle and Γ—the decay width of HNLs.
Thus, Pdecay depends on the energy distribution function of HNLs, HNL’s lifetime, geometry
of the experiment, and the coupling constant.

Therefore, to compute both εgeom and Pdecay we need the energy-angle distribution functions
of the produced HNLs. One can easily get these functions in the rest frame of the initial meson.
Using the energy-angle distribution of the initial mesons, we can get the distribution functions
of HNLs in the laboratory reference frame. We assume that in the initial meson’s rest frame
the production of HNLs is isotropic.

4. Probability density function for particles produced in a three-body decay

Let us consider a three-body decay A → B + C + N, where A, B, C are some particles (with
masses mA, mB, mC) and N is a sterile neutrino with mass mN .

If the decaying particle (A) is a scalar (or we average over its spin states), the differential
decay width of the three-body decay in the rest frame of the A particle is defined as, see e.g.
[58],

dΓ =
|Mfi|2

8mA(2π)3
dEN dEB. (11)

The full partial decay width for this channel is given as

Γ(A → BCN) =

Emax
N∫

Emin
N

dEN

Emax
B (EN )∫

Emin
B (EN )

dEB
|Mfi|2

8mA(2π)3
, (12)

where the boundaries of integration can be found from condition

E2 max / min
N = m2

N + p2 max / min
N = m2

N + pB
2 + pC

2 ± 2|pB| |pC|, (13)

that can be rewritten as the solution of equation

E2 max / min
N = m2

N + E2
B − m2

B + (mA − EN − EB)2

− m2
C ± 2

√
(E2

B − m2
B)((mA − EN − EB)2 − m2

C), (14)

namely

7
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Figure 3. Diagram of the semileptonic decays: (a) decay of pseudoscalar meson D− into
pseudoscalar meson K0 or vector meson K∗(892), (b) decay of pseudoscalar meson B−

into pseudoscalar meson D0 or vector meson D∗(2007)0.

Emax / min
B (EN) =

(mA − EN)(w2 + m2
B − m2

C)
2w2

±
√

E2
N − m2

N

√
λ(w2, m2

B, m2
C)

2w2
, (15)

where w2 = m2
A + m2

N − 2ENmA and λ(x, y, z) = x2 + y2 + z2 − 2xy − 2yz − 2zx is the Källén
function [59].

As one can see, two functions EBmax/min(EN) in (15) define the upper and lower boundaries
of the region with the allowed values of energy. These functions coincide at the minimal and
maximum values of the energy EN that can be found from the condition for the changing sign
term being zero. We get

Emin
N = mN , Emax

N =
m2

A+m2
N −(mB+mC)2

2mA
. (16)

Taking into account (12), we get the probability density function (PDF) for the production
of HNLs with a certain value of energy (EN) in the form

pdf(EN) =
1

Γ(A → BCN)

Emax
B (EN )∫

Emin
B (EN )

dEB
|Mfi|2

8mA(2π)3
. (17)

5. HNL production in semileptonic decays of B and D mesons into
pseudoscalar mesons

Decay of an electrically charged pseudoscalar meson h into an electrically neutral pseudoscalar
meson h′, a charged lepton and an HNL (h → h′ +� + N) is derived by weak interaction, see
figure 3. The amplitude of the reaction is

Mfi = θα
GF√

2
V∗

i j �̄αγν(1 − γ5)N〈h′(p′)|Q̄iγν(1 − γ5)Q j|h(p)〉, (18)

where averaging over the axial quark current gives zero, but averaging over vector quark current
can be presented as

8



136J. Phys. G: Nucl. Part. Phys. 48 (2021) 105001 V M Gorkavenko et al

Table 1. Best fit parameters for the form-factors (21) of B → D transitions [61].

f Mpole (GeV) a0 a1 a2

f BD
+ ∞ 0.909 −7.11 66

f BD
0 ∞ 0.794 −2.45 33

Wν = 〈h′(p′)|Q̄iγνQ j|h(p)〉

=

[
(p+p′)ν − m2

h−m2
h′

q2
qν

]
f hh′
+ (q2)+

m2
h−m2

h′

q2
qν f hh′

0 (q2), (19)

where f hh′
+ (q2) and f hh′

0 (q2) are the form-factors for hh′ transitions.
For |Mfi|2 summarized over the helicities of the final particles, we have

|Mfi|2 = 4θ2
αG2

F|Vi j|2
[
2(m2

h − m2
h′) f hh′

0 (q2) (kW)

− 2(kW)2 − (qk)W2 + m2
NW2

]
, (20)

where mh, mh′ are the masses of the corresponding mesons, mN —the mass of the sterile
neutrino.

For consideration of reaction B± → D0 + �± + N we use a popular parametrization for
form-factors of mesons, namely the Bourrely–Caprini–Lellouch (BCL) parametrization [60]
that takes into account the analytic properties of the form-factors (see e.g. [61, 62]),

f (q2) =
1

1 − q2/M2
pole

N−1∑

n=0

an

[(
z(q2)

)n − (−1)n−N n
N

(
z(q2)

)N
]

, (21)

where function z(q2) is defined via

z(q2) ≡
√

t+ − q2 − √
t+ − t0√

t+ − q2 +
√

t+ − t0
(22)

with

t+ = (mh + mh′)2. (23)

The choice of t0 and the pole mass Mpole varies from group to group that performs the analysis.
In this work we follow the FLAG collaboration [61] and take

t0 = (mh + mh′)
(√

mh − √
mh′

)2
. (24)

The coefficients a+
n and a0

n are then fitted to the experimental data or lattice results. Their best
fit parameter values are given in table 1.

For consideration of reaction D± → K0 + �± + N we use the parametrization for form-
factors of mesons given in [63]:

f (q2) =
f (0) − c(z(q2) − z0)

(
1 + z(q2)+z0

2

)

1 − Pq2
, (25)

where z(q2) is defined by (22) and z0 = z(0). The best fit parameter values are given in table 2.

9



137J. Phys. G: Nucl. Part. Phys. 48 (2021) 105001 V M Gorkavenko et al

Table 2. Best fit parameters for the form-factors (25) of D → K transitions [63].

f f (0) c P(GeV−2)

f DK
+ 0.7647 0.066 0.224

f DK
0 0.7647 2.084 0

6. HNL production in semileptonic decays of B and D mesons into vector
mesons

Let us consider production of HNLs in semileptonic decays of B and D mesons into vector
mesons, namely B± → D∗(2007)0 + �± + N and D± → K∗(892) + �± + N.

Decay of an electrically charged pseudoscalar meson h into an electrically neutral vector
meson h′

V , a charged lepton and an HNL (h → h′
V + � + N) is derived by weak interaction, see

figure 3. The amplitude of the reaction is similar to (18), where there is contribution from both
the vector and the axial parts of the quark current Q̄iγν(1 − γ5)Q j = Vν − Aν , see [43]:

〈h′
V(ε, p′)|Vμ|h(p)〉= ig(q2)εμασρε

∗α(p+p′)σ(p−p′)ρ

= i2g(q2)εμασρε
∗αp′ σ pρ = iVμ, (26)

〈h′
V(ε, p′)|Aμ|h(p)〉= f (q2)ε∗

μ+ a+(q2)(ε∗·p)(p+p′)μ

+ a−(q2)(ε∗ ·p)(p−p′)μ = Aμ, (27)

and εμ is the polarization vector of the vector meson.
For |Mfi|2 summarized over the helicities and polarization states of the final particles, we

have

|Mfi|2 = 4θ2
αG2

F|Vi j|2
∑

λ

Rμν[VνV∗
μ + AνA∗

μ + i(AνV∗
μ − VνA∗

μ)], (28)

where λ is the polarization state of the vector meson and

Rμν = (qν − kν)kμ − (qk)gνμ + m2
Ngνμ + (qμ − kμ)kν − iqik jε

i jνμ. (29)

Summation over the polarization states of the vector meson can be performed directly using
the relation

∑

λ

ε∗
α(p′)εβ(p′) = −

(
gαβ − p′

α p′
β

m2
h′

V

)
. (30)

We get
∑

λ

RμνVνV∗
μ = 8g2(q2)

{
m2

B[(p′k)2 − m2
D(qk)]

+ m2
D(pk)2 + (pp′)[−2(p′k)(pk) + (pp′)(qk)]

}
, (31)

∑

λ

Rμνi(AνV∗
μ − VνA∗

μ) = 8g(q2) f (q2)[m2
B(p′k) + m2

D(pk) − (p′k + pk)(pp′)],

(32)

10
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Table 3. First part of the table with parameters of the form-factors (39)–(41) of B and
D mesons decays into vector mesons [64–66].

h, h′ f hh′
V f hh′

A0
f hh′

A1
f hh′

A2
σhh′

V σhh′
A0

σhh′
A1

σhh′
A2

D, K∗ 1.03 0.76 0.66 0.49 0.27 0.17 0.30 0.67
B, D∗ 0.76 0.69 0.66 0.62 0.57 0.59 0.78 1.40

∑

λ

RμνAμA∗
ν = −R2(m2

N − qk)

(
m2

B − (pp′)2

m2
D

)
+

2(kR)(kR − qR)
m2

D

+ 2 f (q2)
[
(kQ)(qR) + (kR)(qQ − 2kQ) + (RQ)(m2

N − qk)
]

+ f 2(q2)

(
2(p′k)(p′ p − p′k)

m2
D

− m2
N + qk − 2p′k

)
, (33)

where

Rμ = a+(q2)(p + p′)μ + a−(q2)(p − p′)μ, Qν =
(pp′)
m2

D

p′
ν − pν . (34)

Form-factors f (q2), g(q2), a±(q2) can be found from the dimensionless linear combinations
[64–66]:

Vhh′
(q2) = (mh + mh′) ghh′

(q2), (35)

Ahh′
0 (q2) =

1
2mh′

(
f hh′

(q2) + q2ahh′
− (q2) +

(
m2

h − m2
h′
)

ahh′
+ (q2)

)
, (36)

Ahh′
1 (q2) =

f hh′
(q2)

mh + mh′
, (37)

Ahh′
2 (q2) = − (mh + mh′) ahh′

+ (q2), (38)

that can be parameterized as

Vhh′
(q2) =

f hh′
V

1 − q2/(Mh
V)2[1 − σhh′

V q2/(Mh
V)2 − ξhh′

V q4/(Mh
V)4]

, (39)

Ahh′
0 (q2) =

f hh′
A0

1 − q2/(Mh
P)2[1 − σhh′

A0
q2/(Mh

V)2 − ξhh′
A0

q4/(Mh
V)4]

, (40)

Ahh′
1/2(q2) =

f hh′
A1/2

1 − σhh′
A1/2

q2/(Mh
V)2 − ξhh′

A1/2
q4/(Mh

V)4
. (41)

The best fit values of parameters are given in papers [64–66]. The parameters f and σ
are given in table 3. The parameters ξ and the pole masses MV , MP are given in table 4,
where mDs = 1.969, mD∗

s = 2.112, mBc = 6.275, mB∗
c = 6.331. The mass for B∗

c was taken from
theoretical prediction [67].

11
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Table 4. Second part of the table with parameters of the form-factors (39)–(41) of B and
D mesons decays into vector mesons [64–66].

h, h′ ξhh′
V ξhh′

A0
ξhh′

A1
ξhh′

A2
Mh

P (GeV) Mh
V (GeV)

D, K∗ 0 0 0.20 0.16 mDs mD∗
s

B, D∗ 0 0 0 0.41 mBc mB∗
c

Figure 4. Probability density functions (PDF) for the energy of HNLs (in the rest frame
of the initial meson) produced in the reaction B± → D0 + �± + N computed exactly
(solid line) and with the PYTHIA default matrix element for decays of B meson (2)
(dashed line).

7. PDF for HNLs produced in three-body decays

In this paper, we consider HNL production in three-body decays of pseudoscalar B and D
mesons into other pseudoscalar mesons, namely B± → D0 + �± + N and D± → K0 + �± + N.
Also we consider HNL production in three-body decays of pseudoscalar B and D mesons into
vector mesons, namely B± → D∗(2007)0 + �± + N and D± → K∗(892) + �± + N. Two cases
of leptons (� = e, μ) in the final states are practically indistinguishable because of the small
masses of electron and muon as compared with the masses of mesons in the reactions.

Let us compare the probability density function in the own frame of the initial meson for
production of HNLs with a certain energy (EN) computed with the help of relation (17) for the
exact matrix elements (see section 5 and section 6) and for the parton level PYTHIA default
matrix elements, see (1) and (2).

We see that the PDF computed exactly for the reaction of HNL production in the decay
of the pseudoscalar meson B into the pseudoscalar meson D0 is in good agreement with the
PDF computed with the PYTHIA default matrix element for the decay of B mesons (2), see
figure 4. But the PDF computed exactly for the reaction of the B meson decay into a vector
meson B± → D∗(2007)0 + �± + N is in good agreement not with the PDF computed with the
PYTHIA default matrix element for decays of B mesons (2), but with the PDF computed with
the PYTHIA default matrix element for decays of D mesons (1), see figure 5.

We see that the PDF computed exactly for the reaction of HNL production in the decay of
the pseudoscalar meson D into the pseudoscalar meson K0 is in good agreement not with the
PDF computed with the PYTHIA default matrix element of the D meson decays (1), but with
the PDF computed with the PYTHIA default matrix element for decays of B mesons (2), see
figure 6. But the PDF computed exactly for the reaction of D meson decay into a vector meson

12
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Figure 5. PDF for the energy of HNLs (in the rest frame of the initial meson) pro-
duced in the reaction B± → D∗(2007)0 + �± + N computed exactly (solid line), with
the PYTHIA default matrix element for decays of B meson (2) (dashed line) and with
the PYTHIA default matrix element for decays of D meson (1) (dot-dashed line).

Figure 6. PDF for the energy of HNLs (in the rest frame of the initial meson) produced
in the reaction D± → K0 + �± + N computed exactly (solid line) and with the PYTHIA
default matrix element for decays of D meson (1) (dashed line) and with the PYTHIA
default matrix element for decays of B meson (2) (dot-dashed line).

D± → K∗(892) + �± + N is in good agreement with the PDF computed with the PYTHIA
default matrix element for decays of D mesons (1), see figure 7.

The result, at least for the initial B and D mesons, can be summarized as follows. The parton
level PYTHIA default matrix element (2) works well for a pseudoscalar meson three-body
decay into a pseudoscalar meson, a charged lepton and an HNL. The parton level PYTHIA
default matrix element (1) works well for a pseudoscalar meson three-body decay into a vector
meson, a charged lepton and an HNL.

An intriguing question is how the sufficiently large difference in the PDFs will affect the
quantities necessary for calculating the sensitivity region, namely εgeom and Pdecay. We consider
this question in sections 9 and 10.

8. Distribution functions

Data Datah for distribution of the produced h mesons (h stands for B or D mesons) in proton-
target collisions (along axis z) in the SHiP experiment over the energy (Eh) and polar angle (θh)
values were kindly provided by the SHIP collaboration. These data were obtained by using a
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Figure 7. PDF for the energy of HNLs (in the rest frame of the initial meson) pro-
duced in the reaction D± → K∗(892) + �± + N computed exactly (solid line) and with
the PYTHIA default matrix element for decays of D meson (1) (dashed line).

Figure 8. PDF for energy (a) and polar angle (b) in the laboratory frame for HNLs with
mass 2.6 GeV produced in the reaction B± → D∗(2007)0 + �± + N.

tuned PYTHIA 6.4, see [68] for more details. In the following calculations, a data array with
aB = 6.27 × 105 elements of type (EB, θB) and a data array with aD = 106 elements of type
(ED, θD) are used.

We use these data to calculate the distribution functions for the energy (Elab
N ) and the polar

angle (θlab
N ) of the produced HNLs in the laboratory frame with the help of Monte-Carlo simula-

tion. Kinematic relations for HNLs between the laboratory and h meson’s own reference frames
are presented in appendix A. Corresponding relations contain dependence on two parameters
of the h meson in the laboratory reference frame (the energy Eh and the polar angle θh) and
four parameters of the HNL in the own reference frame of the h meson (the mass of the HNL
mN , the energy of the HNL Ecm

N , the polar and azimuth angles of the HNL θcm
N , ϕcm

N ).
It should be noted that in the h meson’s own reference frame, the energy of the HNL is

defined by the energy probability distribution function (17), but directions of motion of the
produced HNL are equiprobable because of the isotropic property of the h meson decay. So
we take these parameters (y = cos θcm

N and ϕcm
N ) with randomly chosen values. A set of values

(Eh, θh) is taken from the elements of Datah with a serial number that is taken in a random
way. Thus we receive data (DataN) in a form (Elab

N , θlab
N ).

Using the obtained data, we can now derive PDF and cumulative distribution functions
for energy and polar angle for HNLs and for the initial h mesons also. As an example, we
present the PDFs for energy and polar angle (computed via the matrix element from section
6) in the laboratory reference frame for HNLs with mass 2.6 GeV produced in reaction B± →
D∗(2007)0 + �± + N, see figure 8.
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Using the definition of the median value as a value corresponding to the cumulative dis-
tribution function equal to 1/2, we get the median values of energy and polar angle for the
initial B and D mesons produced in the SHiP experiment, namely EB � 80 GeV, θB � 0.022
and ED � 16.5 GeV, θD � 0.022.

For the produced HNLs the corresponding median values depend on their masses and the
reaction of their production. As an example, for an HNL with mass 2.6 GeV produced in the
reaction B− → D∗(2007)0 + e− + N, see figure 8, the median values of energy and polar angle
in the laboratory reference frame are EN � 40 GeV and θN � 0.026.

9. Factor εgeom

In this section we consider the probability of a produced HNL to move toward the detector
(εgeom). To do this, we have to find the probability of the polar angle θlab

N of the produced HNL
to be less than the angular size of the detector e.g. for the SHiP experiment θdetector = 0.028. It
is just the value of the cumulative distribution function (FN,θ) for the polar angle of the HNL
in the laboratory frame

εgeom(mN) = FN,θ(mN) =

θdetector∫

0

pdf(mN , θ)dθ, (42)

where pdf(mN , θ) is the PDF on polar angle θ of the HNL. Value of εgeom depends on the mass
of the HNL and the matrix element for its production.

The result of our computations can be presented in the following way. Factor εgeom computed
exactly (with the help of matrix elements presented in section 5 and section 6) for the reactions
B± → D0 + �± + N and D± → K∗(892) + �± + N is in good agreement (the relative difference
is of order 1%–2% in the area to the right of the vertical dashed line) with factor εgeom computed
with the help of the parton level PYTHIA default matrix elements for decays of B and D mesons
correspondingly, see line 1B of figure 9(a) and line 2D of figure 9(b). But for the reactions
B± → D∗(2007)0 + �± + N and D± → K0 + �± + N it is more preferable to use the parton
level PYTHIA default matrix elements for decays of D and B mesons correspondingly, see
line 2D of figure 9(a) and line 1B of figure 9(b). It should be noted that a similar situation was
for computations of PDFs in section 7. We emphasize that in figure 9(b) the experimentally
interesting area is mHNL � 0.5 GeV (to the right of the vertical dashed line) and in figure 9(a)
it is mHNL � 2 GeV (to the right of the vertical dashed line), see section 1.

As one can see from figure 9 the probabilities of a produced HNL to move towards the
detector coincide (εPYTH

geom = εgeom) for an HNL with the maximum kinetically allowed value of
the mass. This is how it should be. In the case when an HNL has the maximum value of mass,
the initial hadron in its own reference frame decays into three motionless particles. All these
particles in the laboratory frame will move in the direction of the initial meson regardless of
the matrix element type.

10. Factor Pdecay

The number of the produced HNLs that can be detected during the period of the SHIP operation
is defined by (9). This relation allows us to find the region of parameters (mN , Uα), with which
HNLs can be detected.

Behavior of the lower bound of this region for coupling constant (θ) can be estimated ana-
lytically. In this case arguments of the exponents in Pdecay (10) are small and approximation
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Figure 9. We present ratio
εPYTH
geom −εgeom

εgeom
for the produced HNLs. Figure (a) corresponds

to the B meson decays (lines 1B and 1D: B± → D0 + �± + N, lines 2B and 2D: B± →
D∗(2007)0 + �± + N). Figure (b) corresponds to the D meson decays (lines 1D and 1B:
D± → K0 + �± + N, lines 2D and 2B: D± → K∗(892) + �± + N). Dashed line corre-
sponds to computations via the PYTHIA matrix element (1). Solid line corresponds to
computations via the PYTHIA matrix element (2). We are only interested in the area to
the right of the vertical dashed line.

Figure 10. We present ratio
PPYTH

decay −Pdecay

Pdecay
for the produced HNLs. Figure (a) corre-

sponds to the B meson decays (lines 1B and 1D: B± → D0 + �± + N, lines 2B and 2D:
B± → D∗(2007)0 + �± + N). Figure (b) corresponds to the D meson decays (lines 1D
and 1B: D± → K0 + �± + N, lines 2D and 2B: D± → K∗(892) + �± + N). Dashed line
corresponds to computations via the PYTHIA matrix element (1). Solid line corresponds
to computations via the PYTHIA matrix element (2). We are only interested in the area
to the right of the vertical dashed line.

ex � 1 + x can be used and we get

Pdecay ≈ ΔL · Γ · X(EN/mN), (43)

where X(u) = (u2 − 1)−1/2.
With the help of (43) we can easily obtain the ratio of Pdecay computed for the exact matrix

elements (see sections 5 and 6) and for the matrix elements in the PYTHIA approximation, see
(1) and (2):

PPYTH
decay

Pdecay
=

X̃PYTH(EN/mN)

X̃(EN/mN)
, (44)

where X̃ is the median value of the corresponding function X. The median value of the function
X was found by computing the median of the set of the X-function values produced by Monte
Carlo simulations, see section 8.
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Figure 11. We present ratio
εPYTH
geom PPYTH

decay −εgeomPdecay

εgeomPdecay
for HNLs produced in the three-

body decays of mesons for the default PYTHIA matrix elements. Figure (a) corre-
sponds to the B meson decays (lines 1B and 1D: B± → D0 + �± + N, lines 2B and 2D:
B± → D∗(2007)0 + �± + N). Figure (b) corresponds to the D meson decays (lines 1D
and 1B: D± → K0 + �± + N, lines 2D and 2B: D± → K∗(892) + �± + N). Dashed line
corresponds to computations via the PYTHIA matrix element (1). Solid line corresponds
to computations via the PYTHIA matrix element (2). We are only interested in the area
to the right of the vertical dashed line.

The results of our computations are similar to the results of the analysis of the εgeom factor.
Factor Pdecay computed exactly (with the help of the matrix elements presented in section 5)
for the reactions B± → D0 + �± + N is in good agreement (the relative difference is about
1% for mN � 2 GeV) with factor Pdecay computed with the help of the parton level PYTHIA
default matrix elements (2) for decays of B mesons, see line 1B of figure 10(a). Factor
Pdecay computed exactly (with the help of the matrix elements presented in section 6) for the
reactions D± → K∗(892) + �± + N is in agreement (the relative difference less than 3% for
mN � 0.5 GeV) with factor Pdecay computed with the help of the parton level PYTHIA default
matrix elements (1) for decays of D mesons, see line 2D of figure 10(b).

It should be noted that for the reactions B± → D∗(2007)0 + �± + N and D± → K0 + �± + N
it is more preferable to use the parton level PYTHIA default matrix elements for decays of D
and B mesons correspondingly, see line 2D of figure 10(a) and line 1B of figure 10(b). As in
the case with εgeom we are only interested in the area to the right of the vertical dashed line.

11. Conclusions

There are some indisputable phenomena that point to the fact that the SM has to be modified
and complemented by a new particle (particles). We are sure that new physics exists, but we
do not know where to search for it. There are many theoretical possibilities to modify the
SM, namely by scalar, pseudoscalar, vector, pseudovector, or fermion particles of new physics.
These particles may be substantially heavier than the energy scale of the present colliders.
However, they may also be light (with mass less than the electroweak scale) and feebly interact
with the SM particles.

In this paper, we consider the HNL extension of the SM. We analyzed the relevance of using
the parton level PYTHIA default matrix elements without additional tuning for describing
GeV-scale HNL production in the most important three-body decays of B, D mesons that is a
topical question for construction of the sensitivity region for the experimental search for HNLs.
Our study was driven by the use of such an approximation in the SHiP collaboration paper [44].
We consider this question concerning the SHiP experiment, but our results are also applicable
to other intensity Frontier experiments.
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Some general conclusions can now be drawn. The computations of the three-body decays
of τ leptons with HNL production in the PYTHIA approximation coincide with the exact com-
putations, but the parton level PYTHIA default matrix elements for describing the three-body
decays of mesons are just similar to the matrix elements for free quark electroweak decays.
Despite this, we have shown that this PYTHIA approximation has the right to be used for con-
struction of the sensitivity region for the experimental search for HNLs, provided one uses the
suitable parton level PYTHIA default matrix elements.

We consider the case of three-body decays of B and D mesons into a light meson, an HNL
and either an electron or a muon. These two cases of leptons in the final state are practically
indistinguishable because of the small electron and muon masses as compared with the masses
of mesons in the reactions. Reactions with τ leptons in the final state are either forbidden (for
the decays of D mesons) or ineffective (as it was pointed in the introduction HNL production
from B meson decays can be neglected for HNLs with masses mN � 2 GeV).

As it was shown in section 3, explicit form of matrix elements for HNL production in a
three-body decay affects factors εgeom and Pdecay (probabilities of the produced HNL to move
toward the detector and to decay inside the vacuum tank before the detectors correspondingly)
in the relation (9) that defines the sensitivity region of the intensity Frontier experiments.

In sections 9 and 10 we conducted a detailed analysis of factors εgeom and Pdecay. Summing
up the results of this analysis, one can conclude that for the description of HNL production in a
three-body decay of a pseudoscalar meson into another pseudoscalar meson (B± → D0 + �± +
N and D± → K0 + �± + N) the parton level PYTHIA matrix element (2) is better to use. For
the description of HNL production in a three-body decay of a pseudoscalar meson into a vector
meson (B± → D∗(2007)0 + �± + N and D± → K∗(892) + �± + N) the parton level PYTHIA
matrix element (1) is better to use.

Actually, it is more important to analyze the product εgeom · Pdecay, which is included in the
relation (9) that defines the sensitivity region for HNLs. Considering other factors in (9) fixed,
this allows us to obtain the total error of the quantity Ndet, which directly defines the accuracy
of the sensitivity region construction. We demonstrate the discrepancies for εgeom · Pdecay in
figure 11. We emphasize that in figure 11(b) the experimentally interesting area is mHNL � 0.5
GeV (region to the left of the vertical dashed line is almost completely closed by experiments
[19, 42]) and in figure 11(a) the interesting area is mHNL � 2 GeV, where the production of
HNLs in B mesons decays is effective, see section 1.

One can see that if we use default matrix element (2) for both the considered decays of B
meson (into D∗(2007) as well as into D0), we get quite a large maximum discrepancy � 7.3%
for the reaction B± → D∗(2007)0 + �± + N, see line 2B of figure 11(a). Similarly, if we use
default matrix element (1) for decays of D meson into K0 as well as into K∗(892) we get quite
a large maximum discrepancy � 8.8% for reaction D± → K0 + �± + N, see line 1D of figure
11(b). This is just the case implemented by the SHiP collaboration.

We come to the conclusion that if, for some reasons, under computations for HNL produc-
tion in three-body decays of mesons only default matrix elements are used, without additional
tuning, it must be done in a more reasonable way. The most suitable choice of the parton level
PYTHIA default matrix elements (1) and (2) is as shown by lines 1B and 2D for figures 11(a)
and (b). With this choice, one can get, among all the considered B and D meson decays, the
smallest difference with the exact matrix element for the reaction D± → K0 + �± + N (the rel-
ative difference less than 0.6%), while the largest irremovable difference is for the reaction
D± → K∗(892) + �± + N (the relative difference less than 2.4%).

To summarize, it can be noted at least for the initial B and D mesons that the parton level
PYTHIA default matrix element (2) works well for a pseudoscalar meson three-body decay
into a pseudoscalar meson, a charged lepton and an HNL. The parton level PYTHIA default
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matrix element (1) works well for a pseudoscalar meson three-body decay into a vector meson,
a charged lepton and an HNL. The interesting question of the possibility of generalizing this
statement for other initial meson states requires further investigation.

It is important to note that the results of our research apply not only to physics beyond the
SM but also for the SM processes of semileptonic decays of mesons, see figure 11 at zero HNL
mass.

In no case should our research be considered as a call to use only the parton level PYTHIA
default matrix elements instead of accurate calculations using additional tuning for PYTHIA.
We just checked the possibility and correctness of using the default matrix elements approach.
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Appendix A. Useful kinematic relations for the HNLs
in the different reference frames
Let us consider an h meson with mass mh and a given four-momentum (Eh, ph) in the laboratory
reference frame. Its velocity in this reference frame (the origin of coordinates is at the point of
proton-target collisions, axis z is directed to the center of detector) is

V lab
h = |V lab

h |e lab
h , (A.1)

where

|V lab
h | = |ph|

(
m2

h + p 2
h

)−1/2
, e lab

h = (sin θh cos ϕh, sin θh sin ϕh, cos θh).

(A.2)

θh and ϕh are the polar and azimuth angles of the h meson’s velocity vector in spherical
coordinate system.

The absolute value of the HNL’s velocity in the center-of-mass system of the produced
particles (own reference frame of the initial h meson) is

Vcm
N = |Vcm

N |e cm
N , (A.3)

where

|Vcm
N | = |pN,cm|

(
m2

N + p 2
N,cm

)−1/2
,

ecm
N = (sin θcm

N cos ϕcm
N , sin θcm

N sin ϕcm
N , cos θcm

N ). (A.4)

θcm
N and ϕcm

N are the polar and azimuth angles of the HNL’s velocity vector in the center-of-
mass system. It should be noted that in the center-of-mass system of the produced particles the
decay of the h meson is isotropic and the angles θcm

N and ϕcm
N can be arbitrary.
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To find the value and the direction of the HNL’s velocity in the laboratory reference frame
we have to find the components of Vcm

N that are parallel and perpendicular to the direction of
V lab

h , namely Vcm
N,‖ and Vcm

N,⊥.

It is obvious that Vcm
N,‖ = Vcm

N,‖e
lab
h , where

Vcm
N,‖ = |Vcm

N |e lab
h ·e cm

N

= |Vcm
N |(sin θcm

N sin θh cos(ϕh − ϕcm
N ) + cos θcm

N cos θh) (A.5)

is the projection of vector Vcm
N on the directione lab

h . Its value can be either positive or negative.
Consider now vector Vcm

N,⊥ = |Vcm
N,⊥|e cm

N,⊥, where

|Vcm
N,⊥| = |Vcm

N | |e cm
N ×e lab

h |. (A.6)

Vector Vcm
N,⊥ has to lie in the plane of vectors Vcm

N and V lab
h . The equation of this plane isn · (r −

r0) = 0, where n is the normal vector of the plane n = e cm
N ×e lab

h and r −r0 is vector lying
in the plane. Radii r and r0 are meant to be taken with a base in the center of target. We put
r0 (point of the h meson decay) to be a zero vector, because the distance between the point of
production of meson and the point of its decay is very small compared with the distance from
the target to the detector. As the vectorr we can use the unit vector of direction ecm

N,⊥.

Components of the unit vector ecm
N,⊥ = (α̃, β̃, γ̃) have to satisfy the following equations

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

e lab
h ·e cm

N,⊥ = α̃ sin θh cos ϕh + β̃ sin θh sin ϕh + γ̃ cos θh = 0,

nxα̃ + nyβ̃ + nzγ̃ = 0,

α̃2 + β̃2 + γ̃2 = 1.

(A.7)

One can get the solution in the form ecm
N,⊥ = N/|N|, where N = (α, β, γ),

α = cos θcm
N cos θh sin θh cos ϕh

− sin θcm
N

(
cos2 θh cos ϕcm

N + sin2 θh sin(ϕh − ϕcm
N ) sin ϕh

)
,

β = cos θcm
N cos θh sin θh sin ϕh

− sin θcm
N

(
cos2 θh sin ϕcm

N − sin2 θh sin(ϕh − ϕcm
N ) cos ϕh

)
,

γ = sin θh

(
cos θh sin θcm

N cos(ϕh − ϕcm
N ) − sin θh cos θcm

N

)
, (A.8)

and the normalized coefficient |N| is equal to |ecm
N ×elab

h |. The obtained solution has ambiguity,
because the system of equation (A.7) is invariant under simultaneous change of sign of all the
vector’s components. This ambiguity can be removed under the following condition. If scalar
product N · Vcm

N is positive the sign of vector N is correct, otherwise the sign of vector N has
to be changed.

So, vector Vcm
N,⊥ is simply defined as

Vcm
N,⊥ = α|Vcm

N,⊥|ecm
N,⊥ = α|Vcm

N,⊥| N/|N|, α = sgn[N ·ecm
N ]. (A.9)
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Now we can find the value and the direction of the HNL’s velocity in the laboratory
reference frame

V lab
N,‖ =

|V lab
h | + Vcm

N,‖
1 + Vcm

N,‖ |V lab
h | , V lab

N,‖ = V lab
N,‖e

lab
h (A.10)

|V lab
N,⊥| = |Vcm

N,⊥|

√
1 − |V lab

h |2

1 + Vcm
N,‖|V lab

h | , V lab
N,⊥ = α|Vcm

N |N, (A.11)

|V lab
N | =

√
|V lab

N,‖|2 + |V lab
N,⊥|2. (A.12)

The components of the HNL’s velocity vector V lab
N are

(V lab
N )x = V lab

N,‖(elab
h )x + α|Vcm

N |(N)x = |V lab
N | sin θlab

N cos ϕlab
N ,

(V lab
N )y = V lab

N,‖(elab
h )y + α|Vcm

N |(N)y = |V lab
N | sin θlab

N sin ϕlab
N ,

(V lab
N )z = V lab

N,‖(elab
h )z + α|Vcm

N |(N)z = |V lab
N | cos θlab

N ,

(A.13)

where (elab
h )i and (N)i are the components of vectors (A.2) and (A.8) and θlab

N , ϕlab
N are the angles

of the HNL’s velocity vector in the laboratory reference frame. The energy of the HNL in the
laboratory reference frame is

Elab
N = mN

(
1 − |V lab

N |2
)−1/2

. (A.14)

In this paper we assume that the experiment facility has a cylindrical symmetry. Therefore,
the azimuth angle of the h meson in the laboratory reference frame can be set to zero (ϕh = 0).
The energy Elab

N and the direction of the HNL’s velocity (θlab
N , ϕlab

N ) in the laboratory reference
frame are defined only by six parameters: the energy Eh and the polar angle θh of the h meson in
the laboratory reference frame, the two angles (θcm

N and ϕcm
N ), the mass mN and the energy Ecm

N

of the produced HNL in the center-of-mass system of the produced particles (own reference
frame of the h meson).
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Abstract
We consider the effect of the magnetic field background in the form of a tube
of the finite transverse size on the vacuum of the quantized charged massive
scalar field which is subject to the Dirichlet boundary condition at the tube.
It is shown that if the Compton wavelength associated with the scalar field
considerably exceeds the transverse size of the tube, then the vacuum energy
which is finite and periodic in the value of the magnetic flux enclosed in the
tube is induced on a plane transverse to the tube. Some consequences for
generic features of the vacuum polarization in the cosmic-string background
are discussed.

PACS numbers: 11.27.+d, 11.10.Kk, 11.15.Tk

1. Introduction

The emergence of calculable and detectable vacuum energy as a consequence of imposing
external boundary conditions in quantum field theory was predicted more than 60 years ago
by Casimir [1]. Since then the vacuum energy of fluctuating quantum fields that are subject to
boundary conditions has been studied in various setups (see, e.g., reviews in [2–4]). Usually,
the boundary manifold is chosen to be noncompact disconnected (e.g. two parallel infinite
plates, as generically in [1]) or closed compact (e.g. box or sphere); see [2–4].

In the present paper, we shall consider the boundary manifold which is noncompact
connected and has the form of an infinite tube in three-dimensional space. As has been
first demonstrated by Aharonov and Bohm [5] in the framework of first-quantized theory,
the magnetic flux enclosed in such a tube affects the properties of quantum matter outside
the tube. This effect which is named after them has no analogues in classical physics and
is characterized by the periodic dependence on the value of the flux, vanishing at integer
multiples of the London flux value, while being maximal at half of the London flux value.

1751-8113/10/175401+12$30.00 © 2010 IOP Publishing Ltd Printed in the UK & the USA 1



154J. Phys. A: Math. Theor. 43 (2010) 175401 V M Gorkavenko et al

In the framework of second-quantized theory, one is interested in the vacuum polarization
effects which are induced outside the tube by the magnetic flux enclosed in the tube. In
particular, the question is whether the vacuum energy is induced. If this is the case, then this
may be denoted as the Casimir–Bohm–Aharonov effect (see also [6]).

It should be noted that initially [5] the Bohm–Aharonov effect was considered under the
assumption that the transverse size of the tube is zero, which corresponds to the singular
magnetic vortex configuration. Taking into account the finite transverse size of the tube was
an important task, since in reality a vortex-forming solenoid is of finite width3. This task was
fulfilled once before, see [7, 8]. Although, unlike the case of a singular vortex, the quantum-
mechanical problem in the case of a finite-thickness vortex is not exactly solvable, a thorough
analysis has been carried out, and, in particular, it has been shown that the Bohm–Aharonov
effect disappears at a sufficiently large thickness of an impenetrable magnetic vortex [7].

Returning to quantum field theory, and, appropriately, to the Casimir–Bohm–Aharonov
effect, we note that up to now this effect was considered for the case of a singular magnetic
vortex only [6, 9–11]. Therefore, the aim of the present paper is to make a first step in the
study of the dependence on the thickness of an impenetrable magnetic vortex. It should be
noted that vacuum polarization effects which are induced by magnetic fluxes of finite thickness
were considered by different authors, see [12–16]. However, these authors are concerned with
the case when there is no boundary at all and the region of the flux is penetrable for the
quantized matter fields; therefore, the obtained results have no relation neither to the Casimir,
nor to the Bohm–Aharonov effects. In the present paper we shall show that, similar to the
Bohm–Aharonov effect, the Casimir–Bohm–Aharonov effect disappears at a sufficiently large
thickness of the vortex. The second-quantized matter will be represented by the charged
massive scalar field.

In the next section a general definition of the vacuum energy density for the quantized
scalar field is reviewed and a starting expression for its renormalized value is given. In
section 3 this value is calculated numerically in the case of (2 + 1)-dimensional space-time.
Finally, the results are summarized and discussed in section 4.

2. Vacuum energy density

The operator of the quantized charged scalar field is represented in the form

�(x0, x) =
∑∫
λ

1√
2Eλ

[
e−iEλx

0
ψλ(x) aλ + eiEλx

0
ψ−λ(x) b

†
λ

]
, (1)

where a
†
λ and aλ

(
b

†
λ and bλ

)
are the scalar particle (antiparticle) creation and destruction

operators satisfying commutation relations; the wavefunctions ψλ(x) form a complete set of
solutions to the stationary Klein–Gordon equation

(−∇2 + m2)ψλ(x) = E2
λψ(x), (2)

where ∇ is the covariant derivative in an external (background) field and m is the mass
of the scalar particle; λ is the set of parameters (quantum numbers) specifying the state;
Eλ = E−λ > 0 is the energy of the state; the symbol

∑∫
λ

denotes summation over discrete and

integration (with a certain measure) over continuous values of λ.

3 Also, a real solenoid is of finite length. However, in the case when the width of the solenoid is much smaller than
its length and the motion of a quantum-mechanical particle is confined to a plane which is transverse to the solenoid,
the effects of the width prevail over the effects of the length.

2
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We are considering the static background in the form of the cylindrically symmetric
magnetic vortex of finite thickness; hence, the covariant derivative is ∇ = ∂ − ieV with the
vector potential possessing only one nonvanishing component given by

Vϕ = �/2π (3)

outside the vortex; here, � is the vortex flux and ϕ is the angle in the polar (r, ϕ) coordinates
on a plane which is transverse to the vortex. The Dirichlet boundary condition on the edge
(r = r0) of the vortex is imposed on the scalar field:

ψλ|r=r0
= 0, (4)

i.e. quantum matter is assumed to be perfectly reflected from the thence impenetrable vortex.
Provided the orthonormalization condition is satisfied,∫

d3x ψ∗
λψλ′ = 〈λ|λ′〉, (5)

the solution to (2) and (4) in the case of the impenetrable magnetic vortex of thickness 2r0

takes the form

ψknkz
(x) = (2π)−1 eikzz einϕβn(kr0)

× [Y|n−e�/2π |(kr0)J|n−e�/2π |(kr) − J|n−e�/2π |(kr0)Y|n−e�/2π |(kr)], (6)

where z is the coordinate along the vortex,

βn(kr0) = [
Y 2

|n−e�/2π |(kr0) + J 2
|n−e�/2π |(kr0)

]−1/2
, (7)

and 0 < k < ∞, −∞ < kz < ∞, n ∈ Z (Z is the set of integer numbers); Jμ(u) and
Yμ(u) are the Bessel functions of order μ of the first and second kinds. It should be noted
that the vortex can be obviously generalized to d-dimensional space by adding extra d − 3
longitudinal coordinates to z; then factor (2π)−1 eikzz is changed to (2π)

1−d
2 eikzz , where z is

the (d −2)-dimensional vector which is orthogonal to the (r, ϕ)-plane in d-dimensional space.
In general, the vacuum energy density is determined as the vacuum expectation value

of the time–time component of the energy–momentum tensor, that is given formally by the
expression

ε = 〈vac|(∂0�
+∂0� + ∂0�∂0�

+)|vac〉 =
∑∫
λ

Eλψ
∗
λ (x) ψλ(x), (8)

which is ill-defined, suffering from the ultraviolet divergencies: the momentum integral
corresponding to the last expression in (8) diverges as pd+1 for p → ∞. The well-defined
quantity is obtained with the use of regularization and then renormalization procedures (see,
e.g., [3]). As to regularization, one employs conventionally either heat-kernel or zeta-
function methods (see, e.g., [2]). As to renormalization, it has been shown [17] that, for
a specific configuration of a vortex through the excluded region, it suffices, irrespective of the
number of spatial dimensions, to perform one subtraction, namely to subtract the contribution
corresponding to the absence of the vortex. This fact owes to the symmetry in the problem,
being of rather general nature. It is consistent, for instance, with a more recent result obtained
in a quite different setup in paper [18], where the Casimir energy per unit length for n non-
overlapping parallel cylinders of infinite length in three-dimensional space is shown to be
directly related (without the need of an extra subtraction or an extra counter-term) to the
Casimir energy for n non-overlapping discs in two-dimensional space.

Thus, the renormalized vacuum energy density in the case of the finite-thickness vortex
takes the form

εren = (2π)1−d

∫
dd−2kz

∫ ∞

0
dk k

(
k2

z + k2 + m2
)1/2

[S(kr, kr0) − S(kr, kr0)|�=0], (9)

3
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where, in view of (6),

S(kr, kr0) =
∑
n∈Z

β2
n(kr0)[Y|n−e�/2π |(kr0)J|n−e�/2π |(kr)

− J|n−e�/2π |(kr0)Y|n−e�/2π |(kr)]2. (10)

Owing to the infinite range of summation, the last expression is periodic in the flux � with
period equal to 2πe−1, i.e. it depends on the quantity

F = e�

2π
−

[[
e�

2π

]]
, (11)

where [[u]] is the integer part of quantity u (i.e. the integer which is less than or equal to u).
Let us rewrite (10) in the form

S(kr, kr0) = S0(kr) + S1(kr, kr0), (12)

where S0(kr) corresponds to the appropriate series in the case of the vacuum polarization by
a singular magnetic vortex [9–11]:

S0(kr) =
∞∑

n=0

[
J 2

n+F (kr) + J 2
n+1−F (kr)

] =
∫ kr

0
dτ [JF (τ)J−1+F (τ ) + J−F (τ )J1−F (τ )], (13)

and S1(kr, kr0) is a correction term due to the finite thickness of a vortex:

S1(kr, kr0) = 2
∞∑

n=0

[
Jn+F (kr0)Yn+F (kr)

Jn+F (kr0)Yn+F (kr) − Yn+F (kr0)Jn+F (kr)

J 2
n+F (kr0) + Y 2

n+F (kr0)

+ Jn+1−F (kr0)Yn+1−F (kr)
Jn+1−F (kr0)Yn+1−F (kr) − Yn+1−F (kr0)Jn+1−F (kr)

J 2
n+1−F (kr0) + Y 2

n+1−F (kr0)

]

−
∞∑

n=0

[
J 2

n+F (kr0)
J 2

n+F (kr) + Y 2
n+F (kr)

J 2
n+F (kr0) + Y 2

n+F (kr0)

+ J 2
n+1−F (kr0)

J 2
n+1−F (kr) + Y 2

n+1−F (kr)

J 2
n+1−F (kr0) + Y 2

n+1−F (kr0)

]
. (14)

In the absence of the magnetic flux in the tube we have

S(kr, kr0)|�=0 = S̃0 + S̃1(kr, kr0), (15)

where

S̃0 = J 2
0 (kr) + 2

∞∑
n=1

J 2
n (kr) = 1, (16)

and a correction term due to the finite thickness of an empty tube:

S̃1(kr, kr0) = 2

[
J0(kr0)Y0(kr)

J0(kr0)Y0(kr) − Y0(kr0)J0(kr)

J 2
0 (kr0) + Y 2

0 (kr0)

+ 2
∞∑

n=1

Jn(kr0)Yn(kr)
Jn(kr0)Yn(kr) − Yn(kr0)Jn(kr)

J 2
n (kr0) + Y 2

n (kr0)

]

−
[
J 2

0 (kr0)
J 2

0 (kr) + Y 2
0 (kr)

J 2
0 (kr0) + Y 2

0 (kr0)
+ 2

∞∑
n=1

J 2
n (kr0)

J 2
n (kr) + Y 2

n (kr)

J 2
n (kr0) + Y 2

n (kr0)

]
. (17)

Thus, vacuum energy density (9) depends on F (11), i.e. it is periodic in the flux � with a
period equal to 2πe−1. Moreover, relation (9) is symmetric under the substitution F → 1−F ,
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vanishing at F → 0 (F → 1) and, perhaps, attaining its maximal value at F = 1/2.4 Relations
(13) and (14) are simplified at F = 1/2:

S0(kr)|�=πe−1 = 2

π

∫ 2kr

0

dτ

τ
sin τ, (18)

and

S1(kr, kr0)|�=πe−1

= 2
∞∑

n=0

J 2
n+ 1

2
(kr0)

[
Y 2

n+ 1
2
(kr) − J 2

n+ 1
2
(kr)

] − 2Jn+ 1
2
(kr0)Yn+ 1

2
(kr0)Jn+ 1

2
(kr)Yn+ 1

2
(kr)

J 2
n+ 1

2
(kr0) + Y 2

n+ 1
2
(kr0)

.

(19)

Since it is hardly possible to evaluate sums in (14) and (17) analytically, our further
analysis will employ numerical calculation. In the following we restrict ourselves to the case
of F = 1/2 and d = 2, when the expression for the vacuum energy density takes the form

εren = 1

2π

∫ ∞

0
dk k(k2 + m2)1/2G(kr, kr0), (20)

where

G(kr, kr0) = S(kr, kr0)|�=πe−1 − S(kr, kr0)|�=0. (21)

3. Numerical evaluation of the vacuum energy density

We rewrite (20) in the dimensionless form

r3εren = 1

2π

∫ ∞

0
dz z

√
z2 +

(mr0

λ

)2
G(z, λz), (22)

where λ = r0/r , λ ∈ [0, 1]. Let us point out some analytical properties of the integrand
function in (22): it vanishes at the edge of the vortex

lim
λ→1

G(z, λz) = 0; (23)

at large distances from the vortex the case of a singular vortex is recovered:

lim
λ→0

G(z, λz) = S0(z)|�=πe−1 − S̃0; (24)

at small values of z one gets

G(z, λz)|z→0 = −[ln(λ)/ ln(λz)]2. (25)

Numerical analysis indicates that in the calculation of the function G(z, λz) one can use
series in (17) and (19) with finite limits, namely for calculating G(z, λz) at point z = z′ it is
enough to cut off the summation limits by n = [[z′ + 30]]. In this case the relative error is∣∣∣∣G(z, λz)|n∈(0,[[z+30]]) − G(z, λz)

G(z, λz)

∣∣∣∣ < δ(λ), δ(λ) < 10−17, λ ∈ [1/10, 9/10]. (26)

It can be shown that the envelope of G(z, λz) is an exponentially decreasing function at large
z, see figure 1. So, for the finite-thickness magnetic vortex we can compute values of the

4 At least, this is certainly true in the case of the singular vortex both for the Bohm–Aharonov [5] and the Casimir–
Bohm–Aharonov [6, 9–11] effects.
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Figure 1. Behaviour of G(z, λz) at different values of λ.

Figure 2. The location of roots of G(z, λz) at λ = 0.7.

dimensionless quantity r3εren (22) for different (not very small) values of λ. To do this, we
have to be able to perform integration in (22) with high precision. This is carried out in the
following way.

As one can see from figure 2, the function G(z, λz) is negative from z = 0 to the
first function root at z = z1 (z1 
= 0). So, the appropriate integral in (22) is negative. The
subsequent roots are denoted by z2, z3, etc. Because of the decreasing character of the envelope
function the integral from z1 to z3 will be positive. It is useful to define a period of the function
G(z, λz) as an interval between two next to neighbouring roots, i.e. from z1 to z3, from z3 to
z5 and so on. Then the full integral in (22) will be a sum of the negative integral from z = 0 to
z = z1 and a multitude of positive integrals over subsequent periods. In the case of sufficiently
small transverse size of the tube (mr0 < 0.1) the integrals over some finite number of first
periods may be negative but thereupon they become and remain positive also.

For small z (z � 20) we make a direct integration of the function G(z, λz) over periods
using 25 digits of precision in internal computations.

6
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Figure 3. r3εren at mr0 = 3/2 as a function of x.

For large z we make integration for each period separately. To carry this out we create
a table of values of the function G(z, λz) for a separate period and replace this function by a
more simple function in the form

Gint(z, λz) = a
e−bz

zc

Aq(z
2)

Bq(z2)
sin(kz + j ln z + φ0), (27)

where the sine function ensures that roots of Gint(z, λz) coincide with roots of G(z, λz); Aq(y)

and Bq(y) are q-degree polynomials, q can be 3, 4 or 5; all unknown parameters can be found
from an interpolation procedure. We allow a relative error of interpolation to be∣∣∣∣Gint(z, λz) − G(z, λz)

G(z, λz)

∣∣∣∣ < 10−8 (28)

for each period. The function Gint(z, λz) can be immediately integrated with the required
accuracy. In this way we made integration up to z � 100/λ with an absolute accuracy up to
10−17.

With the help of the above procedure we obtain a table of contributions from integration
over each period, extrapolate this table to infinity and after that we find the full integral in
(22) as a sum of the negative integral over first period(s), a multitude of positive integrals over
periods up to z � 100/λ and an interpolation term. The absolute accuracy of the obtained
result is 10−13. It should be noted that nearly 99% of the integral value in (22) is obtained by
direct calculation and only nearly 1% is the contribution from the interpolation.

The dimensionless quantity r3εren (22) is a function of two dimensionless parameters, mr0

and mr . Using the above-described procedure, we calculate r3εren at several values of mr0

as a function of the dimensionless distance from the edge of the vortex, x = m(r − r0),
in the range 0 < x < 3mr0. Further increase of the distance from the vortex results
in a significant increment of computational time, because there the envelope of G(z, λz)

fails to be a sufficiently decreasing function as it is at smaller distances. The results of
our numerical calculations are presented in figures 3–7, where r3εren is along the ordinate
axis and x is along the abscissa axis; solid lines are interpolating the dots that have been
calculated.

The typical behaviour of r3εren is clearly illustrated in cases mr0 � 1 by figures 3 and 4.
The vacuum energy density is zero at the edge of the vortex (at x = 0), starts increasing by
some power law xα with α > 1, reaches maximum at x ∼ 1 and decreases at larger distances
to zero (probably exponentially as e−x). However, as mr0 decreases, the available range of x is

7
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Figure 4. r3εren at mr0 = 1 as a function of x.

Figure 5. r3εren at mr0 = 1/2 as a function of x.

Figure 6. r3εren at mr0 = 10−1 as a function of x.

shrunk due to above-mentioned restriction x < 3mr0. In the case of mr0 = 1/2 a maximum
at x ∼ 1 is clearly seen (figure 5), and a following decrease to zero may be anticipated. In the

8
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Figure 7. r3εren at mr0 = 10−4 as a function of x.

Figure 8. r3εren at r0 = 0 as a function of mr .

cases of mr0 = 10−1 (figure 6) and mr0 = 10−4 (figure 7) one may suppose that there will be
a maximum at x ∼ 1 and a following decrease to zero. But, one can be sure for certain from
figures 3–7 that the vacuum energy density decreases to zero as xα with α > 1 at x → 0.

As to values of the vacuum energy density, they are rapidly decreasing as the parameter mr0

increases and becomes more than unity. Namely, the maximal values of r3εren are 3.3 × 10−7

at mr0 = 1/2 (figure 5), 2.1 × 10−9 at mr0 = 1 (figure 4) and 2.2 × 10−11 at mr0 = 3/2
(figure 3). These should be compared with much larger values which are already attained
below maxima in figures 6 and 7: 3.5 × 10−5 at mr0 = 10−1 and 7 × 10−5 at mr0 = 10−4. It
should be noted that, in the case of the singular vortex (mr0 = 0), the maximal value of r3εren

is (12π2)−1 ≈ 8.5 × 10−3 [9]; the appropriate plot of r3εren as a function of mr is taken from
[11] and is presented in figure 8. Thus, one may suppose that, in the case of the vortex with
thickness in the range 0 < mr0 < 10−4, the maximal value of r3εren will be somewhere in
the range 10−4–10−3. For more clarity, the results of figures 6 and 7 are plotted as functions
of variable r/r0 = λ−1 in figure 9. Note that, as mr0 falls by three orders from 10−1 to 10−4,
quantity r3εren changes by factor 2 only. This should be compared with r3εren at m = 0,
which is plotted as a function of r/r0 in figure 10; the latter plot coincides actually with that
corresponding to mr0 = 10−4 in figure 9. It should be noted also that at sufficiently small

9
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Figure 9. r3εren at the smallest values of mr0 as a function of r/r0.

Figure 10. r3εren at m = 0 as a function of r/r0.

distances from the vortex edge (at r − r0 � m−1) the behaviour of r3εren coincides with that
in the m = 0 case.

4. Discussion of the results

We have studied the influence of finite thickness of the impenetrable magnetic vortex on the
vacuum polarization of the quantized charged massive scalar field. Since units c = h̄ = 1 are
used, the London flux value is 2πe−1, and we show that induced vacuum energy density (9)
is periodic in the value of the vortex flux �, vanishing at integer multiples of the London flux
value (at � = 2πne−1) and being presumably maximal at half of the London flux value (at
� = π(2n + 1)e−1). If the vortex thickness decreases, r0 → 0, or a distance from the vortex
increases, r − r0 → ∞, then the contribution of S1(kr, kr0) (14) and S̃1(kr, kr0) (17) to (9)
tends smoothly to zero, and the vacuum energy density converges with that induced by the
singular magnetic vortex.

Our numerical analysis of the vortex thickness effects has been carried out for the case
of the vortex flux equal to half of the London flux value; the quantized scalar field is confined
to a plane which is orthogonal to the vortex. As follows from this analysis, the vacuum

10
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polarization actually disappears, when the transverse size of the vortex (r0) exceeds the
Compton wavelength of the scalar particle (m−1): the maximal value of the induced vacuum
energy density falls by two orders from 2.6×10−10m3 to 1.4×10−12m3 as mr0 increases from
1 to 3/2.

This result should be compared with the influence of the vortex thickness on the
conventional Bohm–Aharonov effect. In the framework of first-quantized theory, one
considers elastic scattering of a quantum-mechanical charged particle on the impenetrable
magnetic vortex of thickness 2r0. The incident wave is characterized by momentum p, so
the dimensionless parameter of the problem is pr0. In the long-wavelength limit, pr0 → 0,
scattering converges with scattering on the singular magnetic vortex [8]. Since the short-
wavelength limit, pr0 → ∞, corresponds to the case when quasi-classical approximation is
applicable, one would anticipate that the purely quantum effect, as is the Bohm–Aharonov
one, disappears in this limit. As it has been shown in [7], this anticipation is indeed confirmed,
and scattering in the pr0 → ∞ limit converges with scattering of a classical point particle on
the impenetrable tube, being independent of the enclosed magnetic flux.

In the framework of second-quantized theory, one considers the vacuum polarization in the
background of the impenetrable magnetic vortex. The appropriate dimensionless parameter
is mr0, and, as we have shown in the present paper, the Casimir–Bohm–Aharonov effect
disappears in the mr0 → ∞ limit becoming actually negligible at mr0 > 3/2.

In the case of the singular magnetic vortex, the induced vacuum energy density diverges at
the location of the vortex [6, 9–11]. As it has been shown in the present paper, this divergence
is unphysical, disappearing when thickness of the impenetrable magnetic vortex is taken into
account: under the Dirichlet condition for the quantized field (4), the induced vacuum energy
density is vanishing as (r − r0)

α with α > 1 at the edge of the vortex. Therefore, the vacuum
energy which is induced on the whole transverse plane,

Eren = 2π

∫ ∞

r0

dr rεren, (29)

is finite, contrary to the case of the singular vortex when it is infinite. Although we are unaware
of the value of Eren, the maximal value of εren is estimated to be somewhat of the order of
10−3m3 if mr0 < 10−4.

A brief discussion of polarization of the vacuum of the quantized massless scalar field is
in order. In this case, the induced vacuum energy density is zero at the edge of the vortex, starts
increasing as (r − r0)

α with α > 1 (see figure 10), reaches its maximum and then decreases
with asymptotics (12π2r3)−1 [9–11]. Induced vacuum energy (29) is finite in this case also.

The finite-thickness vortex can be formed as a topological defect appearing after a phase
transition with spontaneous breakdown of the gauge symmetry [19]. Such a structure under
the name of a cosmic string [20, 21] is currently discussed in various contexts in cosmology
and astrophysics, see, e.g., [22, 23]. The cosmic string is characterized by the flux 2πe−1

H ,
where eH is the coupling constant of the Higgs scalar field to the string-forming gauge field;
the transverse size of the string is of the order of correlation length m−1

H , where mH is the
mass of the Higgs scalar field. Then, as it follows from our consideration in the present
paper, the cosmic string can polarize the vacuum of quantum matter only in the case when
the mass of the matter field is much less than that of the Higgs field, m � mH. For instance,
the cosmic string which is formed at the grand unification scale can polarize the vacuum
of the electroweak theory, whereas the would-be cosmic string corresponding to the
electroweak symmetry breaking has no impact on the vacuum of quantum matter at the
grand unification scale.
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2.2. Iндукування енергiї у вакуумi скалярного поля

матерiї у випадку граничної умови Неймана
Induced vacuum Energy Density of Quantum Charged Scalar Matter
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INDUCED VACUUM ENERGY DENSITY
OF QUANTUM CHARGED SCALAR MATTER
IN THE BACKGROUND OF AN IMPENETRABLE
MAGNETIC TUBE WITH THE NEUMANN
BOUNDARY CONDITION

We consider the vacuum polarization of a charged scalar matter field outside the tube with
magnetic flux inside. The tube is impenetrable for quantum matter, and the perfectly rigid
(Neumann) boundary condition is imposed at its surface. We write expressions for the induced
vacuum energy density for the case of a space with arbitrary dimension and for an arbitrary
value of the magnetic flux. We do the numerical computation for the case of a half-integer
flux value in the London flux units and the (2 + 1)-dimensional space-time. We show that the
induced vacuum energy of the charged scalar matter field is induced, if the Compton wave-
length of the matter field exceeds the transverse size of the tube considerably. We show that the
vacuum energy is periodic in the value of the magnetic flux of the tube, providing a quantum-
field-theoretical manifestation of the Aharonov–Bohm effect. The dependencies of the induced
vacuum energy upon the distance from the center of the tube for different values of its thick-
ness are obtained. The results are compared to those obtained earlier in the case of the perfectly
reflecting (Dirichlet) boundary condition. It is shown that the value of the induced vacuum en-
ergy density in the case of the Neumann boundary condition is greater than in the case of the
Dirichlet boundary condition.
K e yw o r d s: vacuum polarization, Aharonov–Bohm effect, Casimir effect.

1. Introduction

More than 70 years ago, it was shown by Casimir
[1] that the presence of external boundaries leads
to changes in the vacuum energy density. First, two
perfectly conducting plates at a very tiny distance
apart were considered. It was shown that the differ-
ence between the vacuum expectation values leads to
the emergence of a force of interaction between the
plates. Since then, many setups with different shapes
of boundaries’ and materials have been considered.
The boundary manifolds are usually chosen as a dis-
connected noncompact object (as the infinite plates)
or, in other cases, a closed compact object (as a box

c○ V.M. GORKAVENKO, T.V. GORKAVENKO,
YU.A. SITENKO, M.S. TSARENKOVA, 2022

or a sphere), see, e.g., [2–4]. However, there is another
case that is interesting of its own accord: a connected
noncompact object (e.g., an infinite tube).

As shown by Aharonov and Bohm in the frame-
work of the first-quantized theory, see [5], the mag-
netic flux inside a cylindrical tube impenetrable for
the matter field can interact with quantum matter
outside the tube. The consequences arising from it
in the framework of the second-quantized theory are
the polarization of the vacuum and the induction of
the vacuum current and magnetic flux outside the
tube. The effect of the boundary condition at the
surface of the impenetrable tube and the magnetic
flux inside the tube on the vacuum of the matter
field outside the tube has the name of the Casimir–
Bohm–Aharonov effect [6]. The boundary condition
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in this setup affects the matter field outside the tube
essentially.

It should be noted the problem of vacuum polariza-
tion outside the impenetrable magnetic tube has nu-
merous physical applications. In astrophysics, it can
be considered as a model of the cosmic strings, that
may have appeared in the early Universe as a result
of phase transitions with spontaneous gauge symme-
try breaking [7–10]. In condensed matter physics, it
can be considered as a model of Abrikosov–Nielsen–
Olesen vortex in superconductors of the second group,
see, e.g., [11, 12] or as disclinations in nanoconical
structures, see, e.g., [13–16].

It should be noted that, initially, the Bohm–
Aharonov effect was considered under the assumption
that the transverse size of the tube is zero, which cor-
responds to the singular magnetic vortex, see, e.g.,
[6, 17–25].

In this paper, we will consider the case of charged
scalar matter. In the case of finite transverse size,
impenetrable magnetic tube boundary conditions can
be generically parametrized with the use of a family
of boundary conditions of the Robin type

(cos 𝜃 𝜓 + sin 𝜃 𝑟𝜕𝑟𝜓)|𝑟0 = 0. (1)

Here, the cases 𝜃 = 0 and 𝜃 = 𝜋/2 correspond to
the Dirichlet and Neumann boundary conditions, re-
spectively. For the induced vacuum energy, the case
of the Dirichlet boundary condition was considered
in [26–28]. For the induced vacuum current and mag-
netic flux, the case of the Dirichlet boundary condi-
tion was considered in [29], the case of the Neumann
boundary condition was considered in [30], and the
general case for the arbitrary value of the parameter
𝜃 was considered in [31].

In this paper, we will focus on the vacuum polariza-
tion of the charged scalar matter outside the impen-
etrable finite-thickness magnetic tube with the Neu-
mann boundary condition at its surface.

The paper is organized as follows. In the second
section, we provide a general definition of the induced
renormalized vacuum energy density for the quan-
tized charged scalar field in the case of 𝑑-dimensional
space. In the third section, using numerical methods,
we compute the value of the induced vacuum energy
density in the simplest case of (2 + 1)-dimensional
space-time, namely outside the impenetrable tube (it
is a ring in the 2-dimensional space) of radius 𝑟0 and

a magnetic flux inside it. In the fourth section, we
summarize and discuss the results.

2. Energy Density

The Lagrangian for a complex scalar field 𝜓 in the
(𝑑+ 1)-dimensional space-time has form

ℒ = (∇𝜇𝜓)
* (∇𝜇𝜓)−𝑚2𝜓*𝜓, (2)

where ∇𝜇 is the covariant derivative, and 𝑚 is the
mass of the scalar field. The operator of the quantized
charged scalar field is represented in the form

Ψ(𝑥0,x) =
∑︁∫︁

𝜆

1√
2𝐸𝜆

×

×
[︁
𝑒−𝑖𝐸𝜆𝑥

0

𝜓𝜆(x) 𝑎𝜆 + 𝑒𝑖𝐸𝜆𝑥
0

𝜓*
𝜆(x) 𝑏

†
𝜆

]︁
. (3)

Here, 𝑎†𝜆 and 𝑎𝜆 (𝑏†𝜆 and 𝑏𝜆) are the scalar parti-
cle (antiparticle) creation and annihilation operators
satisfying the commutation relation; 𝜆 is the set of
parameters (quantum numbers) specifying the state;
𝐸𝜆 = 𝐸−𝜆 > 0 is the energy of the state; symbol

∑︀∫︀
𝜆

denotes the summation over discrete and the integra-
tion (with a certain measure) over continuous values
of 𝜆; wave functions 𝜓𝜆(x) are the solutions to the
stationary equation of motion,
{︀
−∇2 +𝑚2

}︀
𝜓𝜆(x) = 𝐸2

𝜆𝜓(x), (4)

∇ is the covariant differential operator in an external
(background) field.

We are considering a static background in the form
of a cylindrically symmetric gauge flux tube with fi-
nite transverse size. The coordinate system is chosen
in such a way that the tube is along the 𝑧 axis. The
tube in the 3-dimensional space is obviously gen-
eralized to the (𝑑 − 2)-tube in the 𝑑-dimensional
space by adding extra 𝑑 − 3 dimensions as longi-
tudinal ones. The covariant derivative is ∇0 = 𝜕0,
∇ = 𝜕 − i𝑒V with 𝑒 being the coupling constant of
dimension 𝑚(3−𝑑)/2, and the vector potential possess-
ing only one nonvanishing component is given by

𝑉𝜙 = Φ/2𝜋, (5)

outside the tube; here, Φ is the value of the gauge
flux inside the (𝑑 − 2)-tube, and 𝜙 is the angle in
polar (𝑟, 𝜙) coordinates on a plane that is transverse
to the tube. The Neumann boundary condition at the
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surface of the tube (𝑟 = 𝑟0) is imposed on the scalar
field:

𝜕𝑟𝜓𝜆|𝑟=𝑟0
= 0, (6)

i.e., the surface of the flux tube is a perfectly rigid
boundary for the matter field.

The solution of (4) satisfying the boundary condi-
tion (6) outside the impenetrable tube of radius 𝑟0
takes the form

𝜓𝑘𝑛p(x) = (2𝜋)(1−𝑑)/2𝑒ipxd−2𝑒i𝑛𝜙Ω|𝑛−𝑒Φ/2𝜋|(𝑘𝑟, 𝑘𝑟0),

(7)
where

Ω𝜌(𝑢, 𝑣) =
𝑌 ′
𝜌(𝑣)𝐽𝜌(𝑢)− 𝐽 ′

𝜌(𝑣)𝑌𝜌(𝑢)[︀
𝐽 ′
𝜌
2(𝑣) + 𝑌 ′

𝜌
2(𝑣)

]︀1/2 , (8)

and 0 < 𝑘 < ∞, −∞ < 𝑝𝑗 < ∞ (𝑗 = 1, 𝑑− 2), 𝑛 ∈ Z
(Z is the set of integer numbers), 𝐽𝜌(𝑢) and 𝑌𝜌(𝑢) are
the Bessel functions of order 𝜌 of the first and second
kinds, the prime near the function means a derivative
with respect to the function argument. Solutions (7)
obey the orthonormalization condition
∫︁

𝑟>𝑟0

𝑑 𝑑x𝜓*
𝑘𝑛p(x)𝜓𝑘′𝑛′p′(x) =

=
𝛿(𝑘 − 𝑘′)

𝑘
𝛿𝑛,𝑛′ 𝛿𝑑−2(p− p′). (9)

The standard definition for vacuum energy density
is the vacuum expectation value of the time-time com-
ponent of the energy-momentum tensor

𝜀 = ⟨vac|
(︀
𝜕0Ψ

+𝜕0Ψ+ 𝜕0Ψ𝜕0Ψ
+
)︀
|vac⟩ =

=
∑︁∫︁

𝜆

𝐸𝜆𝜓
*
𝜆(x)𝜓𝜆(x). (10)

This relation suffers from ultraviolet divergen-
cies. The well-defined quantity is obtained with the
help of the regularization and then renormalization
procedures, see, e.g., [3].

For the regularization, one can use the zeta-
function method, see, e.g., [2,32,33], i.e., by inserting
the inverse energy in a sufficiently high power

𝜀𝑟𝑒𝑔(𝑠) =
∑︁∫︁

𝜆

𝐸−2𝑠
𝜆 𝜓*

𝜆(x)𝜓𝜆(x). (11)

The sums (integrals) are convergent in the case
of Re 𝑠 > 𝑑/2. Thus, the summation (integration) is
performed in this case, and then the result will be
analytically continued to the case of 𝑠 = −1/2.

In our case, the magnetic field configuration in the
excluded region, irrespective of the number of spa-
tial dimensions, the renormalization procedure is re-
duced to making one subtraction, namely to subtract
the contribution corresponding to the absence of the
magnetic flux, see [24].

Now, to compute the vacuum expectation value of
the energy density, we have to substitute (7) into (11)
and then obtain

𝜀ren(𝑠) = (2𝜋)1−𝑑 lim
𝑠→−1/2

∫︁
𝑑𝑑−2𝑝

∞∫︁

0

𝑑𝑘 𝑘×

×
(︀
p2+𝑘2+𝑚2

)︀−𝑠
[𝑆(𝑘𝑟, 𝑘𝑟0,Φ)−𝑆(𝑘𝑟, 𝑘𝑟0, 0)], (12)

where
𝑆(𝑘𝑟, 𝑘𝑟0,Φ) =

∑︁

𝑛∈Z
Ω2

|𝑛−𝑒Φ/2𝜋|(𝑘𝑟, 𝑘𝑟0). (13)

Because of the infinite range of summation, the 𝑆-
function will depend only on the fractional part of
the flux

𝐹 =
𝑒Φ

2𝜋
−
[︂[︂
𝑒Φ

2𝜋

]︂]︂
, (0 ≤ 𝐹 < 1), (14)

where [[𝑢]] is the integer part of the quantity 𝑢 (i.e.,
the integer which is less than or equal to 𝑢). So, we
get

𝑆(𝑘𝑟, 𝑘𝑟0, 𝐹 ) =

=

∞∑︁

𝑛=0

[Ω2
𝑛+𝐹 (𝑘𝑟, 𝑘𝑟0) + Ω2

𝑛+1−𝐹 (𝑘𝑟, 𝑘𝑟0)] (15)

and conclude that the induced vacuum energy density
(12) depends on 𝐹 , i.e., it is periodic in the flux Φ
with a period equal to 2𝜋𝑒−1. Moreover, the value
of the induced vacuum energy density is symmetric
under the substitution 𝐹 → 1− 𝐹 .

In the absence of a magnetic flux in the tube, the
𝑆-function takes the form

𝑆(𝑘𝑟, 𝑘𝑟0, 0) = Ω2
0(𝑘𝑟, 𝑘𝑟0) + 2

∞∑︁

𝑛=1

Ω2
𝑛(𝑘𝑟, 𝑘𝑟0). (16)

Unfortunately, the computation of the vacuum en-
ergy density in the case of the finite-thickness mag-
netic tube can not be done analytically because of the
complicated form of the 𝜓-function (7) and requires
numerical methods.
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3. Numerical Evaluation of Energy Density

In this paper, we will take the simplest situation of
the (2 + 1)-dimensional space-time and consider the
induced vacuum energy density outside the impene-
trable tube (it is a ring in the 2-dimensional space)
of radius 𝑟0 with the Neumann boundary condition
at its edge and with half-integer values of the mag-
netic flux 𝐹 = 1/2 inside the tube. At this flux value,
we expect the maximal effect of vacuum polarization
by analogy with the case of singular magnetic vortex,
see, e.g., [6, 25]. Based on the results of [26–28] on
the computation of the induced vacuum energy den-
sity outside the magnetic impenetrable tube with the
Dirichlet boundary condition at its edge, we can con-
clude that we can immediately take 𝑠 = −1/2 in (12).

Let us now briefly discuss the main ideas of numer-
ical calculations. Expression (12) is finite and can be
evaluated numerically because of the possibility to re-
strict the upper limit of integration and summation
in it. To make numerical computations in this case, it
is better to use, instead of (12), the following relation
for the dimensionless quantity

𝑟3𝜀ren =
1

2𝜋

𝑧max∫︁

0

𝑑𝑧𝑧

√︂
𝑧2 +

(︁𝑚𝑟0
𝜆

)︁2
×

×
𝑛max(𝑧)∑︁

𝑛=0

[2Ω2
𝑛+1/2(𝑧, 𝜆𝑧)− Ω2

𝑛(𝑧, 𝜆𝑧)− Ω2
𝑛+1(𝑧, 𝜆𝑧)],

(17)

where we introduced a dimensionless variables

𝑘𝑟 = 𝑧, 𝜆 = 𝑟0/𝑟, 𝜆 ∈ [0, 1]. (18)

The case of 𝜆 = 1 corresponds to 𝑟 = 𝑟0, i.e., the
point on the boundary of the tube, the case of 𝜆 = 0
corresponds to the point on the infinity 𝑟 → ∞ or the
case of a singular tube (𝑟0 = 0).

The necessary number of terms for the summation
(𝑛max(𝑧)) is defined at the fixed value of the param-
eter 𝑧 from the condition that the summation result
with a high precision did not change with an increase
in the number of terms.

For small values of 𝑧, we make a direct integra-
tion of the function in (17). For large values of 𝑧,
we use another approach. The integrand function in
this case is a quasiperiodic 1 oscillating function (with

1 Value of the period slowly decreases, as the function argu-
ment increases.

the change of sign) with the slowly decreasing am-
plitude with increasing its argument. So, it is conve-
nient to integrate over these periods separately with
the right value of the parameter 𝑛max(𝑧). In such a
way we get a falling series, each element of which
is the value of the integral over the single period of
the function. Getting a sufficiently large number of
the elements of the series, we stop integrating and
interpolate the series forward. The final result of the
integration is the sum of the integral for small values
of 𝑧, the sum of the explicitly counted elements of
the series, and the sum of interpolated series. If the
contribution to the overall integration result from the
sum of the interpolated series is a few percent or less,
then the computation result can be considered reli-
able. In the next step, we compute 𝑟3𝜀ren (17) for
different values of the parameter 𝜆 and interpolate
the obtained results.

It should be noted that, in the case of a sin-
gular magnetic vortex, the analytic expressions for
the induced vacuum energy density can be obtained
[23, 25]. For the case of a (2 + 1)-dimensional space-
time and a half-integer magnetic flux value 𝐹 = 1/2,
it is expressed in terms of the Macdonald function
𝐾𝜌(𝑢) and modified Struve function 𝐿𝜌(𝑢)

𝑟3𝜀singren =
𝑥3

3𝜋2

{︂
𝜋

2
+
𝐾0(2𝑥)

2𝑥
−
(︂
1− 1

2𝑥2

)︂
𝐾1(2𝑥)−

−𝜋𝑥 [𝐾0(2𝑥)𝐿−1(2𝑥) +𝐾1(2𝑥)𝐿0(2𝑥)]

}︂
, (19)

where 𝑥 = 𝑚𝑟.
The result of our computation for the induced vac-

uum energy density outside the impenetrable mag-
netic tube with the Neumann boundary condition at
its edge is presented in Fig. 1 as a function of the di-
mensionless distance from the center of the tube (𝑚𝑟)
for the different values of the dimensionless tube ra-
dius (𝑚𝑟0). For the comparison, we demonstrate also
the induced vacuum energy density for the case of a
singular magnetic vortex.

It is of interest also to compare the obtained in-
duced vacuum energy density with the case of vacuum
polarization outside an impenetrable magnetic tube
with perfectly reflecting (Dirichlet) boundary condi-
tion at its edge. The results of the comparison are
presented in Fig. 2.

4. Summary

We obtained a general relation for the computation
of the vacuum polarization of the quantized charged
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Fig. 1. Induced vacuum energy density of the charged scalar
matter outside the impenetrable magnetic tube with the Neu-
mann boundary condition at its edge for the (2+1)-dimensional
space time and a half-integer magnetic flux value 𝐹 = 1/2.
Dotted line corresponds to the case of the dimensionless tube
radius 𝑚𝑟0 = 0.01, dash-dotted line to the case of 𝑚𝑟0 = 0.1

and the dashed line corresponds to the induced vacuum energy
density multiplied by 200, and 𝑚𝑟0 = 1. Solid line corresponds
to the case of a singular magnetic vortex

scalar field in the background of a (𝑑 − 1)-tube (it
is an infinitely long tube for 𝑑 = 3 and a ring for
𝑑 = 2) with a static magnetic field inside in the flat
(𝑑+ 1)-dimensional space-time in the case where the
tube is impenetrable for the scalar field and obeys
perfectly rigid (Neumann) boundary conditions at
its surface. We showed that the induced vacuum en-
ergy, in this case, (15) depends periodically on the
magnetic flux inside the tube with a period equal
to 2𝜋𝑒−1. The effect of the vacuum polarization dis-
appears for an integer value of the magnetic flux
Φ = 2𝜋𝑛𝑒−1, 𝑛 ∈ Z. Thus, the induced vacuum
energy depends only on the fractional part of the
magnetic flux. We can see the manifestation of the
Casimir–Bohm–Aharonov effect [6] in this case.

Our results confirm the statement that the Casi-
mir–Bohm–Aharonov effect is due to the condition
of the impenetrability of the tube for the matter
field. Otherwise, namely in the case where a quan-
tized matter penetrates into the region with a mag-
netic field, the dependence of the induced vacuum po-
larization effect on the magnetic flux is not periodic:
the effect is determined by the value of the total mag-
netic flux in the tube, see, e.g., [34–40].

In the simplest case of the (2 + 1)-dimensional
space-time, with the help of numerical methods, we
compute the value of the vacuum energy density of
the quantized charged scalar field outside the impen-
etrable tube of radius 𝑟0 with the Neumann boundary

Fig. 2. Comparison of the induced vacuum energy density
of the charged scalar matter outside the impenetrable mag-
netic tube with the Neumann (solid line) and Dirichlet (dashed
line) boundary conditions at its edge for the case of a (2 + 1)-
dimensional space-time and a half-integer magnetic flux value
𝐹 = 1/2: 𝑚𝑟0 = 0.01 (a), 𝑚𝑟0 = 0.1 and the dashed line cor-
responds to the induced vacuum energy density multiplied by
10 (b), 𝑚𝑟0 = 1 and dashed line corresponds to the induced
vacuum energy density multiplied by 1000 (c)

conditions at its edge. We chose a half-integer value
of the magnetic flux 𝐹 = 1/2 inside the tube. At this
flux value, we expect the maximal effect of the vac-
uum polarization by analogy with the case of a sin-
gular magnetic vortex, see, e.g., [6, 25]. Without the
regularization procedure, we made computations of
the vacuum energy, but due to its renormalization
by subtracting the contribution corresponding to the
absence of the magnetic flux, see (17).
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The results of our computations are presented in
Fig. 1. One can see that, at the same dimensionless
distance from the center of the tube (𝑚𝑟), the vacuum
polarization effect is the largest in the case of the sin-
gular magnetic vortex and the exponentially quickly
decrease with the growth of the tube radius. It should
be noted that the effect of the vacuum polarization
becomes negligible, when the radius of the tube is of
order or more than the Compton wavelength of the
matter field (𝑚𝑟0 & 1).

The comparison of the vacuum polarization in the
case of the perfectly rigid (Neumann) and perfectly
reflecting (Dirichlet) boundary conditions at the tube
edge is presented in Fig. 2. One can see that, for the
tubes of the same thickness, the vacuum polarization
effect is always the largest in the case of the Neu-
mann boundary condition. This result is in agreement
with the result in [30] in the case of induced mag-
netic flux.

We need to pay attention to that the convergence
of the integral under the computation of the induced
vacuum energy density (17) in the case of the Neu-
mann boundary condition at the tube edge is weaker
than that in the case of the Dirichlet boundary con-
dition. The complexity of the computations strongly
increases with decreasing the tube thickness. We con-
clude that relation (17) based on the direct usage of
the field solutions (7) is not suitable for the compu-
tations of the vacuum polarization outside the im-
penetrable thin tube (𝑚𝑟0 ≪ 1). In this case, more
appropriate, in our opinion, should be the technique
of computation with the help of a transformation in
the complex plane, when the Bessel functions 𝐽𝜈(𝑦)
and 𝑌𝜈(𝑦) transform to the modified Bessel 𝐼𝜈(𝑦) and
Macdonald 𝐾𝜈(𝑦) functions, see, e.g., [31].

The work of Yu.A.S. was supported by the Na-
tional Academy of Sciences of Ukraine (Project
No. 0122U000886).
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IНДУКОВАНА ГУСТИНА ЕНЕРГIЇ
ВАКУУМУ КВАНТОВАНОЇ ЗАРЯДЖЕНОЇ
СКАЛЯРНОЇ МАТЕРIЇ В ПРИСУТНОСТI
НЕПРОНИКНОЇ МАГНIТНОЇ ТРУБКИ
З ГРАНИЧНОЮ УМОВОЮ ТИПУ НЕЙМАНА

В роботi дослiджується поляризацiя вакууму зарядженого
скалярного поля матерiї зовнi трубки, яка мiстить магнi-
тний потiк та є непроникливою для квантованої матерiї. На
поверхнi трубки накладено граничну умову типу Неймана.
Записано вирази для iндукованої густини енергiї вакууму у
випадку простору довiльної вимiрностi та при довiльному
значеннi магнiтного потоку. Проведено чисельнi розрахун-
ки для випадку напiвцiлого значення магнiтного потоку в
одиницях Лондона у (2+1)-вимiрному просторi-часi. Пока-
зано, що iндукування енергiї вакууму зарядженої скалярної
матерiї вiдбувається за умови, якщо комптонiвська довжи-
на хвилi поля матерiї набагато перевищує поперечний роз-
мiр трубки. Показано, що енергiя вакууму перiодична по
вiдношенню до значення магнiтного потоку в трубцi, що
є квантовотеоретичним проявом ефекту Ааронова–Бома.
Отримано залежностi iндукованої енергiї вакуума вiд вiд-
станi до центру трубки при рiзних значеннях товщини труб-
ки. Отриманi результати було порiвняно з результатами,
отриманими ранiше для випадку граничної умови типу Дi-
рiхле. Показано, що значення iндукованої густини енергiї
вакууму у випадку граничної умови типу Неймана бiльшi,
нiж у випадку граничної умови типу Дiрiхле.

Ключ о в i с л о в а: поляризацiя вакууму, ефект Ааронова–
Бома, ефект Казимира.
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We consider the effect of the magnetic field background in the form of a tube of the
finite transverse size on the vacuum of the quantized charged massive scalar field which
is subject to the Dirichlet boundary condition at the edge of the tube. The vacuum

energy is induced, being periodic in the value of the magnetic flux enclosed in the tube.
The dependence of the vacuum energy density on the distance from the tube and on the
coupling to the space-time curvature scalar is comprehensively analyzed.

Keywords: Vacuum polarization; Casimir effect; magnetic vortex.

PACS numbers: 11.27.+d, 11.10.Kk, 11.15.Tk

1. Introduction

The energy which is induced in the vacuum of quantized matter fields that are sub-

ject to boundary conditions has been studied intensively over more than six decades

since Casimir1 predicted a force between grounded metal plates, see reviews in

Refs. 2 and 3. The induced vacuum energy in bounded spaces gives rise to a macro-

scopic force between bounding surfaces. The Casimir force between grounded metal

plates has now been measured quite accurately and agrees with his predictions, see,

e.g. Refs. 4 and 5, as well as other publications cited in Refs. 2 and 3.

In the present paper we study the vacuum energy which is induced by boundary

conditions in space that is not bounded but, instead, is not simply connected, being

3889
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an exterior to a straight infinitely long tube. This setup is inspired by the famous

Aharonov-Bohm effect,6 and we are interested in polarization of the vacuum which

is due to imposing a boundary condition at the edge of the tube carrying magnetic

flux lines inside itself.

Throughout the present paper, we restrict ourselves to the case of quantized

scalar matter. A peculiarity of this case is that the energy-momentum tensor de-

pends on the coupling (ξ) of the scalar field to the scalar curvature of space-time

even then when space-time is flat. If scalar field is massless, then conformal invari-

ance of the theory is achieved at ξ = ξc, where7–9

ξc =
d− 1

4d
, (1)

and d is the spatial dimension; note that ξc varies from 0 to 1/4 when d varies

from 1 to ∞. Up to now the study was restricted to the case of a singular magnetic

vortex only,10–13 i.e. when the transverse size of the flux-carrying tube is neglected.

Therefore, the aim of the present paper is to take account of nonzero transverse

size of the flux-carrying tube (for a preliminary study, see Ref. 14).

2. Vacuum Energy Density

The operator of the quantized charged scalar field is represented in the form

Ψ(x0, ~x) =
∑∫

λ

1√
2Eλ

[
e−iEλx0

ψλ(x) aλ + eiEλx0

ψ−λ(x) b†λ

]
, (2)

where a†
λ and aλ (b†λ and bλ) are the scalar particle (antiparticle) creation and

destruction operators satisfying commutation relations; wave functions ψλ(x) form

a complete set of solutions to the stationary Klein-Gordon equation
(
−∇2 +m2

)
ψλ(x) = E2

λψ(x), (3)

∇ is the covariant derivative in an external (background) field and m is the mass

of the scalar particle; λ is the set of parameters (quantum numbers) specifying the

state; Eλ = E−λ > 0 is the energy of the state; symbol
∑∫
λ

denotes summation over

discrete and integration (with a certain measure) over continuous values of λ.

We are considering the static background in the form of the cylindrically

symmetric magnetic vortex of finite thickness, hence the covariant derivative is

∇ = ∂ − ieV with the vector potential possessing only one nonvanishing compo-

nent given by

Vϕ = Φ/2π (4)

outside the vortex; here Φ is the vortex flux and ϕ is the angle in the polar (r, ϕ)

coordinates on a plane which is transverse to the vortex. The Dirichlet boundary

condition on the edge (r = r0) of the vortex is imposed on the scalar field:

ψλ|r=r0
= 0, (5)
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i.e. quantum matter is assumed to be perfectly reflected from the thence impene-

trable vortex. Provided the orthonormalization condition is satisfied,∫
d3xψ∗

λψλ′ = 〈λ|λ′〉, (6)

the solution to (3) and (5) in the case of the impenetrable magnetic vortex of

thickness 2r0 takes form

ψknkz (x) = (2π)−1eikzzeinϕβn(kr0)

× [Y|n−eΦ/2π|(kr0)J|n−eΦ/2π|(kr) − J|n−eΦ/2π|(kr0)Y|n−eΦ/2π|(kr)], (7)

where z is the coordinate along the vortex,

βn(kr0) =
[
Y 2

|n−eΦ/2π|(kr0) + J2
|n−eΦ/2π|(kr0)

]−1/2

, (8)

and 0 < k < ∞, −∞ < kz < ∞, n ∈ Z (Z is the set of integer numbers); Jµ(u) and

Yµ(u) are the Bessel functions of order µ of the first and second kinds.

In general, the vacuum energy density is determined as the vacuum expectation

value of the time-time component of the energy-momentum tensor, that is given

formally by expression

ε = 〈vac|
[
∂0Ψ

†∂0Ψ + ∂0Ψ∂0Ψ
† − (ξ − 1/4)∇2(Ψ†Ψ + ΨΨ†)

]
|vac〉

=
∑∫

λ

Eλψ
∗
λ(x)ψλ(x) − (ξ − 1/4)∇2

∑∫

λ

E−1
λ ψ∗

λ(x)ψλ(x). (9)

In the following we shall restrict our consideration to the plane z = 0 which is

orthogonal to the vortex.

Thus, the renormalized vacuum energy density in the case of the finite-thickness

vortex takes form

εren =
1

2π





∞∫

0

dk k
(
k2 +m2

)1/2
[S(kr, kr0) − S(kr, kr0)|Φ=0]

−(ξ − 1/4)△
∞∫

0

dk k
(
k2 +m2

)−1/2
[S(kr, kr0) − S(kr, kr0)|Φ=0]



 , (10)

where, in view of (7),

S(kr, kr0) =
∑

n∈Z
β2

n(kr0)

×
[
Y|n−eΦ/2π|(kr0)J|n−eΦ/2π|(kr) − J|n−eΦ/2π|(kr0)Y|n−eΦ/2π|(kr)

]2
, (11)

and △ = ∂2
r + r−1∂r is the transverse radial part of the laplacian.

Owing to the infinite range of summation, the last expression is periodic in flux

Φ with a period equal to 2πe−1, i.e. it depends on quantity

F =
eΦ

2π
−

[[
eΦ

2π

]]
, (12)
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where [[u]] is the integer part of quantity u (i.e. the integer which is less than or

equal to u).

Let us rewrite (11) in the form

S(kr, kr0) = S0(kr) + S1(kr, kr0), (13)

where S0(kr) corresponds to the appropriate series in the case of the vacuum po-

larization by a singular magnetic vortex:11–13

S0(kr) =

∞∑

n=0

[
J2

n+F (kr) + J2
n+1−F (kr)

]

=

kr∫

0

dτ [JF (τ)J−1+F (τ) + J−F (τ)J1−F (τ)] , (14)

and S1(kr, kr0) is a correction term due to the finite thickness of a vortex:

S1(kr, kr0) = 2

∞∑

n=0

[Jn+F (kr0)Yn+F (kr)

× Jn+F (kr0)Yn+F (kr) − Yn+F (kr0)Jn+F (kr)

J2
n+F (kr0) + Y 2

n+F (kr0)

+ Jn+1−F (kr0)Yn+1−F (kr)
Jn+1−F (kr0)Yn+1−F (kr) − Yn+1−F (kr0)Jn+1−F (kr)

J2
n+1−F (kr0) + Y 2

n+1−F (kr0)

]

−
∞∑

n=0

[
J2

n+F (kr0)
J2

n+F (kr) + Y 2
n+F (kr)

J2
n+F (kr0) + Y 2

n+F (kr0)

+J2
n+1−F (kr0)

J2
n+1−F (kr) + Y 2

n+1−F (kr)

J2
n+1−F (kr0) + Y 2

n+1−F (kr0)

]
. (15)

In the absence of the magnetic flux in the tube we have

S(kr, kr0)|Φ=0 = S̃0 + S̃1(kr, kr0), (16)

where

S̃0 = J2
0 (kr) + 2

∞∑

n=1

J2
n(kr) = 1, (17)

and a correction term due to the finite thickness of an empty tube:

S̃1(kr, kr0) = 2

[
J0(kr0)Y0(kr)

J0(kr0)Y0(kr) − Y0(kr0)J0(kr)

J2
0 (kr0) + Y 2

0 (kr0)

+ 2

∞∑

n=1

Jn(kr0)Yn(kr)
Jn(kr0)Yn(kr) − Yn(kr0)Jn(kr)

J2
n(kr0) + Y 2

n (kr0)

]

−
[
J2

0 (kr0)
J2

0 (kr) + Y 2
0 (kr)

J2
0 (kr0) + Y 2

0 (kr0)
+ 2

∞∑

n=1

J2
n(kr0)

J2
n(kr) + Y 2

n (kr)

J2
n(kr0) + Y 2

n (kr0)

]
. (18)
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Thus, vacuum energy density (10) depends on F (12), i.e. it is periodic in flux Φ

with a period equal to 2πe−1. Moreover, relation (10) is symmetric under substitu-

tion F → 1 − F , vanishing at F → 0 (F → 1) and, perhaps, attaining its maximal

value at F = 1/2.a Relations (14) and (15) are simplified at F = 1/2:

S0(kr)|Φ=πe−1 =
2

π

2kr∫

0

d τ

τ
sin τ, (19)

and

S1(kr, kr0)|Φ=πe−1 =2

∞∑

n=0




J2

n+ 1
2

(kr0)
[
Y 2

n+ 1
2

(kr)−J2
n+ 1

2

(kr)
]

J2
n+ 1

2

(kr0) + Y 2
n+ 1

2

(kr0)

−
2Jn+ 1

2
(kr0)Yn+ 1

2
(kr0)Jn+ 1

2
(kr)Yn+ 1

2
(kr)

J2
n+ 1

2

(kr0) + Y 2
n+ 1

2

(kr0)

}
. (20)

Since it is hardly possible to evaluate sums in (15) and (18) analytically, our

further analysis will employ numerical calculation. In the following we restrict our-

selves to the case of F = 1/2, when the expression for the vacuum energy density

takes form

εren =
1

2π





∞∫

0

dk k
(
k2 +m2

)1/2
G(kr, kr0)

−(ξ − 1/4)△
∞∫

0

dk k
(
k2 +m2

)−1/2
G(kr, kr0)



 , (21)

where

G(kr, kr0) = S(kr, kr0)|Φ=πe−1 − S(kr, kr0)|Φ=0. (22)

3. Numerical Evaluation of the Vacuum Energy Density

Following Ref. 14 we rewrite (21) in the dimensionless form

r3εren = α+(mr0,mr) − (ξ − 1/4)r3△α−(mr0,mr)

r
, (23)

where

α±(mr0,mr) =
1

2π

∞∫

0

dz z

[
z2 +

(mr0
λ

)2
]±1/2

G(z, λz), (24)

aAt least, this is certainly true in the case of the singular vortex both for the Aharonov-Bohm6

and the Casimir-Aharonov-Bohm10–13 effects.
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Fig. 1. Behavior of G(z, λz) at different values of λ.

and λ = r0/r, λ ∈ [0, 1]. Let us point out some analytical properties of the integrand

function in (23): it vanishes at the edge of the vortex

lim
λ→1

G(z, λz) = 0 (25)

at large distances from the vortex the case of a singular vortex is recovered

lim
λ→0

G(z, λz) = S0(z)|Φ=πe−1 − S̃0. (26)

At small values of z one gets

G(z, λz)|z→0 = −[ln(λ)/ ln(λz)]2. (27)

Numerical analysis indicates that in the calculation of function G(z, λz) one

can use series in (18) and (20) with finite limits, namely for calculation G(z, λz) at

point z = z′ it is enough to cut off the summation limits by some value n that can

be found from condition∣∣∣∣
G(z, λz)|n −G(z, λz)|N

G(z, λz)

∣∣∣∣ < δ(λ), δ(λ) < 10−17, (28)

where N is a big number N ∼ 102, n < N . It can be shown that the envelope

of G(z, λz) is exponentially decreasing function at large z, see Fig. 1. So, for the

finite-thickness magnetic vortex we can compute values of dimensionless quantity

r3εren (23) for different values of λ. To do this, we have to be able to perform

integration in (23) with high precision. We make it in a following way.

As one can see from Fig. 2, the function G(z, λz) is negative from z = 0 to

the first function root at z = z1 (z1 6= 0). So, the appropriate integral in (21) is

negative. The subsequent roots are denoted by z2, z3, etc. Because of decreasing

character of the envelope function the integral from z1 to z3 will be positive. It

is useful to define a period of function G(z, λz) as an interval between two next

to neighboring roots, i.e. from z1 to z3, from z3 to z5, and so on. Then the full

integral in (21) will be a sum of the negative integral from z = 0 to z = z1 and a

multitude of positive integrals over subsequent periods. In the case of sufficiently
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Fig. 2. The location of roots of G(z, λz) at λ = 0.7.

small transverse size of the tube (mr0 ≪ 1) the integrals over some finite number

of first periods may be negative but thereupon they become and remain positive

also.

For small z we make a direct integration of function G(z, λz) over periods. For

large z we make integration for each period separately. To do it we create a table

of values of function G(z, λz) for a separate period and replace this function by a

more simple function in the form

Gint(z, λz) = a
e−bz

zc

Aq(z
2)

Bq(z2)
sin(kz + j ln z + φ0), (29)

where sine function ensures that roots of Gint(z, λz) coincide with roots of G(z, λz);

Aq(y) and Bq(y) are q-degree polynomials, q can be 3, 4 or 5; all unknown param-

eters can be found from an interpolation procedure. We allow a relative error of

interpolation to be
∣∣∣∣
Gint(z, λz) −G(z, λz)

G(z, λz)

∣∣∣∣ < 10−8 (30)

for each period. The function Gint(z, λz) can be immediately integrated with the

required accuracy.

With the help of the above procedure we obtain a table of contributions from

integration over each period, extrapolate this table to infinity, and after that we

find the full integral in (21) as a sum of the negative integral over first period(s), a

multitude of positive integrals over periods and an interpolation term.

For α+ function we estimate the relative error of the obtained result as 0.1%.

It should be noted that nearly 95 % of the integral value is obtained by direct

calculation and only nearly 5% is the contribution from the interpolation. The

integration in α− function is performed more quickly and with a higher accuracy,

as compared to the case of α+ function, because of its more rapid decreasing at

large distances. In this case the contribution from the interpolation can be 10−3%

from the final value of integration.
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Fig. 3. Behavior of the α+(x0, x) (positive) and the α−(x0, x) (negative) functions for the case
of a) x0 = 1, b) x0 = 10−1, c) x0 = 10−2. The variable x (x > x0) is along the abscissa axis.

Dimensionless quantity r3εren (23) can be interpreted as a function of two di-

mensionless parameters, mr0 and mr. Using the above described procedure, we

calculate α+ and α− functions at fixed values of mr0 (mr0 = 1; 10−1; 10−2) at

some set of points of dimensionless distance from the center of the vortex. This

allows us to obtain coefficients (which are different for different values of mr0) of

the interpolation function that is found in the form

α±(x0, x) =
[
±e−2xx1∓1/2

] [(
x− x0

x

)2
P±

3 (x− x0)

x3

]
Q±

3 (x2)

x6
, x > x0, (31)

where x = mr, x0 = mr0 and P±
n , Q

±
n — are polynomials of n-th order. First factor

in the square bracket in (31) describes the large distance behavior of the appropriate

functions in the case of the singular vortex,13 second factor in the square bracket

is an asymptotic at small distances from the edge of the tube, and the last factor

is the intermediate part of the function. Since the flux tube is impenetrable, the

α± functions are zero at x ≤ x0. Behavior of the dimensionless α± functions is

presented on Fig. 3.

We define function

α̃−(x0, x) = r3△
(
α−(x0, x)

r

)
= α−(x0, x) − x

∂α−(x0, x)

∂x
+ x2 ∂

2α−(x0, x)

∂x2
(32)

and present its behavior on Fig. 4.
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Fig. 4. Behavior of the α̃−(x0, x) function for the case of a) x0 = 1, b) x0 = 10−1, c) x0 = 10−2.
The variable x (x > x0) is along the abscissa axis.

Now we can construct the dimensionless vacuum energy density at different

values of the coupling to the space-time curvature scalar:

r3εren = α+(x0, x) − (ξ − 1/4)α̃−(x0, x). (33)
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to the space-time curvature scalar for the case of a) x0 = 1, b) x0 = 10−1. The variable x (x > x0)
is along the abscissa axis.
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x = 1

Fig. 6. The dimensionless vacuum energy density r3εren(x0, x) at different values of the coupling
to the space-time curvature scalar for the case of x0 = 10−2. The region in a rectangle on the
left figure is seen in the scaled-up form on the right figure. The variable x (x > x0) is along the

abscissa axis.

Its behavior is presented on Fig. 5 and Fig. 6. The case of the singular magnetic

vortex13 is presented on Fig. 7.

The analytical form of the vacuum energy density allows us to obtain the total

induced vacuum energy

E =

2π∫

0

dϕ

∞∫

r0

εren rdr = 2πm




∞∫

x0

α+(x0, x)

x2
dx− (ξ − 1/4)

∞∫

x0

α̃−(x0, x)

x2
dx


.

(34)

The integral over the α̃− function (32) can be taken by parts, yielding

∞∫

x0

α̃−(x0, x)

x2
dx = − ∂α−(x0, x)

∂x

∣∣∣∣
x=x0

. (35)

In this respect the question about the small distance behavior of the α− function

is very important. We have made a numerical calculations at small distances from

the tube (x − x0 ∼ 10−6x0) and confirm the quadratic behavior near the edge of

the tube (31) lim
x→x0

α−(x0, x) ∼ (x − x0)
2. So, quantity (35) is zero, and the α̃−

function affects only the local properties of the vacuum energy density. The total
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x = 1/8

x = 1/4

x = 3/8

x = 1

2 3 4

2 10.
- 2

4 10.
- 2

-2 10.
- 2

Fig. 7. The dimensionless vacuum energy density r3εren(x0, x) at different values of the coupling
to the space-time curvature scalar for the case of the singular magnetic vortex.

vacuum energy is defined exclusively by the α+ function and is independent of ξ:

E = 2πm

∞∫

x0

α+(x0, x)

x2
dx. (36)

The total vacuum energy (in 2πm units) of the impenetrable flux tube is 6.94 ×
10−10, 1.65 × 10−4, and 1.06 × 10−2 for the case of x0 = 1, x0 = 10−1, x0 = 10−2

correspondingly. It should be noted that the total energy is infinite13 in the case of

a singular magnetic vortex.

The induced vacuum energy density in the units of m3 is presented on Fig. 8.

The results for the case of ξ = 1/4 are vanishingly small as compared to cases of

other values of ξ, so they are not visible on Fig. 8.

4. Discussion

In the present paper we have considered the energy density which is induced in the

vacuum outside a magnetic flux enclosed into an impenetrable tube of finite radius

r0. Whereas the induced vacuum energy density is divergent at small distances

as r−3 when the radius is neglected (r0 = 0), see Fig. 7, it becomes finite when

the radius is taken into account. A very characteristic feature is the appearance of

oscillations in the vicinity of the tube, see Fig. 5 and Fig. 6. Another peculiarity

is that curves corresponding to different values of ξ are symmetric with respect to

the curve corresponding to ξ = 1/4, the latter yielding the minimal absolute values

of the vacuum energy density, see also Fig. 8. The maximal values of the vacuum

1.5 2.0 2.5 3.0

2 10. - 8

1 10. - 8

-2 10. - 8

-1 10. - 8
0.2 0.4 0.6

-0.1

0.1

0.02 0.060.04

400

-400

x = -1/2

x = 1/8

x = 3/8

x = 1

a) b) c)

Fig. 8. The vacuum energy density εren(x0, x) (in m3 units) at different values of the coupling
to the space-time curvature scalar for the case of a) x0 = 1, b) x0 = 10−1, c) x0 = 10−2.
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energy density are becoming hardly observable for mr0 > 1, however, they are quite

conspicuous for mr0 < 10−2. This result was obtained earlier,14 but a completely

new result concerns the behavior at large distances from the tube (up to 200 r0), as

well as at different values of ξ. It should be noted that the vacuum energy density

in the vicinity of the tube is negative at ξ < 1/4, including the important cases of

conformal coupling ξ = 1/8 [see (1) at d = 2] and minimal coupling ξ = 0.

Since the vacuum energy density is finite, the total vacuum energy, see (34),

is finite as well. We show that the latter is positive and independent of ξ. Being

negligible in the case ofmr0 & 1, it produces an appreciable effect of order of 10−2m

in the case of mr0 = 10−2.
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A perfectly reflecting (Dirichlet) boundary condition at the edge of an impenetrable
magnetic-flux-carrying tube of nonzero transverse size is imposed on the charged mas-
sive scalar matter field which is quantized outside the tube. We show that the vacuum
polarization effects outside the tube give rise to a macroscopic force acting at the in-
crease of the tube radius (if the magnetic flux is held steady). The Casimir energy and
force are periodic in the value of the magnetic flux, being independent of the coupling
to the space–time curvature scalar. We conclude that a topological defect of the vortex
type can polarize the vacuum of only those quantum fields that have masses which are
much less than a scale of the spontaneous symmetry breaking.

Keywords: Vacuum polarization; Casimir effect; magnetic vortex.

PACS numbers: 11.10.Kk, 04.60.Kz, 11.15.Tk, 11.27.+d

1. Introduction

Polarization of the vacuum of quantum matter fields under the influence of

boundary conditions was studied intensively over more than six decades since

Casimir1,2 predicted a force between grounded metal plates: the prediction was

that the induced vacuum energy in bounded spaces gave rise to a macroscopic force

between bounding surfaces, see reviews in Refs. 3 and 4. The Casimir force between

grounded metal plates has now been measured quite accurately and agrees with the

theoretical predictions, see e.g. Refs. 5 and 6, as well as other publications cited in

Refs. 3 and 4.
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In the present paper, we consider the vacuum energy which is induced by

boundary conditions in space that is not bounded but, instead, is not simply con-

nected, being an exterior to a straight infinitely long tube. This setup is inspired

by the famous Aharonov–Bohm effect,7 and we are interested in polarization of

the vacuum which is due to imposing a boundary condition at the edge of the

tube carrying magnetic flux lines inside itself; this may be denoted as the Casimir–

Aharonov–Bohm effect (see also Ref. 8).

The vacuum polarization effects which are due to imposing boundary conditions

of various types at the cylindrical surfaces were extensively discussed in the litera-

ture, see Refs. 9–14. In general, the Casimir effect in the presence of a single smooth

object (cylinder or sphere) is rather different from that in the presence of two dis-

joint ones (e.g. plates): new divergences appear, and to tame them one has to sum

contributions of quantized matter from both sides of the boundary surface, still this

does not help to get rid completely of divergences, see Ref. 4 and references therein.

In view of this, the conventional prescription which is to subtract vacuum energy

of empty Minkowski space–time becomes insufficient for obtaining the meaningful

results. Some authors15,16 assert that there is no Casimir effect at all in this case.

Our concern will not be in the case of an empty tube but, instead, in the case of a

tube filled with the magnetic flux lines. We shall follow the author of Ref. 17 who

proposes to define the Casimir energy for physical systems divided into classes: the

difference in vacuum energy of any two systems within the same class should be

finite, then the finite Casimir energy has the universal interpretation as a vacuum

energy with respect to the vacuum energy of a certain reference system which is

common for the whole class. We define a class of physical systems corresponding

to the charged matter field which is quantized outside an impenetrable tube with

the magnetic flux taking different values; the case of zero flux can be chosen as the

reference system. As we shall show, the Casimir energy for this class is unambiguous

and finite.

A magnetic flux tube is formed inside a long current-carrying solenoid or simply

a magnetized whisker made of a ferromagnetic material, and its effect on the outside

vacuum can be studied in laboratory. Otherwise, a flux tube can be formed as

a topological defect of the vortex type, appearing after a phase transition with

spontaneous breakdown of the gauge symmetry:18,19 the condition of its appearance

is that the first homotopy group of the group space of the broken symmetry group

be nontrivial. The vortex is characterized by flux 2π~ce−1
H , where eH is the coupling

constant of the Higgs scalar field to the vortex-forming gauge field; the transverse

size of the vortex is of the order of correlation length ~(mHc)
−1, where mH is the

mass of the Higgs scalar field. The issue of vortices is widely discussed in condensed

matter physics (e.g. Abrikosov vortices in superconductors, see Ref. 20), as well

as in astrophysics and cosmology (e.g. cosmic strings, see Refs. 21 and 22). While

considering the effect of the vortices on the vacuum of the surrounding quantum

matter, the following two circumstances should be kept in mind: (1) the phase with

broken symmetry exists outside the vortex which is topological defect, and the
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vacuum is to be defined only where the phase exists, hence the quantum matter

field does not penetrate inside the vortex, obeying a boundary condition at its edge,

(2) the coupling constant (e) of the quantum matter field to the vortex-forming

gauge field differs, in general, from eH (e.g. e = eH/2 for normal excitations in

superconductors).

A simplifying assumption consists in a neglect of a transverse size of the flux

tube, i.e. in a use of an approximation of an infinitely thin singular thread. Energy

density and other components of the energy–momentum tensor, which are induced

in the background of a singular magnetic thread, were studied in Ref. 23 (see also

Refs. 8 and 24). The quantum matter field obeys the regularity condition at the

location of the thread, and the vacuum polarization effects are periodic in the

value of the magnetic flux with the period equal to the London flux quantum

(2π~ce−1); the absolute value of the induced vacuum energy density is maximal at

half of the London flux quantum. A shortcoming of the approximation of a singular

thread is the power divergence of the induced vacuum energy–momentum tensor

in the vicinity of the thread, and, as a consequence, neither Casimir energy (i.e.

the induced vacuum energy per unit length of the thread) nor Casimir force can be

defined in this approximation.

The transverse size of the magnetic flux tube was taken into account in Refs. 25–

29, where it was shown that the induced vacuum energy per unit length of the

tube depends on the configuration of the magnetic field inside the tube, being

quadratic in the flux for sufficiently smooth configurations. However, these authors

were concerned with the case when the region of the flux was penetrable for the

quantum matter field; therefore, their results have no relation to the Casimir–

Aharonov–Bohm effect. When the quantum matter field is excluded from the region

of the flux (that is appropriate for the interpretation of the flux tube as a topological

defect), then the vacuum polarization effects become independent of the details of

the magnetic field configuration and depend periodically on the whole flux;30–32

meanwhile the contribution to both the Casimir energy and force which is due to

the magnetic flux in the excluded region is well-defined. In the following quantum

matter will be represented by the charged massive scalar field. As we shall see, the

vacuum energy which is induced outside the flux tube gives rise to a macroscopic

force acting at the increase of the tube radius, if the magnetic flux is held steady.

Although the induced vacuum energy density depends on the coupling of the scalar

field to the space–time curvature scalar, the Casimir energy and force will be shown

to be independent of this coupling.

In the next section, we define the renormalized induced vacuum energy density

in the background of an impenetrable flux tube and review briefly the obtained

earlier results as to its behavior in a plane, i.e. when the spatial dimension along

the tube is ignored. The Casimir energy and force in a plane are considered in

Sec. 3. The longitudinal dimensions are added in Sec. 4 where we find the Casimir

energy and force in the most general case of a (d− 2)-tube in d-dimensional space.

The obtained results are summarized and discussed in Sec. 5.

1350161-3

In
t. 

J.
 M

od
. P

hy
s.

 A
 2

01
3.

28
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 F

L
IN

D
E

R
S 

U
N

IV
E

R
SI

T
Y

 L
IB

R
A

R
Y

 o
n 

01
/2

7/
15

. F
or

 p
er

so
na

l u
se

 o
nl

y.



186

December 17, 2013 8:44 WSPC/139-IJMPA S0217751X13501613

V. M. Gorkavenko, Y. A. Sitenko & O. B. Stepanov

2. Vacuum Energy Density

The temporal component of the energy–momentum tensor for the quantized charged

scalar field Ψ(x) in flat space–time is given by expression

T00(x) =
1

2

[
∂0Ψ

†, ∂0Ψ
]
+

− 1

4

[
∂2
0Ψ†,Ψ

]
+

− 1

4

[
Ψ†, ∂2

0Ψ
]
+

−
(
ξ − 1

4

)
∇2

[
Ψ†,Ψ

]
+
, (1)

where ∇ is the covariant spatial derivative involving both affine and bundle con-

nections and the field operator in the case of a static (ultrastatic) background takes

the form

Ψ(x0, x) =
∑∫

λ

1√
2Eλ

[
e−iEλx0

ψλ(x)aλ + eiEλx0

ψ−λ(x)b†λ

]
; (2)

units ~ = c = 1 are used, a†
λ and aλ (b†λ and bλ) are the scalar particle (antiparticle)

creation and destruction operators satisfying commutation relations; wave functions

ψλ(x) form a complete set of solutions to the stationary Klein–Gordon equation
(
−∇2 +m2

)
ψλ(x) = E2

λψ(x) , (3)

m is the mass of the scalar particle; λ is the set of parameters (quantum numbers)

specifying the state; Eλ = E−λ > 0 is the energy of the state; symbol
∑∫

λ
denotes

summation over discrete and integration (with a certain measure) over continuous

values of λ.

As is known for a long time,33–35 the energy–momentum tensor depends on

parameter ξ which couples Ψ to the scalar curvature of space–time even in the case

of the vanishing curvature, see (1); conformal invariance is achieved in the limit of

vanishing mass (m = 0) at ξ = (d − 1)(4d)−1, where d is the spatial dimension.

Consequently, the density of the induced vacuum energy which is given formally by

expression

ε = 〈vac|T00(x)|vac〉

=
∑∫

λ

Eλψ
∗
λ(x)ψλ(x) −

(
ξ − 1

4

)
∇2

∑∫

λ

E−1
λ ψ∗

λ(x)ψλ(x) , (4)

depends on ξ as well. This poses a question: whether physically measurable effects

(e.g. the Casimir force) can be dependent on ξ?

In the present paper, we are considering a static background in the form of

the cylindrically symmetric magnetic flux tube of finite transverse size, hence the

covariant derivative is ∇ = ∂ − ieV with the vector potential possessing only one

nonvanishing component given by

V ϕ =
Φ

2π
, (5)
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outside the tube; here Φ is the value of the magnetic flux and ϕ is the angle in

polar (r, ϕ) coordinates on a plane which is transverse to the tube.

The vacuum polarization depends on the choice of a boundary condition at the

edge of the tube (r = r0). We impose, as in Refs. 30–32, the Dirichlet boundary

condition:

ψλ|r=r0 = 0 , (6)

i.e. quantum matter is assumed to be perfectly reflected from the thence impene-

trable flux tube. Other possible choices of a boundary condition will be considered

elsewhere.

The solution to (3) outside the magnetic flux tube can be obtained in terms of

the cylindrical functions. The formal expression (4) for the vacuum energy density

has to be renormalized by subtracting the contribution corresponding to the zero

flux. The tube in three-dimensional space can be obviously generalized to the (d−2)-

tube in d-dimensional space by adding extra d− 3 dimensions as longitudinal ones.

Thus, we obtain (for details see Refs. 30 and 31):

εren = (2π)1−d

∫
dd−2kz

∫ ∞

0

dk k

(√
k2

z + k2 +m2 − ξ − 1/4√
k2

z + k2 +m2
△

)

×
[
S(kr, kr0) − S(kr, kr0)|Φ=0

]
, (7)

where

S(kr, kr0) =
∑

n∈Z

[
Y|n−eΦ/2π|(kr0)J|n−eΦ/2π|(kr)−J|n−eΦ/2π|(kr0)Y|n−eΦ/2π|(kr)

]2

Y 2
|n−eΦ/2π|(kr0) + J2

|n−eΦ/2π|(kr0)
,

(8)

Z is the set of integer numbers, Jµ(u) and Yµ(u) are the Bessel and the Neumann

functions of order µ, the integration over the components of the (d−2)-dimensional

momentum kz ranges from −∞ to ∞, and △ = ∂2
r + r−1∂r is the radial part of the

Laplacian operator on the plane which is orthogonal to the (d− 2)-tube.

Owing to the infinite range of summation, the last expression is periodic in flux

Φ with a period equal to 2πe−1, i.e. the London flux quantum (in units c = ~ = 1).

Our further analysis concerns the case of Φ = (2n + 1)πe−1 when each of the

integrals in (7) is the most distinct from zero. Introducing function

G(kr, kr0) = S(kr, kr0)|Φ=πe−1 − S(kr, kr0)|Φ=0 , (9)

we rewrite (7) in the case of d = 2 in the dimensionless form

r3εren = α+(mr0,mr) −
(
ξ − 1

4

)
r3△α−(mr0,mr)

r
, (10)

where

α±(mr0,mr) =
1

2π

∫ ∞

0

dz z

[
z2 +

(
mr0
λ

)
2
]±1/2

G(z, λz) (11)

and λ = r0/r (λ ∈ [0, 1]).
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Functions α+ and α− were numerically calculated at a set of different distances

from the axis of the tube in Refs. 31 and 32 where it was shown that the results

can be approximated by the interpolation function in the form

α±(x0, x) =
[
±e−2xx1∓1/2

][(
x− x0

x

)2
P±

3 (x− x0)

x3

]
Q±

3 (x2)

R±
3 (x2)

, x > x0 , (12)

where x = mr, x0 = mr0 and P±
n (y), Q±

n (y), R±
n (y) are polynomials in y of the

nth order with the x0-dependent coefficients. First factor in square bracket in (12)

describes the large distance behavior in the case of the zero-radius tube (singular

thread), second factor in square bracket is an asymptotics at small distances from

the edge of the tube and the last quotient is the intermediate part. Since the flux

tube is impenetrable, the α± functions vanish at x ≤ x0.

For the α+ function we estimate the relative error of the obtained result as

0.1%. It should be noted that nearly 95% of the integral value is obtained by direct

calculation and only nearly 5% is the contribution from the interpolation. The

integration in the case of the α− function is performed more quickly and with a

higher accuracy, as compared to the case of the α+ function, because the former

tends to zero more rapidly at large distances. In this case the contribution from the

interpolation can be estimated as 10−3% from the total value.

We define function31

α̃−(x0, x) = r3△α−(x0, x)

r

= α−(x0, x) − x
∂α−(x0, x)

∂x
+ x2 ∂

2α−(x0, x)

∂x2
(13)

and construct the dimensionless vacuum energy density at different values of the

coupling to the space–time curvature scalar (ξ) in the form:

r3εren = α+(x0, x) −
(
ξ − 1

4

)
α̃−(x0, x) . (14)

The behavior of α±, α̃− and r3εren as functions of the distance from the axis of

the tube for different values of r0 and ξ was analyzed in Refs. 30 and 31. Of primary

interest is the behavior at the decrease of the tube radius. It seems plausible that

this case becomes more similar to the case of the tube of zero radius (singular

thread). However, there are some peculiarities in the behavior in the vicinity of the

tube, and we discuss them following Ref. 32. Let us first recall the exact expressions

corresponding to the case of the singular magnetic thread (see Ref. 23):

α+(0, x) =
x3

3π2

{
π

2
− 2xK0(2x) −K1(2x) +

K2(2x)

2x

− πx[K0(2x)L1(2x) +K1(2x)L0(2x)]

}
, (15)
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α−(0, x) =
x

π2

{
π

2
− 2xK0(2x) −K1(2x)

− πx[K0(2x)L1(2x) +K1(2x)L0(2x)]

}
, (16)

α̃−(0, x) = − x

π2
[2xK0(2x) +K1(2x)] , (17)

where Kν(u) and Lν(u) are the Macdonald and the modified Struve functions of

order ν. Consequently, in the vicinity of a thread one gets

α+(0, x) =
1 − 3x2

12π2
, x ≪ 1 , (18)

α−(0, x) = −1 − πx+ (3 − 2γ − 2 lnx)x2

2π2
+O(x3) , x ≪ 1 , (19)

α̃−(0, x) = − 1

2π2
+

1 + 2γ + 2 lnx

2π2
x2 +O(x3) , x ≪ 1 , (20)

where γ is the Euler constant. Using the latter relations, we get asymptotics of the

renormalized vacuum energy density at small distances from the singular magnetic

thread

r3εsing
ren =

1

12π2
− x2

4π2
−

(
ξ − 1

4

)

×
(

− 1

2π2
+

1 + 2γ + 2 lnx

2π2
x2

)
+O(x3) , x ≪ 1 . (21)

In contrast to (18) and (19), the α±(x0, x) functions in the case of nonzero

radius are vanishing quadratically in the vicinity of the tube, see Ref. 31,

α±(x0, x)|x→x0 ∼ O[(x− x0)
2] . (22)

To be more precise, we assume the asymptotics in the form, cf. (12),

α±(x0, x) = ± (x− x0)
2

x2
f±(x0, x) , (23)

then one gets

α̃−(x0, x) = −(x− x0)
2 ∂

2

∂x2
f−(x0, x) +

(
1 − 6

x0

x
+ 5

x2
0

x2

)
x
∂

∂x
f−(x0, x)

−
(

1 − 8
x0

x
+ 9

x2
0

x2

)
f−(x0, x) , (24)

with α̃−(x0, x0) = −2f−(x0, x0).

The f±(x0, x) functions are adjusted as

f+(0, x) =
1 − 3x2

12π2
, x ≪ 1 , (25)

f−(0, x) =
1 − πx+ (3 − 2γ − 2 lnx)x2

2π2
, x ≪ 1 . (26)
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(a)
(b)

(c)

Fig. 1. The behavior of the constituents of the dimensionless vacuum energy density at small
distances from the tube: (a) α+, (b) α− and (c) α̃− for the case of x0 = 10−9 (solid line). The
behavior of the corresponding functions for the case of a singular magnetic thread is presented by
a dashed line. Variable x (x > x0) is along the abscissa axis.

consequently, one gets

α̃−(x0, x)| x0→0
x→x0

= − 1

2π2
+

1 + 2γ + 2 lnx

2π2
x2 +

4 − πx

π2x
x0

+
−9 + 4πx− 7x2 + 2γx2 + 2x2 lnx

2π2x2
x2

0 . (27)

The asymptotical behavior of the α± and α̃− functions with the use of (23)–(27)

is presented in Fig. 1 for the case of a sufficiently small value of x0. It should be

noted that the f±(x0, x) functions depend strongly on x0.

3. Total Vacuum Energy and the Casimir Force in a Plane

The total vacuum energy which is induced in a plane outside the magnetic flux

region is

E2 = 2πm

[∫ ∞

x0

α+(x0, x)

x2
dx−

(
ξ − 1

4

) ∫ ∞

x0

α̃−(x0, x)

x2
dx

]
. (28)

In view of the relation
∫ ∞

x0

α̃−(x0, x)

x2
dx = −x ∂

∂x

(
α−(x0, x)

x

)∣∣∣∣
x=x0

(29)
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which follows from (13), and relations (23) and (26), we conclude that the

total vacuum energy is independent of the coupling to the space–time curvature

scalar (ξ):

E2 = mD(mr0) , (30)

where

D(x0) = 2π

∫ ∞

x0

α+(x0, x)

x2
dx . (31)

This is in contrast to the case of the singular magnetic thread, when the total

induced vacuum energy is divergent and ξ-dependent (see Ref. 23):

Esing
2 ≡

∫ 2π

0

dϕ

∫ ∞

0

εsing
ren r dr ∼ 4m

(
ξ − 1

12

) ∫

0

dx

x2
. (32)

It is curious that the vacuum energy in this case is finite at ξ = 1/12, being

equal to

Esing
2 |ξ=1/12 =

2m

3π

∫ ∞

0

{
π

2
−

(
2x+

1

2x

)
K0(2x) −K1(2x)

− πx[K0(2x)L1(2x) +K1(2x)L0(2x)]

}
x dx

= −0.01989 × 2πm , (33)

and taking the negative value.

Although vacuum energy E2 (30) is finite, its value grows infinitely as x0 tends

to zero (see (23) and (25)):

E2|x0→0 = m

[
1

18πx0
− x0

π
lnx0 +O(x3

0)

]
, (34)

which is in accordance with the divergence of the vacuum energy in the case of the

singular magnetic thread. To be more precise, relation (29) fails to yield zero in the

case x0 = 0, and, therefore, the divergence of the vacuum energy in the latter case

becomes ξ-dependent.

We present the values of vacuum energy E2 (30) for several values of the tube

radius in the second row of the Table 1.

Table 1. Values of the dimensionless vacuum energy at several values of mr0.

x0 3/2 1 1/2 10−1 10−2 10−3

E2/m 3.15 · 10−11 4.363 · 10−9 1.299 · 10−6 1.038 · 10−3 0.0666 0.933

E3/m2 3.577 · 10−12 5.942 · 10−10 2.411 · 10−7 4.162 · 10−4 0.119 12.704
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Fig. 2. The logarithm of the induced vacuum energy in the plane as a function of the tube radius
starting from x0 = 10−3: ln E2

m
is given by a dashed curve and ln E3

m2 (see Sec. 4) is given by a
solid curve.

These results are also given in Fig. 2 in a logarithmic scale, where the dots

corresponding to the data in Table 1 are joined with the help of an interpolation

function η(x0) = ln E2

m , which, for the range x0 > 10−3, can be taken in the form

η(x0) = −a− xb
0Pn(x0) −

(
c+ xd

0Qn(x0)
)
lnx0 , (35)

where a, b, c, d are the positive constants and Pn(x0), Qn(x0) are polynomials in

x0 of the nth order.

To change the radius of the flux tube one has to apply a work that is equal to

the change of the total vacuum energy which is induced outside the tube. In the

case of the infinitely small change of the radius one has

δE2 = 2πP2r0δr0 , (36)

where P2 can be interpreted as the vacuum pressure which acts from the outside

to the inside of the tube

P2 =
1

2πr0

dE2

dr0
=

m3

2πx0
D′(x0) , (37)

D′(x0) = d
dx0

D(x0), and the value of the magnetic flux inside the tube is assumed

to remain unchanged.

This results in the Casimir force acting from the inside to the outside of the

tube

F2 = −2πr0P2 = −m2D′(x0) . (38)

As the tube radius tends to zero, the Casimir force grows infinitely:

F2 = m2

(
1

18πx2
0

− 1

π
(lnx0 + 1) +O(x2

0)

)
. (39)

The behavior of the Casimir force is presented in Fig. 3.

As one can see, the Casimir force tends to increase the radius of the tube and to

minimize the induced vacuum energy of the quantized scalar field. As to the energy

stored inside the tube, it is the purely classical energy of the magnetic field. Its

behavior at the increase of the tube radius as the magnetic flux is held constant
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Fig. 3. The Casimir force as a function of the tube radius in the range 10−3 < x0 < 10−2:
F2/m2 is on the left and F3/m3 (see Sec. 4) is on the right.

can be different depending on the details of the magnetic field configuration. Mild

assumptions as to the smoothness of the configuration yield that the energy is either

constant or decreasing at most as ∼ r−2
0 .

4. Generalization to Higher than Two Dimensions

In d-dimensional space, we define the vacuum energy which is induced outside a

(d− 2)-tube in a plane orthogonal to it:

Ed =

∫ 2π

0

dϕ

∫ ∞

r0

dr rεren , (40)

where εren is given by (7). Generalizing relation (29) we obtain relation
∫ ∞

r0

dr r∆

∫
dd−2kz

∫ ∞

0

dk k√
k2

z + k2 +m2
[S(kr, kr0) − S(kr, kr0)|Φ=0]

= −
{
r∂r

∫
dd−2kz

∫ ∞

0

dk k√
k2

z + k2 +m2
[S(kr, kr0) − S(kr, kr0)|Φ=0]

}∣∣∣∣
r=r0

.

(41)

The right-hand side of (41) is obviously vanishing due to relation

[r∂rS(kr, kr0)]|r=r0 = 0 , (42)

stemming from the definition of S(kr, kr0), see (8). Consequently, the Casimir

energy, i.e. the induced vacuum energy per unit length of the (d − 2)-tube, is

independent of the coupling to the space–time curvature scalar

Ed = (2π)2−d

∫ ∞

r0

dr r

∫
dd−2kz

∫ ∞

0

dk k
√

k2
z + k2 +m2

× [S(kr, kr0) − S(kr, kr0)|Φ=0] . (43)

Changing the order of integration over r and kz , we relate Ed to the total induced

vacuum energy in the d = 2 case, E2 (30):

Ed = md−1 (4π)1−d/2

Γ(d/2)

∫ ∞

0

du
√

1 + u2/(d−2)D
(
x0

√
1 + u2/(d−2)

)
, (44)
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where u = (|kz |r0)d−2, Γ(y) is the Euler gamma function, and

D(y) =

∫ ∞

y

dx

x2

∫ ∞

0

dz z
√
z2 + x2

[
S

(
z, z

y

x

)
− S

(
z, z

y

x

)∣∣∣∣
Φ=0

]
, (45)

is generalizing (31) to arbitrary values of the flux.

Similarly to the d = 2 case we define the Casimir force acting from the inside

to the outside of the (d− 2)-tube along the radial direction

Fd = −dEd

dr0
, (46)

and relate it to the Casimir force in the d = 2 case, F2 (38):

Fd = −md (4π)1−d/2

Γ(d/2)

∫ ∞

0

du
(
1 + u2/(d−2)

)
D′(x0

√
1 + u2/(d−2)

)
. (47)

It should be emphasized that relations (44) and (47) are valid for arbitrary values

of the flux. The finiteness of integrals in (44) and (47) is due to the sufficiently

strong decrease of D(x0) and D′(x0) at x0 ≫ 1, which was demonstrated for Φ =

(2n+ 1)πe−1 in the previous section.

Changing the integration variable in (44) and (47), we get

Ed =
2

rd−1
0

(4π)1−d/2

Γ
(

d−2
2

)
∫ ∞

x0

dv v2
(
v2 − x2

0

) d−4
2 D(v) , (48)

Fd = − 2

rd
0

(4π)1−d/2

Γ
(

d−2
2

)
∫ ∞

x0

dv v3
(
v2 − x2

0

) d−4
2 D′(v) , (49)

where the latter in the case of d > 3, after integration by parts, takes form

Fd =
2

rd
0

(4π)1−d/2

Γ
(

d−2
2

)
∫ ∞

x0

dv v2
(
v2 − x2

0

) d−6
2 [(d− 1)v2 − 3x2

0]D(v) . (50)

At x0 ≪ 1, we obtain

Fd =
d− 1

r0
Ed =

CΦ(d)

rd
0

, r0 ≪ m−1 , (51)

where

CΦ(d) = 2
(4π)1−d/2

Γ
(

d−2
2

) (d− 1)

∫ ∞

0

dv vd−2D(v) , d > 2 , (52)

is monotonically decreasing with the increase of d. The numerical estimate of C(d)

at Φ = (2n + 1)πe−1 in the range 3 ≤ d ≤ 10 yields that it can be well approxi-

mated as

CΦ(d) = (d− 1)d10.025 exp

(
44.76

d
− 3d− 28.097

)
, (53)
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where a decisive factor is e−3d. In the following we shall use a rough, but quite

suitable for a further analysis, approximation

CΦ(d) ≈ (d− 1)e−2·7d−4 , (54)

that is valid for d ≤ 10.

In view of (54) and relation

1

d− 2

∫ ∞

x0

dv v(v2 − x2
0)

d−2
2 [2D′(v) + vD′′(v)] ≤ (d− 1)

∫ ∞

0

dv vd−2D(v) , (55)

where the equality sign corresponds to sufficiently small values of x0, we find that

the dimensionless force, m−dFd, as a function of d at Φ = (2n + 1)πe−1 can be

approximated as

m−dFd ≈ (d− 1)e−4e−d(lnx0+2.7) . (56)

Thus, the dimensionless force increases with d at x0 < e−2.7 and decreases with d

at x0 > e−2.7.

In the d = 3 case, we get

E3 =
m2

π

∫ ∞

0

du
√

1 + u2D
(
x0

√
1 + u2

)

= − 1

πr20

∫ ∞

x0

dv
√
v2 − x2

0[D(v) + vD′(v)] (57)

and

F3 = −m3

π

∫ ∞

0

du(1 + u2)D′(x0

√
1 + u2

)

=
1

πr30

∫ ∞

x0

dv v
√
v2 − x2

0[2D′(v) + vD′′(v)] . (58)

We present the values of Casimir energy E3 (57) at Φ = (2n+ 1)πe−1 (n ∈ Z) for

several values of the tube radius in the third row of Table 1. These results are also

given in Fig. 2 in a logarithmic scale, where the dots corresponding to the data in

Table 1 are joined with help of an interpolation function similarly to that as in the

previous section; the comparison is made with the d = 2 case. Casimir force F3 (58)

is presented on the right of Fig. 3 and compared with Casimir force F2 (38); the

former attains a considerable value of 2.54 × 104 ×m3 at r0 = 10−3m−1.

At x0 ≪ 1, restoring constants ~ and c, we obtain

F3 =
2

r0
E3 =

~c
r30
CΦ(3) , r0 ≪ m−1 , (59)

where, see (52),

CΦ(3) =
2

π

∫ ∞

0

dv vD(v) . (60)
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Let us compare Casimir force F3 (59) with the force caused by the classical magnetic

field inside the tube. Assuming the uniformity of the magnetic field filling completely

the tube, B = Φ/(πr20), one obtains an expression for the classical energy per unit

length of the tube, E(class) = Φ2/(2πr20), which can be rewritten in terms of London

flux quantum Φ0 = 2π~ce−1 and fine structure constant α = e2(4π~c)−1:

E(class) =
~c
r20

Φ2

Φ2
0

1

2α
. (61)

The classical force which tends to decrease energy (61) by increasing the tube radius

under the steady magnetic flux filling completely the tube is

F (class) = − d

dr0
E(class) =

~c
r30

Φ2

Φ2
0

1

α
. (62)

Comparing this with Casimir force F3 (59), we recall that CΦ(3) is a periodic

function of the magnetic flux, vanishing at Φ = nΦ0. Even the maximal value

of CΦ(3) which is achieved at Φ = (n + 1/2)Φ0 and is equal to 2.545 · 10−5, see

(54), is more than million times smaller than the value of the corresponding factor,

Φ2/(Φ2
0α), in (62): taking Φ = Φ0/2 one obtains value (4α)−1 ≈ 34.2 for this factor.

However, as it was already noted, the classical force acting from the inside of

the tube depends strongly on the detailed form of the magnetic field configuration:

it decreases if the magnetic field is decreasing in the vicinity of the tube edge.

For instance, in the case of the magnetic field concentrated wholly inside a tube

of smaller radius, the classical force acting to extend the tube of larger radius

disappears at all, and only the Casimir force from the outside vacuum is left in this

capacity.

5. Summary

In the present paper, we consider the vacuum polarization effects which are induced

in charged scalar matter by a magnetic flux enclosed in an impenetrable finite-

radius tube; a perfectly reflecting (Dirichlet) boundary condition is imposed at

the edge of the tube. The previous analysis of the induced vacuum energy density

in the d = 2 case30,31 was extended down to the values of the tube radius as

small as r0 = 10−3~(mc)−1 in Ref. 32, where it was shown that contrary to the

case of a singular magnetic thread (r0 = 0), the vacuum energy density is finite

everywhere, but its behavior is very similar to that in the r0 = 0 case, except the

behavior in the vicinity of the tube, where peculiar oscillations appear. The case of

r0 < 10−3~(mc)−1 is analyzed indirectly by combining the numerical and analytical

estimates, and the difference between the r0 = 0 and r0 = 10−9~(mc)−1 cases is

illustrated in Fig. 1.

These two circumstances (the finiteness and at the same time the similarity to

the case of a singular thread) which are proven in the d = 2 case have far-reaching

consequences that allow us to determine the finite Casimir energy in the case of

space of arbitrary dimension, as long as the tube radius is taken into account. We
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find that the Casimir energy, i.e. the vacuum energy per unit length of the (d− 2)-

tube, is positive and independent of the coupling to the space–time curvature scalar

(ξ), notwithstanding the ξ-dependence of the vacuum energy density and its lack of

positivity. The functional dependence of the Casimir energy on the tube radius for

the magnetic flux equal to half of the London flux quantum is numerically estimated

for the range 10−3~(mc)−1 < r0 < 1.5~(mc)−1, and the results for the d = 2 and

d = 3 cases are presented in Table 1 and in Fig. 2. The Casimir energy is negligible

for r0 ∼ ~(mc)−1, being of order 10−10 ×md−1cd~2−d for d = 2, 3 and even less for

larger d, but it increases considerably with the decrease of the tube radius.

The Casimir energy gives rise to the Casimir force which is directed from the

inside to the outside of the tube along its normal. The force is ξ-independent as

well as the Casimir energy. The force acts at the increase of the tube radius and the

decrease of the Casimir energy, if the magnetic flux is held steady. The behavior

of the force as a function of the tube radius in the d = 2 and d = 3 cases for the

magnetic flux equal to half of the London flux quantum is illustrated in Fig. 3.

The force takes considerable values at small values of the tube radius and actually

disappears otherwise: in the d = 3 case it is, e.g. 2.54 × 104 × m3c4~−2 at r0 =

10−3~(mc)−1 and 10−3 ×m3c4~−2 at r0 = 10−1~(mc)−1.

It should be noted that we consider the case of the Casimir force caused by a

magnetic flux enclosed by a boundary where the Dirichlet boundary condition is

imposed. The force is periodic in the flux value with a period equal to the London

flux quantum, attaining its maximal value at Φ = (n + 1/2)Φ0 and vanishing

at Φ = nΦ0 (n ∈ Z). A general conclusion which is valid for arbitrary spatial

dimension d ≥ 2 is that the Casimir energy and force at r0 ≪ ~(mc)−1, when

they take considerable values, are actually the same as they are in the case of the

massless scalar field, see (34), (39) and (51); the massive case becomes formally

distinct from the massless one at larger values of the tube radius, when the Casimir

energy and force take negligible values. The Casimir force and energy increase with

d at smaller r0, when they are considerable, while decrease with d at larger r0, when

they are negligible, see (56); even the comparison of numerical calculations for the

d = 2 and d = 3 cases reveals this fact, see Table 1 and Fig. 2.

Whereas in the case of parallel plates the pure action of the Casimir force to

minimize the Casimir energy leads to a collapse, the pure action of the Casimir

force to minimize the Casimir energy in the case of a flux tube leads not to a

collapse but to an expansion of the tube in the transverse direction. Note that the

classical energy of the constant magnetic flux inside the tube is most likely to be

constant or decreasing maximally as r−2
0 with the expansion of the tube radius, see

(61). Thus, the Casimir force tends to smear both quantum and classical effects of

the flux tube. The vacuum polarization is quite negligible at mcr0 > ~, whereas

it becomes noticeable at mcr0 ≪ ~. If the flux tube is interpreted as a topological

defect of the vortex type, then the vacuum polarization in its background is absent

when the mass of the Higgs field (mH ∼ ~(r0c)
−1) does not exceed the mass of the

quantum matter field, mH . m. Vacuum polarization is essential for the quantum
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matter field with the mass which is much less than the Higgs mass, m ≪ mH ;

since Φ = 2π~ce−1
H for the topological defect case, the effect is maximal when the

coupling of the Higgs field to the gauge field is twice the coupling of the quantum

matter field to the gauge field, eH = 2e (e.g. the Higgs field describing the Cooper

pair in a superconductor). In particular, we can arrive at a conclusion that a cosmic

string which has been formed at the grand unification scale polarizes the vacuum

of the present-day quantum matter, but it has no effect on the vacuum of matter

fields with masses which are comparable to the scale of grand unification.
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РОЗДIЛ 3

Iндукування магнiтного потоку топологiчним

дефектом

3.1. Iндукування у вакуумi скалярного поля.

Гранична умова типу Дiрiхле
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A topological defect in the form of the Abrikosov–Nielsen–Olesen vortex is considered
as a gauge-flux-carrying tube that is impenetrable for quantum matter. Charged scalar
matter field is quantized in the vortex background with the perfectly reflecting (Dirichlet)

boundary condition imposed at the side surface of the vortex. We show that a current
circulating around the vortex and a magnetic field directed along the vortex are induced
in the vacuum, if the Compton wavelength of the matter field exceeds considerably the
transverse size of the vortex. The vacuum current and magnetic field are periodic in
the value of the gauge flux of the vortex, providing a quantum-field-theoretical mani-
festation of the Aharonov–Bohm effect. The total flux of the induced vacuum magnetic
field attains notable finite values even for the Compton wavelength of the matter field
exceeding the transverse size of the vortex by just three orders of magnitude.

Keywords: Vacuum polarization; vortex; current; magnetic flux.

PACS numbers: 11.27.+d, 11.10.Kk, 03.70.+k

1. Introduction

Spontaneous breakdown of continuous symmetries gives rise to topological defects

(texture solitons) of various kinds. In particular, if the first homotopy group of the
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group space of the broken symmetry group is nontrivial, then a linear topological

defect known as the Abrikosov–Nielsen–Olesen (ANO) vortex1,2 is formed. The

vortex is described classically in terms of a spin-0 (Higgs) field which condenses

and a spin-1 field which corresponds to the spontaneously broken gauge group; the

former is coupled to the latter in the minimal way with constant ẽH . The transverse

size of the vortex is of the order of the correlation length, ~(mHc)
−1, where mH

is the mass of the condensate field. Single-valuedness of the condensate field and

finiteness of the vortex energy implement that the vortex flux is related to ẽH :

Φ =
∮
dxA(x) = 2π~cẽ−1

H , where A(x) is the vector potential of the spin-1 gauge

field, and the integral is over a path enclosing the vortex tube once. The quantized

matter field is coupled minimally to the spin-1 field with constant ẽ; thus quantum

effects in the background of the ANO vortex depend on the value of ẽΦ. The case

of ẽH = 2ẽ (Φ = π~cẽ−1, half of the London flux quantum) is realized in ordinary

Bardeen–Cooper–Schrieffer superconductors where the Cooper-pair field condenses

and, in addition, there are normal electron (pair-breaking) excitations, see Ref. 3;

the cases of fractional values of ẽH/(2ẽ) can be realized in chiral superfluids, liquid

crystals and quantum liquids, see Refs. 4 and 5.

An issue of ANO vortices under the name of cosmic strings is widely discussed

in the context of astrophysics and cosmology for more than three decades.6,7 The

formation of such topological defects during the cosmological expansion is predicted

in most interesting models of high energy physics, providing an important link

between cosmology and particle physics, see Ref. 8. Cosmic strings serve as plausible

sources of detectable gravitational waves, high-energy cosmic rays and gamma-ray

bursts.9–11

While considering the effect of the ANO vortices on the vacuum of quantum

matter, the following circumstance should be kept in mind: the phase with broken

symmetry exists outside the vortex and the vacuum is to be defined only there;

hence the quantum matter field is not permitted to penetrate inside the vortex,

obeying a boundary condition at its side surface. Further, we shall assume that the

interaction between the ANO vortex and the quantum matter field is mediated by

the vector potential of the vortex-forming spin-1 field only. The direct coupling be-

tween the vortex-forming spin-0 field and the quantum matter field can be neglected.

The latter is consistent with the requirement that the Compton wavelength of the

quantum matter field is much larger than the transverse size of the vortex, and this

requirement will be substantiated in the course of this study. Thus, the ANO vortex

has no effect on the surrounding matter in the framework of classical theory, and

such an effect, if exists, is of purely quantum nature. The effect should be denoted as

a quantum-field-theoretical manifestation of the famous Aharonov–Bohm effect,12

see Ref. 13, and is characterized by the periodic dependence on the value of the

vortex flux, Φ, with the period equal to the London flux quantum, 2π~cẽ−1.

In this paper, we shall study the current and the magnetic field which are

induced in the vacuum of the quantized charged scalar matter field by the ANO vor-

tex. These vacuum characteristics were considered previously in the approximation
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neglecting the transverse size of the vortex, see Refs. 14 and 15 and references

therein. The aim of this study is to take account for the nonvanishing transverse

size. We follow the lines of Refs. 16–19 where the Casimir energy and force in the

background of the ANO vortex are studied. The quantized matter field is assumed

to vanish at the side surface of the vortex, and the tension spread over the vortex

is neglected; natural units ~ = c = 1 will be used in the following.

2. Induced Vacuum Current and Total Magnetic Flux

We start with Lagrangian for a complex scalar field ψ in (d+1)-dimensional space–

time

L = (∇µψ)∗(∇µψ) −m2ψ∗ψ , (1)

where ∇µ is the covariant derivative and m is the mass of the scalar field. The

operator of a second-quantized scalar field can be represented in the form

Ψ(x0,x) =
∑∫

λ

1√
2Eλ

[
e−iEλx0

ψλ(x)aλ + eiEλx0

ψ∗
λ(x)b†λ

]
; (2)

a†
λ and aλ (b†λ and bλ) are the scalar particle (antiparticle) creation and destruction

operators satisfying commutation relations
[
aλ, a

+
λ′

]
− =

[
bλ, b

+
λ′

]
− = 〈λ′|λ〉 ; (3)

λ is the set of parameters (quantum numbers) specifying the state; wave func-

tions ψλ(x) form a complete set of solutions to the stationary Klein–Fock–Gordon

equation

(−∇ 2 +m2)ψλ(x) = E 2
λψ(x) , (4)

Eλ = E−λ > 0 is the energy of the state; symbol
∑∫

λ
denotes summation over

discrete and integration (with a certain measure) over continuous values of λ.

In this paper, we are considering a static background in the form of the cylin-

drically symmetric gauge flux tube of the finite transverse size. The coordinate

system is chosen in such a way that the tube is along the z-axis. The tube in three-

dimensional space is obviously generalized to the (d−2)-tube in d-dimensional space

by adding extra d − 3 dimensions as longitudinal ones. The covariant derivative is

∇0 = ∂0, ∇ = ∂ − iẽV with ẽ being the coupling constant of dimension m(3−d)/2

and the vector potential possessing only one nonvanishing component given by

Vϕ =
Φ

2π
, (5)

outside the tube; here, Φ is the value of the gauge flux inside the (d− 2)-tube and

ϕ is the angle in polar (r, ϕ) coordinates on a plane which is transverse to the tube.

The Dirichlet boundary condition at the side surface of the tube (r = r0) is imposed

on the scalar field

ψλ|r=r0 = 0 , (6)

1650017-3

In
t. 

J.
 M

od
. P

hy
s.

 A
 2

01
6.

31
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
C

A
L

IF
O

R
N

IA
 @

 S
A

N
T

A
 B

A
R

B
A

R
A

 o
n 

06
/2

5/
16

. F
or

 p
er

so
na

l u
se

 o
nl

y.



204

February 19, 2016 16:59 IJMPA S0217751X16500172 page 4

V. M. Gorkavenko, I. V. Ivanchenko & Yu. A. Sitenko

i.e. the quantum matter is assumed to be perfectly reflected from the thence im-

penetrable flux tube.

The solution to (4) and (6) outside the impenetrable tube of radius r0 takes

form

ψknp(x) = (2π)(1−d)/2eipxd−2einϕΩ|n−ẽΦ/2π|(kr, kr0) , (7)

where

Ωρ(u, v) =
Yρ(v)Jρ(u) − Jρ(v)Yρ(u)

[
J2

ρ (v) + Y 2
ρ (v)

]1/2
, (8)

and 0 < k < ∞, −∞ < p j < ∞ (j = 1, d− 2), n ∈ Z (Z is the set of integer

numbers), Jρ(u) and Yρ(u) are the Bessel functions of order ρ of the first and

second kinds. Solutions (7) obey orthonormalization condition
∫

r>r0

d dxψ∗
knp(x)ψk′n′p′(x) =

δ(k − k′)
k

δn,n′δd−2(p − p′) . (9)

The vacuum current of scalar field is defined as

j(x) =
1

2i
〈vac|

{[
Ψ+(x0, x),∇Ψ(x0, x)

]
+

−
[∇Ψ+(x0, x),Ψ(x0, x)

]
+

}
|vac〉 , (10)

with [A,B]+ = AB +BA. Using (2) and (7), we get jr = jd−2 = 0 and

jϕ(r) ≡ x1j 2(x) − x2j1(x)

= (2π)1−d

∫
dd−2p

∫ ∞

0

dk k(p2 + k2 +m2)−1/2S(kr, kr0) , (11)

where

S(u, v) =
∑

n∈Z

(
n− ẽΦ

2π

)
Ω2

|n−ẽΦ/2π|(u, v) . (12)

Due to the infinite range of the summation, the last expression is periodic in flux

Φ with a period equal to 2πẽ−1, i.e. it depends on quantity

F =
ẽΦ

2π
−

[[
ẽΦ

2π

]]
, (13)

where [[u]] is the integer part of quantity u (i.e. the integer which is less than or

equal to u).

Let us rewrite (12) in the form

S(u, v) = S0(u) + S1(u, v) , (14)

where

S0(u) =

∞∑

n=0

[
(n+ 1 − F )J 2

n+1−F (u) − (n+ F )J 2
n+F (u)

]
(15)
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and

S1(u, v) =

∞∑

n=0

[(n+ 1 − F )Λn+1−F (u, v) − (n+ F )Λn+F (u, v)] , (16)

where

Λρ(u, v) =
J2

ρ (v)
[
Y 2

ρ (u) − J 2
ρ (u)

]
− 2Jρ(v)Jρ(u)Yρ(v)Yρ(u)

Y 2
ρ (v) + J2

ρ (v)
. (17)

Vacuum current jϕ circulating around the (d− 2)-tube leads to the appearance

of the vacuum magnetic field with strength B3···d directed along the (d − 2)-tube;

this is a consequence of the Maxwell equation

r∂rB
3···d
(I) (r) = −ejϕ(r) , (18)

where coupling constant e differs in general from ẽ. The total flux of the induced

vacuum magnetic field across a plane which is orthogonal to the (d − 2)-tube is

defined as

Φ
(I)
d = 2π

∫ ∞

r0

dr rB3···d
(I) (r) (19)

and is given by expression

Φ
(I)
d = eπ

∫ ∞

r0

dr rjϕ(r)

(
1 − r20

r2

)
. (20)

Inserting jϕ(r) (11) and changing the order of integration over r and p, we

obtain

Φ
(I)
d = emd−3 (4π)(2−d)/2

2Γ(d/2)

∫ ∞

0

du√
1 + u2/(d−2)

D
(
mr0

√
1 + u2/(d−2)

)
, (21)

where Γ(v) is the Euler gamma-function and

D(y) =

∫ ∞

y

dx

(
1 − y2

x2

) ∫ ∞

0

dz z√
z2 + x2

S

(
z, z

y

x

)
. (22)

It should be noted that function D(y) (22) is immediately related to the total

induced vacuum magnetic flux in the d = 2 case

Φ
(I)
2 =

e

2m
D(mr0) . (23)

Since S1(u, 0) = 0, one can obtain

D(0) =

∫ ∞

0

dx

∫ ∞

0

dz z√
z2 + x2

S0(z) =
1

3
F (1 − F )

(
F − 1

2

)
, (24)

and the total induced vacuum magnetic flux in the d = 2 case is finite in the limit

of a singular (i.e. infinitely thin) vortex filament, r0 → 0:20,21

lim
r0→0

Φ
(I)
2 =

e

6m
F (1 − F )

(
F − 1

2

)
. (25)
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However, in the d ≥ 3 cases the situation is different. One gets

Φ
(I)
3 =

e

2π

∫ ∞

0

du√
1 + u2

D
(
mr0

√
1 + u2

)
, (26)

which yields14

Φ
(I)
3 =

r0→0
− e

2π
D(0) ln(mr0) . (27)

In the d > 3 cases, one gets by changing the integration variable

Φ
(I)
d = er3−d

0

(4π)(2−d)/2

Γ
(

d−2
2

)
∫ ∞

mr0

dv
(
v2 −m2r20

)(d−4)/2D(v) , (28)

which yields

Φ
(I)
d =

r0→0
er3−d

0

2(2F − 1) sin(Fπ)Γ
(

d−1
2 + F

)
Γ
(

d+1
2 − F

)

d(d− 1)(d− 3)(4π)d/2Γ(d/2)
, d > 3 . (29)

3. Numerical Analysis of the Induced Vacuum Characteristics

Let us rewrite expression (11) in the d = 2 case in the dimensionless form

rjϕ(r) =
1

2π

∫ ∞

0

dz z

[
z2 +

(
mr0
λ

)
2
]−1/2

S(z, λz) , (30)

where λ = r0/r (λ ∈ [0, 1]). In the limit of a singular filament (r0 = 0), expression

(30) can be reduced to the following form, see Refs. 20 and 21:

rjsing
ϕ (r) =

sin(Fπ)

π3

∫ ∞

mr

dw
w2

√
w2 − (mr)2

×
{
w

[
K 2

1−F (w) −K 2
F (w)

]
+ (2F − 1)KF (w)K1−F (w)

}
(31)

(Kρ(u) is the Macdonald function of order ρ) with asymptotics

rjsing
ϕ (r) = e−1rBsing

(I) (r) = − tan(Fπ)

4π

(
F − 1

2

)2

+O[(mr)2] , mr ≪ 1 (32)

and

rjsing
ϕ (r) = 2me−1r2Bsing

(I) (r)

=
sin(Fπ)

2π

(
F − 1

2

)
e−2mr

√
πmr

(
1 +O[(mr)−1]

)
, mr ≫ 1 , (33)

where Bsing
(I) (r) is the vacuum magnetic field which is induced in the d = 2 case by a

singular vortex filament. The total induced vacuum magnetic flux in this case, see

(25), attains the maximal absolute value equal to |e|/(72
√

3m) at F = F±, where

F± =
1

2

(
1 ± 1√

3

)
. (34)
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Fig. 1. Behavior of S(z, λz) at different values of λ.

Our primary task is to compute numerically the induced vacuum current in

the d = 2 case, see (30), at F = F±, when the integral in (30) is likely to be

most distinct from zero. It can be shown that S(z, λz) is an oscillating function

with an amplitude that exponentially decreases at large z, see Fig. 1. So, for a

vortex tube of nonvanishing radius, we have to compute values of dimensionless

quantity rjϕ at different values of λ. To do this, we perform high-precision numerical

integration in (30) with the help of a technique developed earlier in Refs. 16–19 for

the computation of the vacuum energy density which is induced in the d = 2 case

by a vortex tube of nonvanishing radius. The results can be approximated by an

interpolation function in the form

rjϕ(r) =

[
e−2x

√
x

][(
x− x0

x

)2
P3(x− x0)

x3

]
Q3(x

2)

R3(x2)
, x > x0 , (35)

where x = mr, x0 = mr0 and Pn(y), Qn(y), Rn(y) are polynomials in y of the

nth order with the x0-dependent coefficients. The first factor in the square brackets

describes the large distance behavior in the case of a zero-radius tube (filament), the

second factor in the square brackets is an asymptotics at small distances from the

side surface of the tube and the last factor describes the behavior at intermediate

distances. Since the vortex tube is impenetrable, rjϕ(r) (35) vanishes at x ≤ x0.

The results are presented on Fig. 2. The current is negligible for the tube of

large radius, i.e. of order of the Compton wavelength and larger, r0 ≥ m−1, see

Fig. 2(a). But the current in the case of r0 ≪ m−1 is comparable with the current

in the case of a singular filament; note that the former is always less in value than

the latter, see Fig. 2(b).

Of particular interest is the behavior of the induced vacuum current as the tube

radius decreases. However, a direct numerical computation in the case of x0 < 10−3

is a rather complicated task, needing a long computational time. To surmount

these difficulties, one has to take account for the following two circumstances. On

one hand, the case of a singular filament is recovered as the tube radius tends to

zero, r0 → 0. On the other hand, in contrast to (32), the current in the case of
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0 1 2 3 4

5 10.

3 10.

1 10
-6.

-6

-6

2

33

1 0 0.5 1.51 2

5 10.

3 10.

1 10
-3.

-3

-3

a) b)

Fig. 2. The dimensionless induced vacuum current (rjϕ) as a function of the dimensionless
distance from the axis of the tube (x) for different values of the dimensionless tube radius (x0):
(a) solid line corresponds to rjϕ · 102 for x0 = 1, dashed line corresponds to rjϕ · 10 for x0 = 2/3
and dotted line corresponds to rjϕ for x0 = 1/3; (b) the cases of a singular filament (x0 = 0) and
of a tube with x0 = 10−3, 10−2 and 10−1 are from up to down on the plot. Variable x is along
the abscissa axis.

0.001

0.002

0.003

0.004

0.005

10
-9

10
-8

2. 10
-8

4. 10
-8

6. 10
-8

8. 10
-7

Fig. 3. The expected behavior of the dimensionless induced current (rjϕ, dashed line) and the
dimensionless induced magnetic field (e−1rB(I), dotted line) at small distances from the side
surface of the tube for the case of x0 = 10−9; solid line corresponds to the case of a singular
filament (x0 = 0), see (32). The variable x (x > x0) is along the abscissa axis.

the nonvanishing tube radius vanishes quadratically in the vicinity of the tube, see

(35); this is in accordance with the analysis of the r0 → 0 limit for the solution

to the Klein–Fock–Gordon equation.22,23 Therefore, it is reasonable to assume the

following behavior at r0 ≪ m−1 and r − r0 ≪ m−1:

rjϕ(r) =

(
r − r0
r

)2

rjsing
ϕ (r) . (36)

The expected asymptotic behavior of the current in the case of the extremely small

tube radius (r0 = 10−9m−1) is presented in Fig. 3.

Using (18) and (35), we compute numerically B(I)(r), i.e. the induced vacuum

magnetic field in the d = 2 case. The results are presented in Fig. 4 for the tube

radius in the range 10−3m−1 ≤ r0 ≤ m−1. As the tube radius decreases, the

results approach to the result in the case of a singular filament, excepting the
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0.2 0.4 0.6 0.8

0.001

0.002

0.003

0.004

0.005

mr

e
-1

r B( )I

e

0.5 1.0 1.5 2.0

-20

mr

ln( )e
-1

r B( )I

a) b)

r j
j

-15

-10

Fig. 4. The dimensionless induced vacuum magnetic field (e−1rB(I)) outside of tubes of different
radius: (a) the cases of a singular filament (dotted and dashed lines) and tubes with x0 = 10−3,
10−2 and 10−1 are from up to down; (b) the case of a singular filament and tubes with x0 = 10−3,
10−2, 10−1, 2/3, 1/3 and 1 in logarithmic scale are from up to down.

0 0.002 0.004 0.006 0.008 0.010

0.002

0.004

0.006

0.008

0.05 0.10 0.15 0.20 0.25

0.0002

0.0004

0.0006

0.0008

0.0010

0.0012

Fig. 5. The dimensionless induced vacuum magnetic flux in spaces of different dimensionality as

a function of the dimensionless tube radius (x0): e−1mΦ
(I)
2 — solid line, e−1Φ

(I)
3 — dashed line,

(em)−1Φ
(I)
4 — dotted line. The case of small x0 is on the left, and the case of large x0 is on the

right. The case of x0 = 0 and d = 2 is presented by a horizontal solid line on the left.

region in the vicinity of the tube. The expected asymptotic (r → r0) behavior of

the induced vacuum magnetic field in the case of the extremely small tube radius

(r0 = 10−9m−1) is presented in Fig. 3.

Using (21), (22), (30) and (35), we compute numerically the total induced

vacuum magnetic flux in the d = 2, 3, 4 cases, i.e. Φ
(I)
2 , Φ

(I)
3 and Φ

(I)
4 . The results

are presented in Fig. 5 and in Table 1. In the d = 2 case, the absolute value of

the flux induced by a filament is always larger than the absolute value of the flux

induced by a tube of the nonvanishing radius. As the spatial dimension increases,

the induced flux becomes a more strongly decreasing function of the large tube

radius (r0 & m−1) and a more strongly increasing function of the small tube radius

(r0 ≪ m−1). Of particular interest is the realistic case of d = 3. Whereas the in-

duced flux in the unphysical case of a singular filament is infinite, see (27) and

(29) in the limit r0 → 0, the induced flux in the physical case of a tube of the

nonvanishing radius is finite; for instance, it attains a notable value of 0.0065 e at

r0 = 0.001m−1 at d = 3.
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Table 1. The dimensionless induced vacuum magnetic flux in cases of dimension d = 2, 3, 4 for
tubes of different radius.

x0 1 2/3 1/3 10−1 10−2 10−3

mΦ
(I)
2 /e 2.355 · 10−8 5.762 · 10−7 2.071 · 10−5 4.878 · 10−4 3.657 · 10−3 6.217 · 10−3

Φ
(I)
3 /e 3.07 · 10−9 8.829 · 10−8 4.129 · 10−6 1.483 · 10−4 2.223 · 10−3 6.547 · 10−3

Φ
(I)
4 /(me) 2.06 · 10−10 7.06 · 10−9 4.43 · 10−7 2.675 · 10−5 1.254 · 10−3 1.585 · 10−2

4. Summary

In this paper, we consider the current and the magnetic field which are induced in

the vacuum of the quantized charged scalar matter field by a topological defect in

the form of the ANO vortex. A perfectly reflecting (Dirichlet) boundary condition

is imposed on the matter field at the side surface of the vortex. The induced current

is circulating around the vortex, and the induced magnetic field is directed along

the vortex. Both the current and the magnetic field are vanishingly small in the

case of the vortex transverse size being of the order of or exceeding the Compton

wavelength of the matter field (the dimensionless current is less than 10−8, the

dimensionless total flux of the magnetic field is less than 10−9 in the d = 3 case).

Together with the results of Refs. 16 and 19 about the Casimir force acting on

the vortex side surface, this confirms the conclusion that the vacuum polarization

of the quantized matter is almost absent in the case when the mass of the Higgs

field (forming the topological defect) is of the order of or less than the mass of

the matter field; the vacuum polarization effects are essential for matter fields with

masses which are much smaller than a scale of the spontaneous symmetry breaking

(Higgs mass). As to the induced vacuum current and magnetic field in the back-

ground of the ANO vortex, we show in this paper that they are essential in this

latter case, being odd in the value of the vortex flux, Φ, and periodic in this value

with the period equal the London flux quantum, 2πẽ−1; to be more precise, they

vanish at F = 0, 1/2 and 1, where F is given by (13), and are of opposite signs

in the intervals 0 < F < 1/2 and 1/2 < F < 1, with their absolute values being

symmetric with respect to the point F = 1/2. The current and the magnetic field

decrease exponentially at large distances from the vortex, while otherwise they

behave similarly to the case of a singular filament (vanishing transverse size) with

the exception of a small vicinity of the vortex tube. The latter distinction allows

us to eliminate an unphysical divergence which is present at d ≥ 3 for the total

induced vacuum magnetic flux in the case of a singular filament. As long as the

nonvanishing transverse size of the vortex is taken into account, the total induced

vacuum magnetic flux becomes finite, attaining quite realistic values for the case

of the three-dimensional space even at the spontaneous symmetry breaking scale

exceeding the mass of the matter field by just three orders of magnitude, see Fig. 5

and Table 1. This can provide a possible mechanism for generating primordial mag-

netic fields by cosmic strings in early universe.
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3.2. Iндукування у вакуумi скалярного поля.

Гранична умова типу Неймана
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INDUCED VACUUM CURRENT
AND MAGNETIC FLUX IN QUANTUM
SCALAR MATTER IN THE BACKGROUND
OF A VORTEX DEFECT WITH THE NEUMANN
BOUNDARY CONDITION

A topological defect in the form of the Abrikosov–Nielsen–Olesen vortex in the space of an ar-
bitrary dimension is considered as a gauge-flux-carrying tube that is impenetrable for quantum
matter. The charged scalar matter field is quantized in the vortex background with the perfectly
rigid (Neumann) boundary condition imposed at the side surface of the vortex. We show that
a current circulating around the vortex is induced in the vacuum, if the Compton wavelength
of the matter field exceeds the transverse size of the vortex considerably. The vacuum current
is periodic in the value of the gauge flux of the vortex, providing a quantum-field-theoretical
manifestation of the Aharonov–Bohm effect. The vacuum current leads to the appearance of an
induced vacuum magnetic flux that, for some values of the tube thickness, exceeds the vacuum
magnetic flux induced by a singular vortex filament. The results are compared to those obtained
earlier in the case of the perfectly reflecting (Dirichlet) boundary condition imposed at the side
surface of the vortex. It is shown that the absolute value of the induced vacuum current and
the induced vacuum magnetic flux in the case of the Neumann boundary condition is greater
than in the case of the Dirichlet boundary condition.
K e yw o r d s: vacuum polarization, Aharonov–Bohm effect, vortex defect.

1. Introduction

There are many theoretical models in field theory
which contain the phenomenon of spontaneous break-
down of symmetries, see, e.g., [1]. This phenomenon
gives rise to topological defects of various kinds,
see, e.g., [2, 3]. In this paper, we will consider a
linear topological defect known as the Abrikosov–
Nielsen–Olesen (ANO) vortex in condensed matter
physics [4, 5] or a cosmic string in cosmology [2, 6, 7].
This topological object is formed, when the first

c○ V.M. GORKAVENKO, T.V. GORKAVENKO,
YU.A. SITENKO, M.S. TSARENKOVA, 2022

homotopy group of the group space of the broken
symmetry group is nontrivial. Abrikosov vortices are
real physical objects in the type-II superconduc-
tors [8, 9]. Cosmic strings are currently hypotheti-
cal objects, and their possible manifestations such
as gravitational waves, high-energy cosmic rays, and
gamma-ray bursts are actively searched in the Uni-
verse [10–12].

In the classical theory of the ANO vortex, a spin-
0 (Higgs) field condenses, and a spin-1 field corre-
sponds to the spontaneously broken gauge group;
they are coupled in the minimal way with constant
𝑒𝐻 . The transverse size of the vortex is of the order
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of the correlation length or the Compton wavelength,
~(𝑚𝐻𝑐)

−1, where 𝑚𝐻 is the mass of the condensate
field. The physical requirements of single-valuedness
of the condensate field and finiteness of the vortex en-
ergy result in the following dependence of the vortex
flux on 𝑒𝐻 : Φ =

∮︀
𝑑xA(x) = 2𝜋~𝑐𝑒−1

𝐻 , where A(x)
is the vector potential of the gauge field, and the in-
tegral is over a path enclosing the vortex once. The
quantized matter field is coupled minimally to the
gauge field with constant 𝑒. So, the quantum effects
in the background of the ANO vortex depend on the
value of 𝑒Φ.

Since the phase with broken symmetry exists only
outside the vortex, the quantum matter field can-
not penetrate inside the vortex. We assume further
that the interaction between the ANO vortex and
the quantized matter field is mediated by the vec-
tor potential of the vortex-forming spin-1 field only,
and the direct coupling between the vortex-forming
spin-0 field and the quantized matter field can be ne-
glected. If so, the ANO vortex does not affect the
surrounding matter in the framework of classical the-
ory, and such an influence is of the purely quantum
nature. The effect is a quantum-field-theoretical man-
ifestation of the famous Aharonov–Bohm effect [13],
see review [14]. It is characterized by the periodic de-
pendence on the value of the vortex flux, Φ, with the
period equal to the London flux quantum, 2𝜋~𝑐𝑒−1. A
particular case of 𝑒𝐻 = 2𝑒 (Φ = 𝜋~𝑐𝑒−1, half of the
London flux quantum) is implemented in ordinary su-
perconductors, see, e.g., [8]. Cases of fractional values
of the London flux quantum are physically meaningful
as well, and can be implemented in chiral superfluids,
liquid crystals, and quantum liquids, see [15, 16].

The physical condition of non-penetration of the
matter field inside the vortex means the absence of
the matter field current through the side surface of
the vortex, namely 𝑗𝑟|𝑟0 = 0, where 𝑟 is a radial co-
ordinate which is perpendicular to the side surface,
and 𝑟0 is the radius of the vortex. Hence, the ANO
vortex can be considered as a magnetic tube of the
finite transverse size. In the case of the scalar matter
field, the condition of non-penetrability can be satis-
fied with the use of a family of boundary conditions
of the Robin type

(cos 𝜃 𝜓 + sin 𝜃 𝑟𝜕𝑟𝜓)|𝑟0 = 0, (1)

where 𝜃 is some arbitrary parameter. Among all pos-
sible values of the parameter 𝜃, two values are promi-

nent. The case of 𝜃 = 0 corresponds to the perfectly
reflecting (Dirichlet) boundary condition 𝜓|𝑟0 = 0.
The case of 𝜃 = 𝜋/2 corresponds the perfectly rigid
(Neumann) boundary condition 𝑟𝜕𝑟𝜓|𝑟0 = 0.

In the present paper, we shall study the current
which is induced in the vacuum of the quantized
charged scalar matter field by the ANO vortex with
nonvanishing transverse size with the perfectly rigid
(Neumann) boundary condition on its side surface
(𝜃 = 𝜋/2). This current creates a magnetic field in the
vacuum, and the total induced vacuum magnetic flux
will be studied in detail in what follows. In the case
of the ANO vortex of zero transverse size, this prob-
lem was solved previously, see [17–19] and references
therein. For the case of the finite transverse size of the
ANO vortex, the induced vacuum current, magnetic
flux, energy and the Casimir force were considered
in the [20–24] for the case of the perfectly reflecting
(Dirichlet) boundary condition.

It should be noted that, for the quantized fermion
matter field, the condition of non-penetration of the
matter field inside the finite transverse size ANO
vortex has a form different from (1), and it can be
parametrized with the help of one parameter in the
case of two-dimensional space and four parameters
in the case of three-dimensional space. The induced
vacuum current and magnetic flux in these cases were
considered for all values of parameters in [25–27].

2. Induced Vacuum
Current and Total Magnetic Flux

We start with the Lagrangian for a complex scalar
field 𝜓 in the (𝑑+ 1)-dimensional space-time

ℒ = (∇𝜇𝜓)
*(∇𝜇𝜓)−𝑚2𝜓*𝜓, (2)

where ∇𝜇 is the covariant derivative, and 𝑚 is the
mass of the scalar field. The vacuum current is con-
ventionally defined as

j(x) = −i
∑︁∫︁

𝜆

(2𝐸𝜆)
−1 ×

×{𝜓*
𝜆(x)[∇𝜓𝜆(x)]− [∇𝜓𝜆(x)]

*𝜓𝜆(x)}, (3)

where 𝜆 is the set of parameters (quantum num-
bers) specifying the state, wave functions 𝜓𝜆(x) form
a complete set of solutions to the stationary Klein–
Fock–Gordon equation
(︀
−∇2 +𝑚2

)︀
𝜓𝜆(x) = 𝐸2

𝜆𝜓(x), (4)

4 ISSN 2071-0186. Ukr. J. Phys. 2022. Vol. 67, No. 1
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𝐸𝜆 = 𝐸−𝜆 > 0 is the energy of the state; symbol∑︀∫︀
𝜆

denotes summation over discrete and integration

(with a certain measure) over continuous values of 𝜆.
In the present paper we are considering a static

background in the form of the cylindrically symmet-
ric gauge flux tube of the finite transverse size. The
coordinate system is chosen in such a way that the
tube is along the 𝑧 axis. The tube in a 3-dimensional
space is obviously generalized to the (𝑑 − 2)-tube in
a 𝑑-dimensional space by adding extra 𝑑 − 3 dimen-
sions as longitudinal ones. The covariant derivative
is ∇0 = 𝜕0, ∇ = 𝜕 − i𝑒V with 𝑒 being the coupling
constant of the dimension𝑚(3−𝑑)/2 and the vector po-
tential possessing only one nonvanishing component
given by

𝑉𝜙 = Φ/2𝜋, (5)

outside the tube; here, Φ is the value of the gauge flux
inside the (𝑑 − 2)-tube, and 𝜙 is the angle in polar
(𝑟, 𝜙) coordinates on a plane which is transverse to
the tube. The Neumann boundary condition at the
side surface of the tube (𝑟 = 𝑟0) is imposed on the
scalar field:

𝜕𝑟𝜓𝜆|𝑟=𝑟0
= 0, (6)

i.e., the surface of the flux tube is a perfectly rigid
boundary for the matter field.

The solution to (4) and (6) outside the impenetra-
ble tube of radius 𝑟0 takes the form

𝜓𝑘𝑛p(x) = (2𝜋)(1−𝑑)/2𝑒ipxd−2𝑒i𝑛𝜙Ω|𝑛−𝑒Φ/2𝜋|(𝑘𝑟, 𝑘𝑟0),

(7)
where

Ω𝜌(𝑢, 𝑣) =
𝑌 ′
𝜌(𝑣)𝐽𝜌(𝑢)− 𝐽 ′

𝜌(𝑣)𝑌𝜌(𝑢)[︀
𝐽 ′
𝜌
2(𝑣) + 𝑌 ′

𝜌
2(𝑣)

]︀1/2 , (8)

and 0 < 𝑘 < ∞, −∞ < 𝑝𝑗 < ∞ (𝑗 = 1, 𝑑− 2), 𝑛 ∈ Z
(Z is the set of integer numbers), 𝐽𝜌(𝑢) and 𝑌𝜌(𝑢)
are the Bessel functions of order 𝜌 of the first and
second kinds, the prime near the function means the
derivative with respect to the function argument. So-
lutions (7) obey orthonormalization condition
∫︁

𝑟>𝑟0

𝑑 𝑑x𝜓*
𝑘𝑛p(x)𝜓𝑘′𝑛′p′(x) =

=
𝛿(𝑘 − 𝑘′)

𝑘
𝛿𝑛,𝑛′ 𝛿𝑑−2(p− p′). (9)

Using (3) and (7), we get 𝑗𝑟 = j𝑑−2 = 0 and

𝑗𝜙(𝑟) ≡ 𝑥1𝑗2(x)− 𝑥2𝑗1(x) = (2𝜋)1−𝑑

∫︁
𝑑𝑑−2𝑝×

×
∞∫︁

0

𝑑𝑘 𝑘(p2 + 𝑘2 +𝑚2)−1/2𝑆(𝑘𝑟, 𝑘𝑟0), (10)

where
𝑆(𝑢, 𝑣) =

∑︁

𝑛∈Z

(︂
𝑛− 𝑒Φ

2𝜋

)︂
Ω2

|𝑛−𝑒Φ/2𝜋|(𝑢, 𝑣). (11)

Due to the infinite range of the summation, the last
expression is periodic in the flux Φ with a period equal
to 2𝜋𝑒−1, i.e., it depends on the quantity

𝐹 =
𝑒Φ

2𝜋
−
[︂[︂
𝑒Φ

2𝜋

]︂]︂
, (12)

where [[𝑢]] is the integer part of the quantity 𝑢 (i.e.,
the integer which is less than or equal to 𝑢).

Let us rewrite (11) in the form

𝑆(𝑢, 𝑣) = 𝑆0(𝑢) + 𝑆1(𝑢, 𝑣), (13)

where

𝑆0(𝑢) =

=

∞∑︁

𝑛=0

[︀
(𝑛+ 1−𝐹 ) 𝐽2

𝑛+1−𝐹 (𝑢)−(𝑛+𝐹 ) 𝐽2
𝑛+𝐹 (𝑢)

]︀
(14)

and

𝑆1(𝑢, 𝑣) =

∞∑︁

𝑛=0

[(𝑛+ 1− 𝐹 )Λ𝑛+1−𝐹 (𝑢, 𝑣) −

− (𝑛+ 𝐹 )Λ𝑛+𝐹 (𝑢, 𝑣)] , (15)

where

Λ𝜌(𝑢, 𝑣) =

=
𝐽 ′ 2
𝜌 (𝑣)

[︀
𝑌 2
𝜌 (𝑢)− 𝐽2

𝜌 (𝑢)
]︀
− 2𝐽 ′

𝜌(𝑣)𝐽𝜌(𝑢)𝑌
′
𝜌(𝑣)𝑌𝜌(𝑢)

𝑌 ′ 2
𝜌 (𝑣) + 𝐽 ′ 2

𝜌 (𝑣)
.

(16)

The vacuum current 𝑗𝜙 circulating around the (𝑑−
− 2)-tube leads to the appearance of a vacuum mag-
netic field with strength 𝐵3...𝑑 directed along the
(𝑑 − 2)-tube; this is a consequence of the Maxwell
equation

𝑟𝜕𝑟𝐵
3...𝑑
(𝐼) (𝑟) = −𝑒𝑗𝜙(𝑟), (17)
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where the coupling constant 𝑒 differs in general from
𝑒. The total flux of the induced vacuum magnetic field
across a plane which is orthogonal to the (𝑑−2)-tube
is defined as

Φ
(𝐼)
𝑑 = 2𝜋

∞∫︁

𝑟0

𝑑𝑟 𝑟𝐵3...𝑑
(𝐼) (𝑟) (18)

and is given by the expression

Φ
(𝐼)
𝑑 = 𝑒𝜋

∞∫︁

𝑟0

𝑑𝑟 𝑟𝑗𝜙(𝑟)

(︂
1− 𝑟20

𝑟2

)︂
. (19)

Inserting 𝑗𝜙(𝑟) (10) and changing the order of inte-
gration over 𝑟 and p, we get, see [20],

Φ
(𝐼)
𝑑 = 𝑒𝑚𝑑−3 (4𝜋)

(2−𝑑)/2

2Γ(𝑑/2)

∞∫︁

0

𝑑𝑢√
1 + 𝑢2/(𝑑−2)

×

×𝒟(𝑚𝑟0
√︀
1 + 𝑢2/(𝑑−2)), (20)

where Γ(𝑣) is the Euler gamma-function and

𝒟(𝑦) =

∞∫︁

𝑦

𝑑𝑥

(︂
1− 𝑦2

𝑥2

)︂ ∞∫︁

0

𝑑𝑧 𝑧√
𝑧2 + 𝑥2

𝑆
(︁
𝑧, 𝑧

𝑦

𝑥

)︁
. (21)

It should be noted that the function 𝒟(𝑦) (21) is im-
mediately related to the total induced vacuum mag-
netic flux in the 𝑑 = 2 case:

Φ
(𝐼)
2 =

𝑒

2𝑚
𝒟(𝑚𝑟0). (22)

Since 𝑆1(𝑢, 0) = 0, one can obtain

𝒟(0) =

∞∫︁

0

𝑑𝑥

∞∫︁

0

𝑑𝑧 𝑧√
𝑧2 + 𝑥2

𝑆0(𝑧) =

=
1

3
𝐹 (1− 𝐹 )

(︂
𝐹 − 1

2

)︂
, (23)

and the total induced vacuum magnetic flux in the
𝑑 = 2 case is finite in the limit of a singular (i.e.,
infinitely thin) vortex filament, 𝑟0 → 0 [17]:

lim
𝑟0→0

Φ
(𝐼)
2 =

𝑒

6𝑚
𝐹 (1− 𝐹 )

(︂
𝐹 − 1

2

)︂
. (24)

However, in the 𝑑 ≥ 3 cases, the total induced mag-
netic flux becomes infinite in the limit of the infinitely
thin vortex filament [18]. In this case, the considera-
tion of the vacuum polarization by the vortex filament
of the finite transverse size is especially actual.

3. Numerical Analysis
of the Induced Vacuum Characteristics

As one can see from the previous section, in order to
find the induced vacuum magnetic flux in the 𝑑-di-
mensional space, we first need to find it in the 2-di-
mensional space. Unfortunately, this task in the case
of a vortex tube of finite transverse size can be solved
only by numerical methods.

With this aim, we rewrite expression (10) in the
𝑑 = 2 case in the dimensionless form

𝑟𝑗𝜙(𝑟)|𝑑=2 =
1

2𝜋

∞∫︁

0

𝑑𝑧 𝑧

[︂
𝑧2 +

(︁𝑚𝑟0
𝜆

)︁2]︂−1/2

𝑆(𝑧, 𝜆𝑧),

(25)
where 𝜆 = 𝑟0/𝑟 (𝜆 ∈ [0, 1]).

In the limit of a singular filament (𝑟0 = 0), ex-
pression (25) contains only 𝑆0 (14). The summation
in (14) can be performed analytically and (25) is re-
duced to the following form, see [20]:

𝑟𝑗sing𝜙 (𝑟)
⃒⃒
𝑑=2

=
sin(𝐹𝜋)

𝜋3

∞∫︁

𝑚𝑟

𝑑𝑤
𝑤2

√︀
𝑤2 − (𝑚𝑟)2

×

×
{︀
𝑤
[︀
𝐾2

1−𝐹 (𝑤)−𝐾2
𝐹 (𝑤)

]︀
+(2𝐹−1)𝐾𝐹 (𝑤)𝐾1−𝐹 (𝑤)

}︀
,

(26)

where 𝐾𝜌(𝑢) is the Macdonald function of order 𝜌.
The total induced vacuum magnetic flux in this case,
see (24), attains the maximal absolute value equal to
|𝑒|/(72

√
3𝑚) at 𝐹 = 𝐹±, where

𝐹± =
1

2

(︂
1± 1√

3

)︂
. (27)

Next, we will numerically compute the induced vac-
uum current in the 𝑑 = 2 case at 𝐹 = 𝐹+, when the
integral in (25) is likely to be most distinct from zero
(note that the current at 𝐹 = 𝐹− equals to that at
𝐹 = 𝐹+ with the opposite sign). So, for a vortex tube
of nonvanishing radius, we have to compute values of
dimensionless quantity 𝑟𝑗𝜙 at different values of 𝜆. To
do this, we perform the high-precision numerical in-
tegration in (25) with the help of a technique devel-
oped earlier in [20–24]. The results of computation
can be approximated by an interpolation function in
the form

𝑟𝑗𝜙(𝑟)|𝑑=2 =

[︂
𝑒−2𝑥

√
𝑥

]︂ [︂
𝑃𝑛(𝑥− 𝑥0)

𝑥𝑛

]︂
𝑄𝑘(𝑥

2)

𝑅𝑘(𝑥2)
, 𝑥 > 𝑥0,

(28)
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Fig. 1. The dimensionless induced vacuum current (𝑟𝑗𝜙) as a function of the dimensionless distance from the axis of the tube
(𝑥) for different values of the dimensionless tube radius (𝑥0) for the case of the Neumann (NC) and the Dirichlet (DC) boundary
conditions: (a), (c) solid line corresponds to 𝑟𝑗𝜙 × 102 for 𝑥0 = 1, dashed line corresponds to 𝑟𝑗𝜙 × 10 for 𝑥0 = 2/3, and dotted
line corresponds to 𝑟𝑗𝜙 for 𝑥0 = 1/3; (b), (d) solid line corresponds to the cases of a singular filament (𝑥0 = 0), dashed line
corresponds to 𝑥0 = 10−1, dotted line corresponds to 𝑥0 = 10−2, and dash-dotted line corresponds to 𝑥0 = 10−3. Variable 𝑥 is
along the abscissa axis

where 𝑥 = 𝑚𝑟, 𝑥0 = 𝑚𝑟0 and 𝑃𝑗(𝑦), 𝑄𝑗(𝑦), 𝑅𝑗(𝑦)
are polynomials in 𝑦 of the 𝑗-th order with the 𝑥0-
dependent coefficients. It turns out that, for the inter-
polation of data, the most suitable choice of function
(28) contains the polynomials with indices 𝑛 = 9 and
𝑘 = 4. The first factor in square brackets describes
the large-distance behavior in the case of a zero-radius
tube (filament), the second factor in square brackets
is an asymptotics at small distances from the side sur-
face of the tube, the last factor describes the behav-
ior at intermediate distances. Since the vortex tube
is impenetrable, 𝑟𝑗𝜙(𝑟) (28) vanishes at 𝑥 ≤ 𝑥0.

The results in the 𝑑 = 2 case for the induced vac-
uum current in the case of the Neumann boundary
condition are presented on Fig. 1, a and Fig. 1, b. For
comparison, we also present the results for the in-
duced vacuum current in the case of the Dirichlet
boundary condition [20], see Fig. 1, c and Fig. 1, d. As
one can see, the current is negligible for the tube
of large radius, i.e., of order of the Compton wave-
length and greater, 𝑟0 ≥ 𝑚−1, see Fig. 1, a and
Fig. 1, c. One can note that the induced vacuum cur-
rent in the case of the Neumann boundary condition
has a much weaker dependence on the tube thickness

𝑥0 (Fig. 1, a) as compared to that in the case of the
Dirichlet boundary condition (Fig. 1, c). The current
in the case of 𝑟0 ≪ 𝑚−1 is comparable with the cur-
rent in the case of a singular filament, see Fig. 1, b
and Fig. 1, d. It should be noted that, in the case
of the Dirichlet boundary condition, the induced vac-
uum current is always less in value than in the case
of a singular filament, see Fig. 1, d. It is not true
for the case of the Neumann boundary condition, see
Fig. 1, b. It should be noted that the value of the cur-
rent in the case of the Neumann boundary condition
is greater than the value of the current in the case of
the Dirichlet boundary condition at any value of the
tube thickness.

Using (19), (21), (22), and (28), we compute nu-
merically the total induced vacuum magnetic flux in
the 𝑑 = 2 case for different values of the tube thick-
ness (parameter 𝑥0 = 𝑚𝑟0). The results of the com-
putation in the dimensionless form can be approxi-
mated by an interpolation function in the form

ln
𝑚Φ

(𝐼)
2

𝑒
= ln𝒟(𝑥0) =𝑀1(𝑥0)Θ(𝑋 − 𝑥0)+

+
[︁
𝑎+ 𝑏𝑥10 + 𝑑𝑥50 +

√︀
𝐿2(𝑥0)

]︁
Θ(𝑥0 −𝑋), (29)
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Fig. 2. The dimensionless induced vacuum magnetic flux in spaces of different dimensionality as a function
of the dimensionless tube radius (𝑥0) for the case of the Neumann (NC) and the Dirichlet (DC) boundary
conditions: 𝑒−1𝑚Φ

(𝐼)
2 – solid line, 𝑒−1Φ

(𝐼)
3 – dashed line, (𝑒𝑚)−1Φ

(𝐼)
4 – dotted line. The case of 𝑥0 = 0 and

𝑑 = 2 is presented by a horizontal solid line

The dimensionless induced vacuum magnetic flux in the cases of dimension 𝑑 = 2, 3, 4

for tubes of different radii and for the case of the Neumann (NC) and Dirichlet (DC) boundary condition

𝑥0 1 2/3 1/3 10−1 10−2 10−3

𝑚
𝑒
Φ

(𝐼)
2 , NC 7.09× 10−6 7.79× 10−5 9.05× 10−4 5.34× 10−3 9.92× 10−3 0.01

𝑚
𝑒
Φ

(𝐼)
2 , DC 2.36× 10−8 5.76× 10−7 2.07× 10−5 4.88× 10−4 3.66× 10−3 6.22× 10−3

1
𝑒
Φ

(𝐼)
3 , NC 10−6 1.41× 10−5 2.26× 10−4 2.14× 10−3 9.34× 10−3 1.64× 10−2

1
𝑒
Φ

(𝐼)
3 , DC 3.07× 10−9 8.83× 10−8 4.13× 10−6 1.48× 10−4 2.22× 10−3 6.55× 10−3

1
𝑚𝑒

Φ
(𝐼)
4 , NC 7.5× 10−8 1.3× 10−6 3.02× 10−5 5.58× 10−4 1.08× 10−2 1.15× 10−1

1
𝑚𝑒

Φ
(𝐼)
4 , DC 2.06× 10−10 7.06× 10−9 4.43× 10−7 2.68× 10−5 1.25× 10−3 1.32× 10−2

where 𝑀𝑗(𝑦), 𝐿𝑗(𝑦) are polynomials in 𝑦 of the 𝑗-th
order, Θ(𝑦) is the Heaviside step function and 𝑋 =
= 10−2. Using (20) and (29), we compute numerically
the total induced magnetic flux in the 𝑑 = 3, 4 cases,
i.e. Φ(𝐼)

3 and Φ
(𝐼)
4 . The results for the 𝑑 = 2, 3, 4 cases

are presented in Fig. 2, a and in Table. For compar-
ison, we also present the results for the induced flux
in the case of the Dirichlet boundary condition [20],
see Fig. 2, b and Fig. 2, c.

As one can see, in the case of the Neumann bound-
ary condition (for 𝑑 = 2), there is a region of the tube
thickness (0 < 𝑥0 < 0.4), where the absolute value of
the induced flux is greater than in the case of a singu-
lar filament, see Fig. 2, a. Whereas the absolute value
of the flux induced by a singular filament is always
greater than the absolute value of the flux induced by
a tube of the nonvanishing radius with the Dirichlet
boundary condition, see Fig. 2, b and Fig. 2, c. One
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can see also that the induced flux from a tube with
the Neumann boundary condition is greater than the
induced flux from a tube with the Dirichlet boundary
condition at any value of the tube thickness.

In the case of higher space dimensions, the behav-
ior of the induced flux in the case of the Neumann
and Dirichlet boundary conditions is similar, see
Fig. 2. For the case of a space with a higher dimension
(𝑑 = 4) at large radii of the tube, the induced flux is
a more strongly decreasing function. But, at smaller
radii of the tube, the induced flux is a more strongly
increasing function compared to that in the case of
the space with a smaller dimension (𝑑 = 3). While
the induced flux in the unphysical case of a singular
filament is infinite for 𝑑 > 2„ the induced flux in the
physical case of a tube of nonvanishing radius is fi-
nite. As one see from Table, the absolute value of the
flux induced by a tube with the Neumann boundary
condition is always greater than the absolute value of
the flux induced by a tube with the Dirichlet bound-
ary condition for any dimension of the space.

4. Summary

In the present paper, we have considered the current
and the total magnetic flux which are induced in the
vacuum of the quantized charged scalar matter field
by a topological defect in the form of the ANO vortex
in a space of arbitrary dimension. We assume that the
ANO vortex is impenetrable for the quantum mat-
ter. The perfectly rigid (Neumann) boundary condi-
tion is imposed on the matter field at the side sur-
face of the vortex. The same problem was considered
previously for the vortex with the perfectly reflect-
ing (Dirichlet) boundary condition on its side surface
[20]. So, we compare the results obtained for the Neu-
mann and Dirichlet boundary conditions at the side
surface of the vortex.

In both cases of the above- mentioned boundary
conditions, the induced current is circulating around
the vortex, and it is vanishingly small in the case
of the vortex transverse size being of the order of
or exceeding the Compton wavelength of the matter
field (𝑥0 & 1), see Fig. 1, Fig. 2 and Table for the
𝑑 = 2, 3, 4 dimensions of the space. This confirms the
previously obtained conclusion [21–24] that the vac-
uum polarization effects are essential only for matter
fields with masses which are much smaller than the
scale of the spontaneous symmetry breaking (mass of
the Higgs field forming the topological defect).

In both cases of the above- mentioned boundary
conditions, the induced vacuum current decreases ex-
ponentially at large distances from the vortex. The
current and the induced vacuum magnetic flux are
odd in the value of the vortex flux, Φ, and periodic in
this value with the period equal to the London flux
quantum, 2𝜋𝑒−1. They vanish at 𝐹 = 0, 1/2, 1 and
are of opposite signs in the intervals 0 < 𝐹 < 1/2
and 1/2 < 𝐹 < 1, with their absolute values being
symmetric with respect to the point 𝐹 = 1/2. In the
case of a space of dimension 𝑑 > 2, the account for
the finite transverse size of the vortex eliminates an
unphysical divergence for the total induced vacuum
flux, which takes place in the case of a singular vortex
filament.

The visible difference between the cases of the Neu-
mann and Dirichlet boundary conditions lies in the
magnitude of the vacuum polarization effects. The
absolute value of the induced vacuum current and
the induced vacuum magnetic flux in the case of the
Neumann boundary condition is greater than that in
the case of the Dirichlet boundary condition. In par-
ticular, as one can see from Fig. 1, d and Fig. 2, b
for the dimension of the space 𝑑 = 2, the vacuum ef-
fects in the case of the Dirichlet boundary condition
are always smaller than in the case of a singular vor-
tex filament. However, as one can see from Fig. 1, b,
for the case of the Neumann boundary condition, the
absolute value of the induced vacuum current can ex-
ceed the absolute value of the induced vacuum cur-
rent in the case of a singular vortex filament. Moreo-
ver, there is a region of the vortex thickness values
(0 < 𝑥0 < 0.4), see Fig. 2, a, where the absolute value
of the induced vacuum magnetic flux is greater than
that in the case of a singular vortex filament for the
𝑑 = 2 space.

The work of Yu.A.S. was supported by the Na-
tional Academy of Sciences of Ukraine (project
No. 0122U000886).
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В.М. Горкавенко, Т.В. Горкавенко,
Ю.А.Ситенко, М.С.Царенкова

IНДУКОВАНI ВАКУУМНИЙ СТРУМ
ТА МАГНIТНИЙ ПОТIК У КВАНТОВАНIЙ
СКАЛЯРНIЙ МАТЕРIЇ В ПРИСУТНОСТI
ВИХРОВОГО ДЕФЕКТУ З ГРАНИЧНОЮ
УМОВОЮ ТИПУ НЕЙМАНА

Топологiчний дефект у виглядi вихору Абрикосова–Нiльсе-
на–Олесена у просторi довiльної вимiрностi розглядається
як трубка, що мiстить потiк калiбрувального поля та є не-
проникливою для поля матерiї. Квантоване заряджене ска-
лярне поле матерiї квантується з урахуванням наявностi
вихору, на поверхнi якого накладено умову типу Нейма-
на. Показано, що навколо вихору iндукується вакуумний
струм за умови, що комптонiвська довжина хвилi поля ма-
терiї значно перевищує поперечний розмiр вихору. Вакуум-
ний струм є перiодичною функцiєю вiд потоку калiбруваль-
ного поля вихору, що є квантово-польовим проявом ефе-
кту Ааронова–Бома. Вакуумний струм викликає появу iн-
дукованого вакуумного магнiтного потоку, який (за деяких
значень товщини трубки) перевищує вакуумний магнiтний
потiк, що iндукується сингулярним вихором. Отриманi ре-
зультати були порiвнянi з результатами, отриманими для
випадку, коли на поверхню трубки накладалися граничнi
умови типу Дiрiхле. Було показано, що у випадку грани-
чної умови типу Неймана абсолютнi значення iндукованого
вакуумного струму та iндукованого вакуумного магнiтного
потоку перевищують значення вiдповiдних величин у ви-
падку, коли на трубку накладаються граничнi умови типу
Дiрiхле.

Ключ о в i с л о в а: вакуумна поляризацiя, ефект Аароно-
ва–Бома, вихровий дефект.
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3.3. Iндукування у вакуумi скалярного поля.

Гранична умова типу Робена

Magnetic flux in the vacuum of quantum bosonic matter
in the cosmic string background
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The relativistic spin-0 matter field is quantized in the background of a straight cosmic string with
nonvanishing transverse size. The most general boundary condition ensuring the impenetrability of the
matter field into the interior of the cosmic string is shown to be the Robin condition with a boundary
parameter varying arbitrarily from point to point of the boundary. The role of the bound states in the
spectrum of solutions to the Fock-Klein-Gordon equation is elucidated. We derive, in the general case, an
analytic expression for the total magnetic flux, which is induced in the vacuum in the cosmic string
background. Further numerical analysis and the requirement of physical plausibility are shown to restrict
ambiguity, which is due to the boundary condition. The dependence of the induced vacuum magnetic flux
on the string flux and tension, as well as on the transverse size of the string, is analyzed.

DOI: 10.1103/PhysRevD.106.105010

I. INTRODUCTION

Considerable attention is always paid to the study of
nonperturbative effects in quantum systems, arising as a
consequence of the interaction of quantized fields with
various configurations of classical fields. Especially inter-
esting is the influence of configurations with nontrivial
topology (domain walls, vortices, monopoles, or, in gen-
eral, topological defects) on the properties of quantum
systems. In the course of spontaneous breaking of a
continuous symmetry, a confined region of the false
vacuum of the appropriate Higgs field forms a locus of
trapped energy, i.e., a topological defect, which can serve as
a background for quantum matter fields. There is a need,
in this regard, to take into account the finite size of a
topological defect and to set up a boundary condition on its
edge. An approach might be to employ a family of the most
general boundary conditions, ensuring the impenetrability
of quantum matter fields into the interior of a topological
defect; in mathematical parlance, this means the condition

of self-adjointness for the appropriate quantum-mechanical
operator of one-particle energy. Then a task is to discover
effects that are induced by the topological defect in the
ground state of the quantum matter system in the general
case, while a further analysis with the requirement of
physical plausibility of obtained results is aimed to restrict
an arbitrariness in the choice of boundary conditions. In
this way, there is a possibility to achieve the unambiguous
determination of the influence of the topological defect on
quantum matter.
In the present paper, a topological defect in the form

of the Abrikosov-Nielsen-Olesen vortex [1,2] is consid-
ered. Such defects are known in cosmology and astrophys-
ics under the name of cosmic strings; they emerge in
the aftermath of phase transitions with spontaneous gauge
symmetry breaking during evolution of the early Universe
[3,4]. Cosmic strings, starting from a random tangle, evolve
into two different sets: the unstable one, which consists of a
variety of string loops decaying by gravitational radiation,
and the stable one, which consists of several long, approx-
imately straight strings spanning the horizon; see, e.g.,
reviews in [5,6]. Although observational bounds predict a
negligible contribution of cosmic strings to large scale
inhomogeneity, such as the angular distribution in the
cosmic microwave background radiation, their evolution
brings distinct astrophysical effects, in particular, they
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produce detectable gravitational waves [7], gamma-ray
bursts [8], and high-energy cosmic rays [9]. The interest
in cosmic strings is augmented by theoretical findings that
they are demanded in the framework of the superstring
theory inspired cosmological models, i.e., the brane-world
models of inflation [10–12]. While the Universe undergoes
phase transitions at energy scales much higher than the
scale of grand unification, such supermassive cosmic
strings can be produced, opening new observational win-
dows; see [13,14].
Vortex-type defects are widely discussed in the context

of condensed matter physics as well; in particular, they
can be viewed as disclinations in nanoconical structures.
A development in material science of this century provides
a remarkable link between condensed matter and high-
energy physics, which is caused to a large extent by the
experimental discovery of graphene—a two-dimensional
crystalline allotrope formed by a monolayer of carbon
atoms [15,16]. It is well established by now that a sheet
of graphene is always corrugated and covered by ripples
that can be either intrinsic or induced by roughness of a
substrate [17]. A single topological defect (disclination)
warps a sheet of graphene, rolling it into a nanocone, which
is similar to the transverse section of a spatial region out of
a cosmic string; see, e.g., [18–21].
Spin-0 quantized fields in various aspects are a subject

of study in cosmology and astrophysics. They are present
in all unified field theory models, appearing as possible
types of matter, in particular, as dilatons and inflatons in
the early Universe, as candidates to describe dark matter,
and as possible Bose-Einstein condensates. Our purpose
is to study the influence of a vortex-type defect on the
ground state of the surrounding quantum relativistic
bosonic (scalar or pseudoscalar) matter. The induced
ground state magnetic flux will be found, and its
dependence on the gauge flux and the string tension,
as well as on the defect size and the choice of boundary
conditions, will be analyzed. We show that the boundary
conditions allowing for the existence of bound states are
incompatible with the physically plausible behavior of
the induced ground state magnetic flux.
In the next section, we define the current and the

magnetic field strength that are induced by a cosmic string
in the vacuum of quantum relativistic bosonic matter. In
Sec. III, we determine the most general boundary condition
ensuring the impossibility for matter to penetrate through
the edge of the string core and display an appearance of
bound states in addition to continuum ones. The analytic
expression for the induced vacuum magnetic flux in the
general case is derived in Sec. IV. In Sec. V, the numerical
study of the analytic expression is carried out, and we show
that the range of the boundary parameter values is restricted
by requiring the physically plausible behavior for the flux.
Finally, the results are summarized and discussed in
Sec. VI. The details of derivation of the asymptotics of

the flux at small values of the transverse size of the string
are given in the Appendix.

II. DEFINITIONS AND PRELIMINARIES

The operator of the second-quantized relativistic spin-0
field in a static (ultrastatic) background is presented as

Ψ̂ðx; tÞ ¼
XZ
λ

1ffiffiffiffiffiffiffiffi
2Eλ

p ½e−iEλtψλðxÞâλ þ eiEλtψ�
λðxÞb̂†λ �; ð1Þ

where natural units ℏ ¼ c ¼ 1 are used, â†λ and âλ (b̂†λ
and b̂λ) are the spin-0 particle (antiparticle) creation and
destruction operators satisfying commutation relations

½âλ; â†λ0 �− ¼ ½b̂λ; b̂†λ0 �− ¼ hλjλ0i; ð2Þ

and λ is the set of parameters (quantum numbers) speci-
fying the state; wave functions ψλðxÞ form a complete set
of solutions to the stationary Fock-Klein-Gordon equation,

½−∇2 þm2 þ ξRðxÞ�ψλðxÞ ¼ E2
λψλðxÞ; ð3Þ

∇ is the covariant derivative involving the bundle con-
nection, RðxÞ is the curvature scalar, Eλ > 0 is the energy
of the state, and symbol

PR
λ

in (1) denotes summation over

discrete and integration (with a certain measure) over
continuous values of λ. The current that is induced in
the vacuum is defined through the vacuum expectation
value of the anticommutator of the field operators,

jðxÞ≡ 1

2i
hvacjf½Ψ̂†ðx; tÞ;∇Ψ̂ðx; tÞ�þ

− ½∇Ψ̂†ðx; tÞ; Ψ̂ðx; tÞ�þgjvaci

¼ −i
XZ
λ

ð2EλÞ−1fψ�
λðxÞ½∇ψλðxÞ� − ½∇ψλðxÞ��ψλðxÞg;

ð4Þ

where the vacuum is conventionally defined by relation

âλjvaci ¼ b̂λjvaci ¼ 0: ð5Þ

A straight, infinitely long cosmic string in its rest frame
is characterized by two parameters, the gauge flux

Φ ¼
Z
core

dσ · ∂ × VðxÞ ð6Þ

and tension (or linear density of mass)

M ¼ 1

16πĢ

Z
core

dσ RðxÞ: ð7Þ
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Here, VðxÞ is the vector potential of the gauge field
corresponding to the spontaneously broken gauge sym-
metry, Ģ is the gravitational constant, and the integration is
over the transverse section of the string core. Without loss
of generality, the string core is assumed to have the form of
a tube of radius r0. A tube in three-dimensional space can
be obviously generalized to a (d − 2) tube in d-dimensional
space by adding extra d − 3 dimensions as longitudinal
ones. Space outside the string core is locally flat (R ¼ 0)
but non-Euclidean, with squared length element

ds2 ¼ dr2 þ ð1 − 4ĢMÞ2r2dφþ dz2d−2; ð8Þ

where r and φ are the polar coordinates on a surface that is
transverse to the string, and zd−2 are the Cartesian coor-
dinates in the longitudinal directions. Such a space can be
denoted as a conical one, since its transverse section is
isometric to the surface of a cone with the deficit angle equal
to 8πĢM. In general, the values of the deficit angle are
bounded from above by 2π, whereas they are unbounded
from below (surplus angle can be arbitrarily large),

−∞ < 8πĢM < 2π: ð9Þ

If we return to real cosmic strings in three-dimensional
space, then the tension (and, consequently, the deficit angle)
surely has to be non-negative; moreover, the observation of
discontinuities in the cosmic microwave background radi-
ation imposes the stringent upper bound M ≲ 10−7Ģ−1 (see
[22]). However, negative values of M and corresponding

saddlelike conical spaces, as well as positive values ofM up
to ð4ĢÞ−1, can be of some physical interest. Various nano-
conical structures arise in a diverse set of condensed
matter systems known as the Dirac materials, ranging from
honeycomb crystalline allotropes (graphene [16], silicene,
germanene [23], and phosphorene [24]) to high-temperature
cuprate superconductors [25] and topological insulators [26];
in particular, a saddlelike conical space effectively emerges
due to a radial disgyration in the A phase of superfluid He3;
see [27].
Matter is assumed to interact with a cosmic string in

the minimal way; i.e., the covariant derivative takes form
∇ ¼ ∂ − iẽV þ i

2
ω, where ẽ is the appropriate coupling

constant and ω is the affine connection. In the gauge with
the only one nonvanishing component,

Vφ ¼ Φ
2π

; ð10Þ

the Laplace-Beltrami operator takes the form

∇2 ¼ r−1
∂

∂r
r
∂

∂r
þ ð1 − 4ĢMÞ−2r−2

�
∂

∂φ
−
iẽΦ
2π

�
2

þ
�

∂

∂zd−2

�
2

; ð11Þ

and we obtain the following expression for a general
solution to (3), describing a state belonging to the con-
tinuous spectrum:

ψknpðxÞ ¼ ð2πÞð1−dÞ=2eip·zd−2einφð1 − 4ĢMÞ−1=2
× ½sinðμnÞJjn−ẽΦ=ð2πÞj=ð1−4ĢMÞðkrÞ þ cosðμnÞY jn−ẽΦ=ð2πÞj=ð1−4ĢMÞðkrÞ�; ð12Þ

where 0 < k < ∞, −∞ < pj < ∞ (j ¼ 1; d − 2), E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þ k2 þm2

p
, n ∈ Z (Z is the set of integer numbers), and JρðuÞ

and YρðuÞ are the Bessel functions of order ρ of the first and second kinds. Parameter μn has to be determined from the
boundary condition at r ¼ r0; see the next section. In the case of a vanishing transverse size of the string, relation

μnjr0¼0 ¼ π=2 ð13Þ
is assumed, then the wave function in this case is regular at r ¼ 0, obeying orthonormality condition

Z
ddx

ffiffiffi
g

p
ψ�
knpðxÞjr0¼0ψk0n0p0 ðxÞjr0¼0 ¼

δðk − k0Þ
k

δn;n0δ
d−2ðp − p0Þ: ð14Þ

Substituting (12) into (4), we obtain the induced vacuum current due to the contribution of the continuous spectrum, and
this part possesses an angular component as the only nonvanishing one,

jðCSÞφ ðrÞ ¼
Z

dd−2p
Z

∞

0

dkkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2 þ k2

p X
n∈Z

�
n −

ẽΦ
2π

�
jψknpðxÞj2: ð15Þ

It is obvious from (12) and (15) that jðCSÞφ ðrÞ is a periodic function of the string flux,Φ (6), with a period equal to 2π=ẽ; i.e.,
it depends on quantity
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F ¼ ẽΦ
2π

−
��

ẽΦ
2π

��
; 0 ≤ F < 1 ð16Þ

and not on ½½ẽΦ
2π ��, where ½½u�� denotes the integer part of

quantity u. Such a periodicity certainly is a manifestation

of the renowned Aharonov-Bohm effect [28,29]. Defining
quantity

ν ¼ ð1 − 4ĢMÞ−1 ð17Þ
and inserting (12) into (15), we rewrite the latter as

jðCSÞφ ðrÞ ¼ ð2πÞ1−d
Z

dd−2p
Z∞

0

dkkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2 þ k2

p X
n∈Z

νðn − FÞ½sin2ðμnÞJ2νjn−FjðkrÞ

þ sinð2μnÞJνjn−FjðkrÞYνjn−FjðkrÞ þ cos2ðμnÞY2
νjn−FjðkrÞ�: ð18Þ

If the angular component of the induced vacuum current
is the only nonvanishing one, then the magnetic field
strength in the longitudinal directions, B3…d

I ðrÞ, is also
induced in the vacuum, as a consequence of the Maxwell
equation,

r
ν

∂

∂r
B3…d
I ðrÞ ¼ −ejφðrÞ; ð19Þ

where e is the electromagnetic coupling constant that, in
general, differs from ẽ. The total flux of the induced
vacuum magnetic field is then given by expression

ΦI ¼ ν−1
Z2π

0

dφ
Z∞

r0

dr rB3…d
I ðrÞ: ð20Þ

Induced vacuum current, as well as consequent magnetic
field, in the background of a vortex-type defect attracted
attention several decades ago in view of its anticipated
relevance to the Aharonov-Bohm effect. In the pioneering
study in [30–38], a simplifying unphysical assumption of
the vanishing transverse size (r0 ¼ 0) and tension (M ¼ 0)
of the vortex was employed. It was realized that the total
induced vacuum magnetic flux is finite in the d ¼ 2 case
and infinite in the physically interesting d ¼ 3 case. The
problem of removing the above restriction, i.e., going
over to r0 > 0 and M ≠ 0, was completely solved for
the vacuum of a spin-1=2 quantized matter field in the
d ¼ 2 case [39] and in the d ¼ 3 case [40]. In the present
study, we consider the same problem for the vacuum of a
spin-0 quantized matter field in the d ≥ 2 case.

III. SELF-ADJOINTNESS OF THE LAPLACE-
BELTRAMI OPERATOR AND CHOICE OF

BOUNDARY CONDITIONS

Our attention is drawn to the Laplace-Beltrami operator,
because, in the case of relativistic bosonic matter, the
relevant quantum-mechanical operator is that of one-particle
energy squared, see (3). Defining a scalar product as

ðχ̃; χÞ ¼
Z
X

ddx
ffiffiffi
g

p
χ̃�χ; ð21Þ

we get, using integration by parts,

ðχ̃;∇2χÞ ¼ ð∇2χ̃; χÞ þ
Z
∂X

dσ · ½χ̃�ð∇χÞ − ð∇χ̃Þ�χ�; ð22Þ

where ∂X is a hypersurface bounding the d-dimensional
spatial region X. Operator ∇2 is Hermitian (or symmetric in
mathematical parlance),

ðχ̃;∇2χÞ ¼ ð∇2χ̃; χÞ; ð23Þ

if relation

Z
∂X

dσ · ½χ̃�ð∇χÞ − ð∇χ̃Þ�χ� ¼ 0 ð24Þ

holds. The latter can be satisfied in various ways by
imposing different boundary conditions for χ and χ̃.
However, among the whole variety, there may exist a
possibility that a boundary condition for χ̃ is the same as
that for χ; then operator ∇2 is self-adjoint. The action of a
self-adjoint operator on functions of its domain of definition
results in functions of the same domain only, and, therefore,
a multiple action and functions of such an operator can be
consistently defined. The spectral theorem (see, e.g., [41]) is
valid for self-adjoint operators only, and this allows one to
construct unitary exponents of them; see also [42].
In the case of a connected boundary, condition (24)

implies

n · ½χ̃�ð∇χÞ − ð∇χ̃Þ�χ�jx∈∂X ¼ 0; ð25Þ

where n is the unit normal to boundary ∂X. Defining

χ� ¼ n · ∇χ � i
n · x

χ; χ̃� ¼ n · ∇χ̃ � i
n · x

χ̃; ð26Þ
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we rewrite (25) as

i
2
n · xðχ̃�þχþ − χ̃�−χ−Þjx∈∂X ¼ 0: ð27Þ

The latter condition is satisfied by imposing linear
conditions

ðχ−−ΞχþÞjx∈∂X¼0; ðχ̃−−Ξχ̃þÞjx∈∂X¼0; jΞj2¼1:

ð28Þ

Using parametrization Ξ ¼ e2iθ, we rewrite (28) as1

��
cos θ
n · x

þ sin θ n · ∇
�
χ

�����
x∈∂X

¼ 0;

��
cos θ
n · x

þ sin θ n · ∇
�
χ̃

�����
x∈∂X

¼ 0: ð29Þ

One can recognize that (29) is actually the Robin boundary
condition, with θ ¼ 0 corresponding to the Dirichlet con-
dition (perfect reflectivity of the boundary) and θ ¼ �π=2
corresponding to the Neumann condition (absolute rigidity
of the boundary). The condition is periodic in the value of θ
with the period equal to π, and the range of θ can be
restricted to −π=2 ≤ θ < π=2.
Parameter θ can be regarded as the self-adjoint extension

parameter. It should be emphasized that the values of this
parameter may, in general, vary from point to point on
the boundary. In this respect the “number” of self-adjoint
extension parameters is infinite; moreover, it is not count-
able but is of power of a continuum. This distinguishes the
case of an extended boundary from the case of an excluded
point, when the number of self-adjoint extension param-
eters is finite, being equal to n2 for the deficiency index
equal to ðn; nÞ; see, e.g., [42]. Defining the quantum-
mechanical current of matter as

JλðxÞ ¼ −ifψ�
λðxÞ½∇ψλðxÞ� − ½∇ψλðxÞ��ψλðxÞg; ð30Þ

we note that imposing the self-adjoint extension condition
(29) on ψλ results in the vanishing of the normal component
of the current at the boundary,

n · JλðxÞjx∈∂X ¼ 0: ð31Þ

Thus, the Robin boundary condition with the position-
dependent boundary parameter is the most general one
ensuring the impenetrability of a connected boundary for a
spin-0 matter field. It should be noted that, in the case of a
disconnected two-component boundary, the requirement of

self-adjointness allows for a penetrable boundary, but
the influx of quantum matter through one boundary
component has to be equal to its outflux through another
one; see [43,44].
In the case of a cosmic string, the boundary condition

takes form2

��
cos θ þ sin θ

r∂
∂r

�
χ

�����
r¼r0

¼ 0;

��
cos θ þ sin θ

r∂
∂r

�
χ̃

�����
r¼r0

¼ 0: ð32Þ

Imposing this condition on wave function (12), we deter-
mine parameter μn as

tan μn ¼ −
½ðcot θ þ r ∂

∂rÞYνjn−FjðkrÞ�jr¼r0

½ðcot θ þ r ∂

∂rÞJνjn−FjðkrÞ�jr¼r0

: ð33Þ

As was already noted, the values of parameter θ, in general,
depend on φ and zd−2. As a consequence, current (18)
additionally depends on φ and zd−2 via the dependence of
μn (n ∈ Z) on φ and zd−2. To be more precise, we assume
the following ansatz for a solution to the stationary Fock-
Klein-Gordon equation in the cosmic string background:

ψknpðxÞ ¼ ð2πÞð1−dÞ=2eip·zd−2einφfnðkrÞ; ð34Þ

where function fnðkrÞ is the solution to equation

�
−
1

r
∂

∂r
r
∂

∂r
þ ν2

r2
ðn − FÞ2 − k2

�
fnðkrÞ ¼ 0 ð35Þ

and obeys boundary condition

��
cos θ þ sin θ

r∂
∂r

�
fnðkrÞ

�����
r¼r0

¼ 0: ð36Þ

Note also that, by taking the limit of r0 → 0 in (33),
we justify assumption (13).
In the case of minfF; 1 − Fg < ν−1 cot θ < ∞, in addi-

tion to solutions with k > 0, see (12), there are solutions
with k ¼ iκn, where κn is determined by relation

��
cos θ þ sin θ

r∂
∂r

�
Kνjn−FjðκnrÞ

�����
r¼r0

¼ 0; ð37Þ

KρðuÞ is the Macdonald function of order ρ. These
solutions correspond to bound states on a surface that is
transverse to a cosmic string,

1Note that, in the case of a disconnected two-component
boundary, the most general boundary condition depends on four
parameters; see [43].

2The impenetrability of the string core, on the one hand, is a
consequence of the self-adjointness of the quantum-mechanical
operator of energy squared. On the other hand, it is inevitable,
since the vacuum of a spin-0 quantized matter field is not defined
inside the string core.

MAGNETIC FLUX IN THE VACUUM OF QUANTUM BOSONIC … PHYS. REV. D 106, 105010 (2022)

105010-5



225

ψ ðBSÞ
κnnpðxÞ ¼ ð2πÞð1−dÞ=2eip·zd−2einφ

ffiffiffiffiffi
2ν

p

r0
× ½Kνjn−Fjþ1ðκnr0ÞKνjn−Fj−1ðκnr0Þ − K2

νjn−Fjðκnr0Þ�−1=2Kνjn−FjðκnrÞ: ð38Þ

The dependence of κn on the value of νjn − Fj for fixed values of θ is illustrated in Fig. 1. For fixed values of θ and p,

there is no more than one bound state for each value of n, and their energies, EðBSÞ
n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2 − κ2n

p
, are in the gap

below the continuum,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2 − ½cot2θ − ν2ðn − FÞ2�r−20

q
< EðBSÞ

n <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

q
: ð39Þ

Note that, in the limit of a vanishing transverse size of the string, wave function (38) vanishes at νjn − Fj > 1, whereas it is
novanishing at νjn − Fj < 1.3

Avariation of θ with φ can be moderate enough, so that a dependence of κn on φ can be neglected. Then, substituting (38)
into (4), we obtain

jðBSÞφ ðrÞ ¼ 2ð2πÞ1−d
r20

Z
dd−2p

X
n∈Z

νðn − FÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2 − κ2n

p Θðcot θ − νjn − FjÞK2
νjn−FjðκnrÞ

Kνjn−Fjþ1ðκnr0ÞKνjn−Fj−1ðκnr0Þ − K2
νjn−Fjðκnr0Þ

; ð40Þ

where

ΘðuÞ ¼
�
1; u > 0

0; u < 0

	

is the step function. Thus, the induced vacuum current in
the cosmic string background is

jφðrÞ ¼ jðCSÞφ ðrÞ þ jðBSÞφ ðrÞ; ð41Þ

with jðCSÞφ and jðBSÞφ given by (18) and (40), respectively. It
should be noted that the integral in (40), as well as that in
(18), is divergent at jpj → ∞ (logarithmically at d ¼ 3 and
as a power at d > 3). However, we shall show that these
divergences cancel each other in the sum in (41). Note also
that a variation of θ with zd−2 can be moderate enough,
so that a violation of translational invariance along the
longitudinal directions can be regarded as negligible. Then
the induced vacuum magnetic field strength is in the
longitudinal directions, as is given by (19).

IV. INDUCED VACUUM MAGNETIC FLUX:
ANALYTIC EXPRESSIONS

We present induced vacuum current jφðrÞ (41) as

jφðrÞ ¼ jðaÞφ ðrÞ þ jðbÞφ ðrÞ; ð42Þ
where

jðaÞφ ðrÞ ¼ ð2πÞ1−d
Z

dd−2p

×
Z∞

0

dkkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2 þ k2

p X
n∈Z

νðn − FÞJ2νjn−FjðkrÞ

ð43Þ

3It should be noted that, in the case of an infinitely thin string,
the requirement of self-adjointness of the Laplace-Beltrami
operator allows for regular and irregular square integrable at
r ¼ 0 modes. The deficiency index can be (n, n) with
n ¼ 0; 1; 2;…, depending on the values of ν and F. In particular,
it is (2, 2) for ν ¼ 1; see, e.g., [45,46].

0 1 2 3 4 5

1

2

3

4

FIG. 1. The value of the root of Eq. (37) as a function of
νjn − Fj: curves from top to bottom correspond to θ ¼ π=16;
π=8; π=4; 3π=8.
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and

jðbÞφ ðrÞ ¼ ð2πÞ1−d
Z

dd−2p
Z∞

0

dkkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2 þ k2

p X
n∈Z

νðn − FÞ

× fcos2ðμnÞ½Y2
νjn−FjðkrÞ − J2νjn−FjðkrÞ� þ sinð2μnÞJνjn−FjðkrÞYνjn−FjðkrÞg þ jðBSÞφ ðrÞ: ð44Þ

The Bessel functions JρðuÞ and YρðuÞ in (43) and (44) are expressed through the modified Bessel function IρðuÞ and the
Macdonald function KρðuÞ, and the integration is extended to negative values of k as well, −∞ < k < ∞; see [47]. Such an

integral can be regarded as the integral over the real axis in the complex k plane. In the case of jðaÞφ ðrÞ (43), the integrand as a
function of the complex k variable possesses branching points at k ¼ �i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

p
, and the integration path over the real

axis is continuously deformed to envelope a cut on the imaginary axis from i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

p
to i∞. In this way, we get

jðaÞφ ðrÞ ¼ 4

ð2πÞd
Z

dd−2p
Z∞

mjpj

dq qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

jpj
q X

n∈Z
νðn − FÞIνjn−FjðqrÞKνjn−FjðqrÞ;

mjpj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

q
: ð45Þ

Using relation (see [48])

IρðuÞKρðuÞ ¼
1

2

Z∞

0

dy
y
exp

�
−
u2

2y
− y

�
IρðyÞ

and the Schläfli contour representation for IρðyÞ, one can perform the summation over n and then perform the integrations.
The final result,

jðaÞφ ðrÞ ¼ −
8

ð4πÞðdþ1Þ=2
mðdþ1Þ=2

rðd−3Þ=2

�
1

2π

Z∞

0

duKðdþ1Þ=2½2mr coshðu=2Þ�

×
sinhðu=2Þ

½coshðu=2Þ�ðd−1Þ=2
sinðνFπÞ sinh½νð1 − FÞu� − sin½νð1 − FÞπ� sinhðνFuÞ

coshðνuÞ − cosðνπÞ

þ 1

ν

X½½ν=2��
l¼1

Kðdþ1Þ=2½2mr sinðlπ=νÞ� cosðlπ=νÞ
½sinðlπ=νÞ�ðd−1Þ=2 sinð2FlπÞ

	
; ð46Þ

was obtained in [49] for the case of 0 < ν ≤ 2, while additional terms appearing at ν > 2 were obtained in [50]. Further,
we get

B3…dðaÞ
I ðrÞ ¼ eν

Z∞

r

dr0

r0
jðaÞφ ðr0Þ ¼ −

4eν

ð4πÞðdþ1Þ=2

�
m
r

�ðd−1Þ=2� 1

2π

Z∞

0

duKðd−1Þ=2½2mr coshðu=2Þ� sinhðu=2Þ
½coshðu=2Þ�ðdþ1Þ=2

×
sinðνFπÞ sinh½νð1 − FÞu� − sin½νð1 − FÞπ� sinhðνFuÞ

coshðνuÞ − cosðνπÞ

þ 1

ν

X½½ν=2��
l¼1

Kðd−1Þ=2½2mr sinðlπ=νÞ� cosðlπ=νÞ
½sinðlπ=νÞ�ðdþ1Þ=2 sinð2FlπÞ

	
ð47Þ

and
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ΦðaÞ
I ¼ 2π

ν

Z∞

r0

dr rB3…dðaÞ
I ðrÞ ¼ −

e

ð4πÞðd−1Þ=2
�
m
r0

�ðd−3Þ=2� 1

2π

Z∞

0

duKðd−3Þ=2½2mr0 coshðu=2Þ�
sinhðu=2Þ

½coshðu=2Þ�ðdþ3Þ=2

×
sinðνFπÞ sinh½νð1 − FÞu� − sin½νð1 − FÞπ� sinhðνFuÞ

coshðνuÞ − cosðνπÞ

þ 1

ν

X½½ν=2��
l¼1

Kðd−3Þ=2½2mr0 sinðlπ=νÞ�
cosðlπ=νÞ

½sinðlπ=νÞ�ðdþ3Þ=2 sinð2FlπÞ
	
: ð48Þ

In the case of the vanishing string tension ν ¼ 1, the results for jðaÞφ ðrÞ and B3…dðaÞ
I ðrÞwere obtained more than two decades

ago, see [37,38],

jðaÞφ ðrÞ
���
ν¼1

¼ 32 sinðFπÞ
ð4πÞðdþ3Þ=2

mðdþ1Þ=2

rðd−3Þ=2

Z∞

1

dv

vðdþ1Þ=2 Kðdþ1Þ=2ð2mrvÞ sinh½ð2F − 1ÞarccoshðvÞ� ð49Þ

and

B3…dðaÞ
I ðrÞ

���
ν¼1

¼ 16e sinðFπÞ
ð4πÞðdþ3Þ=2

�
m
r

�ðd−1Þ=2 Z∞

1

dv

vðdþ3Þ=2 Kðd−1Þ=2ð2mrvÞ sinh½ð2F − 1ÞarccoshðvÞ�; ð50Þ

whereas the flux is given by expression

ΦðaÞ
I

���
ν¼1

¼ 4e sinðFπÞ
ð4πÞðdþ1Þ=2

�
m
r0

�ðd−3Þ=2 Z∞

1

dv

vðdþ5Þ=2 Kðd−3Þ=2ð2mr0vÞ sinh½ð2F − 1ÞarccoshðvÞ�: ð51Þ

For generic ν, we find out that flux ΦðaÞ
I (48) in the limit of a vanishing transverse size of the string is finite in the d ¼ 2

case only, while otherwise a divergence occurs,

lim
r0→0

ΦðaÞ
I jd¼2 ¼

e
4m

I3ðF; νÞ; ð52Þ

ΦðaÞ
I jd¼3 ¼

r0→0

e
4π

½− lnðmr0Þ�I3ðF; νÞ; ð53Þ

and

ΦðaÞ
I jd>3 ¼

r0→0

eΓðd−3
2
Þ

2ð4πÞðd−1Þ=2 r
3−d
0 IdðF; νÞ; ð54Þ

where

IdðF; νÞ ¼ −
1

2π

Z∞

0

du
sinhðu=2Þ

½coshðu=2Þ�d
sinðνFπÞ sinh½νð1 − FÞu� − sin½νð1 − FÞπ� sinhðνFuÞ

coshðνuÞ − cosðνπÞ −
1

ν

X½½ν=2��
l¼1

cosðlπ=νÞ
½sinðlπ=νÞ�d sinð2FlπÞ;

ð55Þ

and ΓðuÞ is the Euler gamma function. The integration and summation in (55) can be performed in the case of the odd d
values; see the Appendix. In particular, we obtain
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lim
r0→0

ΦðaÞ
I

���
d¼2

¼ e
6m

�
F −

1

2

�
Fð1 − FÞν2; ð56Þ

ΦðaÞ
I

���
d¼3

¼
r0→0

e
6π

½− lnðmr0Þ�
�
F −

1

2

�
Fð1 − FÞν2; ð57Þ

ΦðaÞ
I

���
d¼5

¼
r0→0

e
12ð2πÞ2 r

−2
0

�
F −

1

2

�
Fð1 − FÞν2

�
1

3
þ 1

5

�
1

3
þ Fð1 − FÞ

�
ν2
	
; ð58Þ

ΦðaÞ
I

���
d¼7

¼
r0→0

e
180ð2πÞ3 r

−4
0

�
F −

1

2

�
Fð1 − FÞν2

�
4

3
þ
�
1

3
þ Fð1 − FÞ

�
ν2 þ 1

7

�
1

3
þ Fð1 − FÞ þ F2ð1 − FÞ2

�
ν4
	
; ð59Þ

ΦðaÞ
I

���
d¼9

¼
r0→0

e
810ð2πÞ4 r

−6
0

�
F −

1

2

�
Fð1 − FÞν2

�
4þ 49

15

�
1

3
þ Fð1 − FÞ

�
ν2

þ 2

3

�
1

3
þ Fð1 − FÞ þ F2ð1 − FÞ2

�
ν4 þ 1

15

�
1

3
þ Fð1 − FÞ þ 10

9
F2ð1 − FÞ2 þ 5

9
F3ð1 − FÞ3

�
ν6
	
; ð60Þ

and so on; note the positive definiteness of all terms in curly brackets in (58)–(60). Note also that (55) can be calculated
exactly for all d values in the case of a vanishing string tension, see [51],

IdðF; 1Þ ¼
sinðFπÞ
2

ffiffiffi
π

p
�
F −

1

2

�
Γðd−1

2
þ FÞΓðdþ1

2
− FÞ

Γðd
2
þ 1ÞΓðdþ1

2
Þ : ð61Þ

Turning now to the θ-dependent piece of the induced vacuum current, see jðbÞφ ðrÞ (44), the integral over k is transformed
into the integral over a contour enveloping the upper imaginary semiaxis on the complex k plane. In this way, we get

jðbÞφ ðrÞ ¼ 8

ð2πÞdþ1

Z
dd−2p

X
n∈Z

νðn − FÞ
X
�

�Zmjpj

0

dq qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

jpj − q2
q e∓iνjn−Fjπ

�
cos2ðμnÞjk¼�iq �

i
2
sinð2μnÞjk¼�iq

�
K2

νjn−FjðqrÞ

þ
Z∞

mjpj

dq qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

jpj
q e∓iνjn−Fjπ

�
�icos2ðμnÞjk¼�iq −

1

2
sinð2μnÞjk¼�iq

�
K2

νjn−FjðqrÞ
	
þ jðBSÞφ ðrÞ; mjpj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ p2

q
:

ð62Þ

In view of relation

X
�
e∓iνjn−Fjπ

�
cos2ðμnÞjk¼�iq �

i
2
sinð2μnÞjk¼�iq

�
¼ −

π2

κnr20

Θðcot θ − νjn − FjÞδðq − κnÞ
Kνjn−Fjþ1ðκnr0ÞKνjn−Fj−1ðκnr0Þ − K2

νjn−Fjðκnr0Þ
; ð63Þ

the contribution of the integral over q from 0 to mjpj cancels j
ðBSÞ
φ ðrÞ (40). Using relation

X
�
e∓iνjn−Fjπ

�
�icos2ðμnÞjk¼�iq −

1

2
sinð2μnÞjk¼�iq

�
¼ −πCνjn−Fjðθ; qr0Þ; ð64Þ

where

Cρðθ; vÞ ¼
½ðcot θ þ v∂vÞIρðvÞ�
½ðcot θ þ v∂vÞKρðvÞ�

; ð65Þ

we obtain the following expression for the remaining piece, after integration over p:
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jðbÞφ ðrÞ ¼ −
8

ð4πÞðdþ1Þ=2
1

Γðd−1
2
Þ
Z∞

m

dq qðq2 −m2Þðd−3Þ=2
X
n∈Z

νðn − FÞCνjn−Fjðθ; qr0ÞK2
νjn−FjðqrÞ; ð66Þ

note that a zero in the denominator of Cρðθ; vÞ (65) is to be treated with the principal value prescription. It should be noted
also that terms with νjn − Fj < 1 in the integrand of jðBSÞφ ðrÞ (40), unlike terms with νjn − Fj > 1, are finite in the limit of a
vanishing transverse size of the string. However, as has been just remarked, they, as well as others, are canceled out, and the
θ-dependent piece of the current, as is clear from (65) and (66), is vanishing in this limit,

lim
r0→0

jðbÞφ ðrÞ ¼ 0: ð67Þ

Further, we get the θ-dependent piece of the induced vacuum magnetic field strength,

B3…dðbÞ
I ðrÞ ¼ eν

Z∞

r

dr0

r0
jðbÞφ ðr0Þ

¼ −
4eν

ð4πÞðdþ1Þ=2
1

Γðd−1
2
Þ
Z∞

m

dq qðq2 −m2Þðd−3Þ=2
X
n∈Z

sgnðn − FÞCνjn−Fjðθ; qr0Þ½K2
νjn−FjðqrÞ þ qrWνjn−FjðqrÞ�;

ð68Þ

where sgnðuÞ ¼ ΘðuÞ − Θð−uÞ is the sign function and

WρðvÞ ¼ KρðvÞ
d
dρ

Kρ−1ðvÞ − Kρ−1ðvÞ
d
dρ

KρðvÞ; ð69Þ

this piece also vanishes in the r0 → 0 limit. Thus, the θ-independent pieces, jðaÞφ ðrÞ (46) and B3…dðaÞ
I ðrÞ (47), can be

regarded as corresponding to the case of an infinitely thin cosmic string.
As to the appropriate flux,

ΦðbÞ
I ¼ 1

ν

Z2π

0

dφ
Z∞

r0

dr rB3…dðbÞ
I ðrÞ; ð70Þ

we obtain the following expression for it:

ΦðbÞ
I ¼ −

2e

ð4πÞðdþ1Þ=2
r3−d0

Γðd−1
2
Þ
Z2π

0

dφ
Z∞

mr0

dv vðv2 −m2r20Þðd−3Þ=2
X
n∈Z

sgnðn − FÞCνjn−Fjðθ; vÞ

× ½νjn − FjKνjn−Fjþ1ðvÞKνjn−Fj−1ðvÞ − ðνjn − Fj þ 1ÞK2
νjn−FjðvÞ − vWνjn−FjðvÞ�: ð71Þ

The total induced vacuum magnetic flux,

ΦI ¼ ΦðaÞ
I þΦðbÞ

I ; ð72Þ

decreases as the transverse size of the string increases, r0 → ∞. Since, as a consequence of (67), ΦðbÞ
I vanishes in the limit

of the vanishing transverse size of the string, the behavior of the total flux in this limit is governed by that of ΦðaÞ
I , and

relations (52)–(54) and, consequently, (56)–(60) are relevant forΦI. In the case of ν−1 cot θ < minfF; 1 − Fg (in particular,
in the cases of Dirichlet and Neumann boundary conditions), the total flux as a function of r0 does not change sign, being
finite for d ¼ 2 and for d > 2, except r0 ¼ 0. In the case of ν−1 cot θ > jn0 − Fj (n0 ∈ Z), the total flux can be rewritten as
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ΦI ¼ −
2e

ð4πÞðdþ1Þ=2
r3−d0

Γðd−1
2
Þ
Z2π

0

dφ
Z∞

mr0

dv vðv2 −m2r20Þðd−3Þ=2
X
n0∈Z

sgnðn0 − FÞΘðcot θ − νjn0 − FjÞCνjn0−Fjðθ; vÞ

× ½νjn0 − FjKνjn0−Fjþ1ðvÞKνjn0−Fj−1ðvÞ − ðνjn0 − Fj þ 1ÞK2
νjn0−FjðvÞ − vWνjn0−FjðvÞ� þ Φ̃I; ð73Þ

where terms with the principal value prescription are explicitly exhibited as a finite sum over n0. Coefficient Cνjn0−Fjðθ; vÞ
changes sign in the vicinity of point vn0 ,

Cνjn0−Fjðθ; vÞjv∼vn0 ¼ −ðv − vn0 Þ−1fvn0 ½Kνjn0−Fjþ1ðvn0 ÞKνjn0−Fj−1ðvn0 Þ − K2
νjn0−Fjðvn0 Þ�g−1; ð74Þ

where vn0 is a root of equation, cf. (37),

��
cos θ þ sin θ

v∂
∂v

�
Kνjn0−FjðvÞ

�����
v¼vn0

¼ 0: ð75Þ

As a consequence of the sign change of Cνjn0−Fjðθ; vÞ, the
total flux in the case of 2 ≤ d ≤ 3, as a function of r0,
becomes infinite at points r0 ¼ m−1vn0 . These peculiarities
will be studied in more detail in the next section. Note that
the peaks at points r0 ¼ m−1vn0 are absent in the case of
d > 3, and thus, in this case, the behavior of terms with a
zero in the denominator in (71) is qualitatively the same as
that of other ones.

V. INDUCED VACUUM MAGNETIC FLUX:
NUMERICAL RESULTS

As is clear from (48) and (71), the induced vacuum
magnetic flux is odd under change F → 1 − F, where F is
defined by (6). In the d ¼ 2 case, neglecting the transverse

size of a cosmic string, one obtains (56) for ΦðaÞ
I and zero

for ΦðbÞ
I ; thus, the maximal absolute value for the flux is

attained at two points that are symmetric with respect to
F ¼ 1=2,

F� ¼ 1

2

�
1� 1ffiffiffi

3
p

�
: ð76Þ
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FIG. 2. Dimensionless induced vacuum magnetic flux at mr0 ¼ 10−2 as a function of F: (a) θ ¼ −π=4, d ¼ 2, (b) θ ¼ −π=4, d ¼ 3,
(c) θ ¼ −π=2, d ¼ 2, (d) θ ¼ −π=2, d ¼ 3. Parameter ν takes values 2, 1, and 1=2 for solid, dash-dotted, and dashed lines,
correspondingly; the values for the case of ν ¼ 1=2 in (a) and (b) are multiplied by 10; vertical lines correspond to F ¼ F�.
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Such a behavior of the flux as a function of F remains
qualitatively the same, when the transverse size of the
string is taken into account, although the position of the
maximum in the flux absolute value is shifted, depending

on r0, ν, and θ. To illustrate this, we display the F
dependence of the dimensionless flux in the d ¼ 2 and
d ¼ 3 cases at r0 ¼ 10−2 m−1 and several values of ν
and θ in Fig. 2.
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FIG. 3. Dimensionless vacuum flux at cot θ ≤ 0, F ¼ Fþ, and d ¼ 2: (a) ν ¼ 1=2, (b) ν ¼ 1, (c) ν ¼ 2. Parameter θ takes values
−π=2, −3π=8, −π=4, −π=8, 0 from top to bottom.
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FIG. 4. Dimensionless vacuum flux at cot θ ≤ 0, F ¼ Fþ, and d ¼ 3: (a) ν ¼ 1=2, (b) ν ¼ 1, (c) ν ¼ 2. Parameter θ takes values
−π=2, −3π=8, −π=4, −π=8, 0 from top to bottom.
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Fixing F ¼ Fþ, let us now consider the behavior of
induced vacuum magnetic flux as a function of the trans-
verse size of the string. Results at cot θ ≤ 0 in the case
of d ¼ 2 and several values of ν are presented in Fig. 3.
As boundary conditions vary from Dirichlet (θ ¼ 0) to
Neumann (θ ¼ −π=2), the flux monotonically increases in
the region of small mr0; note a bend near mr0 ¼ 0 in the
case of θ ¼ −π=2. The region where flux is somewhat
essential increases with the increase of ν. A situation is
qualitatively the same in the case of d ¼ 3, see Fig. 4, with
a distinction that flux diverges at mr0 → 0; see (57). In the
realistic case of ν ≈ 1, the values of e−1ΦI exceeding 10−3

are reached at mr0 < 5 × 10−2 for the Dirichlet condition
and atmr0 < 25 × 10−2 for the Neumann one; note that the
case of ν ¼ 1 was considered for the Dirichlet condition
in [51] and for the Neumann one in [52].
The situation drastically changes at 0 < cot θ < ∞. The

results for flux in the case of d ¼ 2 at several values of θ and
ν are presented in Figs. 5–7. As positive θ decreases starting

from the value of π=2, more and more terms with a zero in
the denominator contribute; see (73). Before integration, as
well as after it, these terms change sign, see (74), at the
points of zeros that are determined by (75). The integration
starts from mr0, and each time, as increasing mr0 passes
point vn0 , the principal value prescription becomes decom-
pensated just to the right of these points, giving rise to
infinite peaks in the integral. As ν decreases, the number
of peaks increases: more values of n0 satisfy inequality
ν−1 cot θ > jn0 − Fj. The situation looks somewhat different
in the case of d ¼ 3, and the appropriate results for flux are
presented in Figs. 8–10. The behavior of integrands con-
taining factors with a zero in the denominator is qualitatively
the same with only the distinction that an overall factor of
ðv2 −m2r20Þ−1=2 is missing in this case. Therefore, a con-
tribution of intervalmr0 < v < vn0 might not be sufficient to
outweigh a contribution of the opposite sign from v > vn0 .
As a consequence, the flux can be of the same sign from both
sides of the infinite peaks at mr0 ¼ vn0 .
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FIG. 5. Dimensionless vacuum flux at 0 < cot θ < ∞, F ¼ Fþ, d ¼ 2, and ν ¼ 2: (a) θ ¼ 3π=8, (b) θ ¼ π=4, (c) θ ¼ π=8, (d) is an
enlarged part of (c).
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To illustrate this, let us consider the case of θ ¼ 3π=8, F ¼ Fþ, and ν ¼ 1, when the sum over n0 in (73) reduces to the
only one term, n0 ¼ 1,

Gdðmr0Þ ¼ emd−3
Z∞

mr0

dv gdðvÞ; ð77Þ

where

gdðvÞ ¼ −
v½v2ðmr0Þ−2 − 1�ðd−3Þ=2

ð4πÞðd−1Þ=2Γðd−1
2
Þ CF−

�
3π

8
; v
�
½F−K1þF−

ðvÞKFþðvÞ − ð1þ F−ÞK2
F−
ðvÞ − vWF−

ðvÞ�: ð78Þ

We display both (78) and (77) at d ¼ 2 and at d ¼ 3 in
Fig. 11. Although the behavior of g2ðvÞ and g3ðvÞ in the
vicinity of v1 is qualitatively the same, the behavior of
integrals G2ðmr0Þ and G3ðmr0Þ differs due to an integrable
divergence of g2ðvÞ at mr0. Note a symmetry with respect

to point v ¼ v1 in the d ¼ 3 case; see Figs. 11(b) and 11(d).
This signifies that relation ðv − v1Þg3ðvÞ ¼ 0.0152 holds
with high precision for interval 0.07 < v < 0.09. Note
also that gdðvÞ at d > 3 is evidently integrable at
v ¼ v1 ¼ mr0.

mr0
0.2 0.4 0.6 0.8 1.0

-1.5

-1.0

-0.5

(a) (b)

0.5 1.0 1.5 2.0

-2

-1

1

2
(c)

mr0

mr0

0.5

0.2 0.4 0.6 0.8 1.0

-0.2

-0.1

0.1

0.2

0.3

0.4
m eI/ m eI/

m eI/

FIG. 6. Dimensionless vacuum flux at 0 < cot θ < ∞, F ¼ Fþ, d ¼ 2, and ν ¼ 1: (a) θ ¼ 3π=8, (b) θ ¼ π=4, (c) θ ¼ π=8.
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Returning to the total induced vacuum magnetic flux
in the d ¼ 3 case, see Figs. 4 and 8–10, we note that
the infinite peak of the positive sign to the right of point
mr0 ¼ 0 exists, although it is hardly visible on some plots
due to its narrowness; the numerical calculations start from
the minimal value of mr0 equal to 10−3, and the width of
the peak can be less than this value in some cases.
As to the d ≥ 4 case, the numerical analysis shows that

integrals corresponding to separate terms in the sum over n
in (71) are infinite due to divergence at v → ∞; see, in
particular, (77) at d ≥ 4. However, due to the sign chang-
ing, these divergencies are canceled upon summation of the
whole series.

VI. SUMMARY

In the present paper, we have considered a magnetic field
that is induced by a cosmic string in the ground state of
quantum relativistic bosonic (scalar or pseudoscalar) matter.
The transverse size of the string is taken into account, and

the string is obviously generalized to a (d − 2) tube in
d-dimensional space by adding extra d − 3 dimensions as
longitudinal ones. The most general boundary conditions
ensuring the impenetrability of matter to the interior of
the string is shown to be the Robin condition with one
parameter θ varying arbitrarily from point to point of the
boundary. Provided that the variation of θ is moderate
enough, we find that a current circulating around the string
and a magnetic field strength directed along the string are
induced in the ground state; they decrease exponentially at
large distances from the string. We also find the total induced

ground state magnetic flux, which is given by (72), withΦðaÞ
I

and ΦðbÞ
I given by (48) and (71), respectively. These results

provide a field-theoretical realization of the Aharonov-
Bohm effect [28,29], since they depend on F (16); i.e.,
they depend periodically on gauge flux Φ (6) with period
equal to 2π=ẽ. The ground state characteristics are smooth
continuous functions of F, vanishing at F ¼ 0; 1

2
, and 1, and

being odd under change F → 1 − F. They depend on
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FIG. 7. Dimensionless vacuum flux at 0 < cot θ < ∞, F ¼ Fþ, d ¼ 2, and ν ¼ 1=2: (a) θ ¼ 3π=8, (b) θ ¼ π=4, (c) θ ¼ π=8.
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FIG. 9. Dimensionless vacuum flux at 0 < cot θ < ∞, F ¼ Fþ, d ¼ 3, and ν ¼ 1: (a) θ ¼ 3π=8, (b) θ ¼ π=4, (c) θ ¼ π=8.
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FIG. 10. Dimensionless vacuum flux at 0 < cot θ < ∞, F ¼ Fþ, d ¼ 3, and ν ¼ 1=2: (a) θ ¼ 3π=8, (b) θ ¼ π=4, (c) θ ¼ π=8.
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parameter ν (17), which is related to string tensionM (7); the
range of ν, in general, is 0 < ν < ∞; see (9).
It should be noted that, for 0 < cot θ < ∞, in addition to

the continuum state solutions to the Fock-Klein-Gordon
equation in the cosmic string background, there are
solutions corresponding to bound states on a surface that
is transverse to the string. We show in the process of
calculation of vacuum characteristics that their direct
contribution is canceled; see (62) and (63). However, the
bound states reveal themselves in the manner of a smoking
gun, through zeros in the denominators of coefficients
Cρðθ; vÞ (65), which are to be treated with the principal
value prescription when integrated over v. The appearance
of these zeros results in a thoroughgoing distinction of the
case of 0 < cot θ < ∞ from that of cot θ ≤ 0.
The numerical analysis of the expression for induced

vacuum magnetic flux, obtained in Sec. IV, is carried out in
Sec. V. Restricting ourselves to constant values of θ, we find
that the flux decreases significantly at large values ofmr0. In
the case of cot θ ≤ 0, the flux is of the same sign, as mr0
varies from 0 to∞, see Figs. 3 and 4; it is finite at d ¼ 2 and
diverges logarithmically at d ¼ 3 in the limit ofmr0 → 0. In
contrast to this, the flux in the case of 0 < cot θ < ∞ is a
sign changing function of mr0; see Figs. 5–10. Moreover, it
diverges at points mr0 ¼ vn0 , where vn0 are the above-
mentioned zeros in the denominators; see (74) and (75).
The number of these points is determined by inequality
ν−1 cot θ > jn0 − Fj. The position of the rightmost infinite
peak of the flux is shifted to region mr0 > 1, as ν−1 cot θ
increases; for instance, this happens at π

4
> θ > π

8
in the case

of F ¼ F� [where F� is given by (76)] and 1
2
< ν < 2.

Note that, as is clear from the numerical results, the
minimal absolute values for the induced vacuum magnetic
flux in the cosmic string background are attained with the use
of the Dirichlet boundary condition. Hereof, appealing in
somewhat sense to an analog of the Occam’s razor principle,
we can eliminate thevariety of boundary conditions by giving
preference to that of Dirichlet, as the most plausible one in
view of its minimal effect on the vacuum. However, more
stringent arguments are given below that allow us to restrict
the set of boundary conditions with more definiteness.
The transverse size of a cosmic string is of the order of

correlation length, r0 ∼m−1
H , where mH is the energy scale

of spontaneous symmetry breaking, i.e., the mass of the
appropriate Higgs boson. It looks hardly plausible that a
topological defect (cosmic string) influences surrounding
quantum matter with the matter particle mass m exceeding
the Higgs particle mass mH. For instance, a cosmic string
that is formed at the grand unification scale can polarize
the vacuum of quantum matter in the electroweak model,
whereas a would-be cosmic string corresponding to the
electroweak symmetry breaking has no impact on the
vacuum of quantum matter in the grand unified model.
The more implausible is an enormous influence, i.e.,
infinite peaks in the induced vacuum magnetic flux at

m > mH. This reasoning allows us to exclude the range of
boundary parameters corresponding to 0 < cot θ < ∞ as
that leading to unphysical consequences.
Thus, we are left with the range of boundary parameters

corresponding to cot θ ≤ 0, when the induced vacuum
magnetic flux attains visible values at m ≪ mH; see
Figs. 3 and 4. The effect is minimal for the case of the
Dirichlet condition θ ¼ 0, slightly and monotonically
increasing, as the boundary parameter gradually evolves
in value to the Neumann condition θ ¼ −π=2. This result
has to be compared with that for the case of magnetic field
that is induced by a cosmic string in the vacuum of quantum
relativistic fermionic matter; see [39,40]. In the latter case,
the most general boundary condition involves one at d ¼ 2
[39] and four at d ¼ 3 [40] parameters varying arbitrarily
from point to point of the boundary, and the requirement of
finiteness for the induced vacuum magnetic flux removes
completely the ambiguity in the choice of boundary
conditions. We conclude that the impact of a topological
defect (cosmic string) on quantum matter differs signifi-
cantly for bosons and fermions. If bosons and fermions are
assigned to a representation of a supersymmetry group,
then this supersymmetry is violated by the vacuum effects
in the cosmic string background.
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APPENDIX: CASE OF A THIN COSMIC STRING

Only the pieces with superscript (a) are relevant for this

case. Starting from jðaÞφ ðrÞ (45), we recall that summation

FIG. 12. Singularities of the integrand in (A1) on the complex z
plane out of the origin are simple poles on the imaginary axis;
they are denoted by crosses. Contour C consists of two horizontal
lines and circles around the simple poles with 0 < jIm zj < π.
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over n is performed by using the Schläfli contour integral representation for IρðuÞ; see [49] for details. Generically,
we obtain

jðaÞφ ðrÞ ¼ 1

ð4πÞðdþ1Þ=2
mðdþ1Þ=2

rðd−3Þ=2
1

2πi

Z
C

dzh ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

p iðdþ1Þ=2 Kðdþ1Þ=2

�
2mr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

q �
sinhðzÞ sinh½νðF − 1

2
Þz�

sinhðνz=2Þ ; ðA1Þ

where contour C results from merging two different Schläfli contours for the modified Bessel functions of orders
νðn − FÞ > 0 and −νðn − FÞ > 0; see Fig. 12. The contribution of horizontal lines yields the integral over u in (46), while
the contribution of circles yields the sum over l in (46). Further, we get

B3…dðaÞ
I ðrÞ ¼ eν

2ð4πÞðdþ1Þ=2

�
m
r

�ðd−1Þ=2 1

2πi

Z
C

dzh ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

p iðdþ3Þ=2Kðd−1Þ=2

�
2mr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

q �
sinhðzÞ sinh½νðF− 1

2
Þz�

sinhðνz=2Þ

ðA2Þ

and

ΦðaÞ
I ¼ e

8ð4πÞðd−1Þ=2
�
m
r0

�ðd−3Þ=2 1

2πi

Z
C

dzh ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

p iðdþ5Þ=2Kðd−3Þ=2

�
2mr0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

q �
sinhðzÞ sinh½νðF − 1

2
Þz�

sinhðνz=2Þ :

ðA3Þ

Taking the asymptotics of ΦðaÞ
I (A3) at r0 → 0, we obtain (52)–(54), where IdðF; νÞ is presented as

IdðF; νÞ ¼
1

16πi

Z
C

dzh ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

p i
dþ1

sinhðzÞ sinh½νðF − 1
2
Þz�

sinhðνz=2Þ : ðA4Þ

In the case of odd values of d, a singularity of the integrand at z ¼ 0 is an isolated pole. Contour C in this case can be
continuously deformed to encircle the origin, and we get

I2nþ1ðF; νÞ ¼
ð−1Þn
8πi

∳ dz coshðz=2Þ sinh½νðF − 1
2
Þz�

½sinhðz=2Þ�2nþ1 sinhðνz=2Þ : ðA5Þ

Taking a residue of the simple pole at the origin, we obtain (56)–(60).
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3.4. Iндукування у вакуумi спiнорного поля.

Загальний вигляд граничної умови

 

Induced vacuummagnetic flux in quantum spinor matter in the background
of a topological defect in two-dimensional space
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A topological defect in the form of the Abrikosov-Nielsen-Olesen vortex is considered as a gauge-flux-
carrying tube that is impenetrable for quantum matter. The relativistic spinor matter field is quantized in the
vortex background in (2þ 1)-dimensional conical spacetime, which is a section orthogonal to the vortex
axis; the most general set of boundary conditions ensuring the impenetrability of the vortex core is
employed. We find the induced vacuum current circulating around the vortex and the induced vacuum
magnetic field strength pointing along the vortex axis. The requirement of finiteness and physical
plausibility for the total induced vacuum magnetic flux allows us to restrict the variety of admissible
boundary conditions. The dependence of the results on the transverse size of the vortex, as well as on the
vortex flux and the parameter of conicity, is elucidated. We discuss a significant distinction between the
cases of massive and massless quantum spinor matter.

DOI: 10.1103/PhysRevD.100.085011

I. INTRODUCTION

Spontaneous breakdown of continuous symmetries can
give rise to topological defects with rather interesting
properties. A topological defect in three-dimensional space,
which is characterized by the nontrivial first homotopy
group, is known as the Abrikosov-Nielsen-Olesen (ANO)
vortex [1,2]. The vortex is described classically in terms of
a spin-zero (Higgs) field that condenses and a spin-one field
corresponding to the spontaneously broken gauge group;
the former field is coupled to the latter one in the minimal
way with constant ẽcond. Single valuedness of the con-
densate field and finiteness of the vortex energy implement
that the vortex flux is related to ẽcond,

Φ ¼
I

dxVðxÞ ¼ 2π=ẽcond; ð1:1Þ

where VðxÞ is the vector potential of the spin-one gauge
field, and the integral is over a path enclosing the vortex
tube once (natural units ℏ ¼ c ¼ 1 are used). As some
amount of energy (mass) is stored in the core of a topological
defect, this core is a source of gravity. Such a source in the

case of the linear ANO vortex makes the spatial region
outside the vortex core to be conical, i.e., with the deficit
angle equal to 8πĢM: the squared length element in the
outer region is

ds2 ¼ dr2 þ ν−2r2dφ2 þ dz2; ð1:2Þ

where

ν ¼ ð1 − 4ĢMÞ−1; ð1:3Þ

Ģ is the gravitational constant, andM is the linear density of
mass stored in the core. The transverse size of the vortex core
is determined by the correlation length, and the quantityM is
of the order of the inverse correlation length squared. Since
constant Ģ is of order of the Planck length squared, the
effects of conicity, which are characterized by the value of
the deficit angle, are negligible for vortices in ordinary
superconductors. However, topological defects of the type of
ANO vortices may arise in a field that is seemingly rather
different from condensed matter physics—in cosmology and
high-energy physics. This was realized by Kibble [3,4] and
Vilenkin [5,6] (see also [7]), and, from the beginning of the
1980s, such topological defects are known under the name of
cosmic strings. Cosmic strings with the thickness of the
order of the Planck length are definitely ruled out by
astrophysical observations, but there remains a room for
cosmic strings with the thickness that is more than 3 orders
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larger than the Planck length (see, e.g., [8]), although the
direct evidence for their existence is lacking.
A recent development in material science also provides

an unexpected link between condensed matter and high-
energy physics, which is caused to a large extent by the
experimental discovery of graphene—a two-dimensional
crystalline allotrope formed by a monolayer of carbon
atoms [9]. Low-energy electronic excitations in graphene
are characterized by dispersion law which is the same as
that for Dirac fermions in relativistic field theory, with the
only distinction that the velocity of light is changed to the
Fermi velocity; see [10,11]. It is well established by now
that a sheet of graphene is always corrugated and covered
by ripples that can be either intrinsic or induced by
roughness of a substrate. A single topological defect
(disclination) warps a sheet of graphene, rolling it into a
nanocone, which is similar to the transverse section of a
spatial region out of a cosmic string; carbon nanocones
with deficit angles equal to Ndπ=3 (Nd ¼ 1, 2, 3, 4, 5, i.e.,
ν ¼ 6

5
; 3
2
; 2; 3; 6) were observed experimentally (see [12,13]

and references therein). Moreover, theory also predicts
saddlelike nanocones with the deficit angle taking negative
values unbounded from below, Nd ¼ −1;−2;−3;…;−∞,
i.e., ν ¼ 6

7
; 3
4
; 2
3
;…; 0, which can be regarded as corre-

sponding to cosmic strings with negative mass density.
Note that nanoconical structures may arise as well in a
diverse set of condensed matter systems known as the two-
dimensional Dirac materials, ranging from honeycomb
crystalline allotropes (silicene and germanene [14], phos-
phorene [15]) to high-temperature cuprate superconductors
[16] and topological insulators [17].
While considering the effect of the ANO vortex on the

vacuum of quantum matter, the following two circum-
stances should be kept in mind. First, the phase with broken
symmetry exists outside the vortex core and the vacuum is
to be defined there. Hence, the quantum matter field does
not penetrate inside the core, obeying a boundary condition
at its side edge. Second, the impact of the ANO vortex on
quantum matter is through a vector potential of the vortex-
forming spin-one field, and the quantum matter field is
assumed to couple to this vector potential in the minimal
way with coupling constant ẽ. Hence, the ANO vortex flux
has no effect on the surrounding matter in the framework of
classical theory, and such an effect, if it exists, is of a purely
quantum nature. This phenomenon should be understood as
a quantum-field-theoretical manifestation of the famous
Aharonov-Bohm effect [18] and is characterized by the
periodic dependence on the value of the vortex flux, Φ
(1.1), with the period equal to London flux quantum 2π=ẽ.
A crucial task in the study of the effect of the ANO

vortex on the vacuum of quantum matter is to elucidate the
dependence on a boundary condition at the edge of the
vortex core. It seems reasonable to start from the most
general set of mathematically admissible boundary con-
ditions and then, after obtaining the outcoming effect, to

restrict this set by physically motivated arguments. Another
task is to elucidate the dependence on the transverse size of
the vortex core. These two tasks will be thoroughly
scrutinized and solved in the course of the present
study by considering a somewhat simplified case of two-
dimensional space1 being the transverse section of a three-
dimensional spatial region out of the ANO vortex.
It should be noted that the current, the condensate, and

the energy-momentum tensor that are induced in the
vacuum of quantum relativistic spinor matter were consid-
ered in the above-described context in [20–22]. However, a
particular boundary condition was employed, and the issue
of a dependence of the results on the choice of admissible
boundary conditions remained undisclosed.
The current and the magnetic field strength, as well

as the energy density and the Casimir force, which are
induced in the vacuum of quantum relativistic scalar matter
at ν ¼ 1 in a space of arbitrary dimension were con-
sidered in the above-described context in [23–26]. In these
studies the Dirichlet boundary condition was employed;
a physical motivation herein is in the assumption of a
perfect reflection of quantum matter from the edge of the
vortex core.
In the case of quantum relativistic spinor matter,

neither the Dirichlet nor the Neumann boundary condi-
tion is admissible. A physically motivated demand is the
absence of the matter flux across the boundary. In (2þ 1)-
dimensional spacetime with a connected boundary, this
demand yields a one-parameter family of boundary con-
ditions; see Sec. IV below. Employing such boundary
conditions, we shall find the induced vacuum current and
the induced vacuum magnetic field strength; further physi-
cal arguments will be shown to remove an ambiguity in the
choice of boundary conditions.
In the next section we define the current and the

magnetic field that are induced in the vacuum of quantum
relativistic spinor matter in the background of the ANO
vortex of nonzero transverse size. In Sec. III we present the
complete set of solutions to the Dirac equation that is
relevant to the problem considered. In Sec. IV we choose
boundary conditions ensuring the absence of the matter
flux across the edge of the vortex core. The induced
vacuum current is obtained in Sec. V. In Sec. VI we
consider the induced vacuum magnetic field and its total
flux with the use of both analytical and numerical methods.
Finally, the results are summarized and discussed in
Sec. VII. Some details in the derivation of the expres-
sion for the induced vacuum current are given in the
Appendixes A and B. The case of the infinitely thin vortex

1Quantum-field-theoretical models in (2þ 1)-dimensional
spacetime play a role of toy models in particle physics and
may be relevant to real systems in condensed matter physics.
They exhibit a number of interesting features, such as fermion
number fractionization, parity violation, and flavor symmetry
breaking; for a review see [19].
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is reviewed in Appendix C. The results for massless
quantum spinor matter are presented in Appendix D.

II. PRELIMINARIES AND DEFINITION
OF PHYSICAL CHARACTERISTICS

OF THE VACUUM

The operator of the second-quantized spinor field is
presented as

Ψðx; tÞ ¼
XZ

E>0
e−iEtψEðxÞaE þ

XZ
E<0

e−iEtψEðxÞb†E;

ð2:1Þ

where a†E and aE (b†E and bE) are the spinor particle
(antiparticle) creation and destruction operators obeying the
anticommutation relations, ψEðxÞ is the solution to the
stationary Dirac equation,

HψEðxÞ ¼ EψEðxÞ; ð2:2Þ

and symbol
XZ

denotes summation over the discrete part

and integration (with a certain measure) over the continu-
ous part of the energy spectrum; ground state jvaci is
conventionally defined by relation

aEjvaci ¼ bEjvaci ¼ 0: ð2:3Þ

In the case of the ANO vortex background, the Dirac
Hamiltonian takes the form

H ¼ −iα ·

�
∂ − iẽV þ i

2
ω

�
þ βm; ð2:4Þ

where ω is the spin connection corresponding to conical
space (1.2). The current that is induced in the vacuum is
given by expression

jðxÞ ¼ hvacjΨ†ðx; tÞαΨðx; tÞjvaci

¼ −
1

2

XZ
sgnðEÞψ†

EðxÞαψEðxÞ ð2:5Þ

[sgnðuÞ is the sign function, sgnðuÞ ¼ �1 at u ≷ 0]. The
magnetic field strength, BIðxÞ, is also induced in the
vacuum, as a consequence of the Maxwell equation,

∂ ×BIðxÞ ¼ ejðxÞ; ð2:6Þ

where the electromagnetic coupling constant, e, differs in
general from ẽ. The total flux of the induced vacuum
magnetic field is

ΦI ¼
Z

dσ ·BIðxÞ: ð2:7Þ

Since the vacuum of quantum matter exists outside the
ANO vortex core, as was already emphasized, an issue of
the choice of boundary conditions at the edge of the core is
of primary concern. Turning to this issue, let us note first
that (2.4) is not enough to define the Hamiltonian operator
rigorously in a mathematical sense. To define an operator in
an unambiguous way, one has to specify its domain of
definition. Let the set of functions ψ be the domain of
definition of operator H and the set of functions ψ̃ be the
domain of definition of its adjoint, operator H†. Then the
operator is Hermitian (or symmetric in mathematical
parlance),Z

X
d3x

ffiffiffi
g

p
ψ̃†ðHψÞ ¼

Z
X
d3x

ffiffiffi
g

p ðH†ψ̃Þ†ψ ; ð2:8Þ

if relation

−i
Z
∂X

dσ · ψ̃†αψ ¼ 0 ð2:9Þ

is valid; here functions ψðxÞ and ψ̃ðxÞ are defined in space
X with boundary ∂X. It is evident that condition (2.9) can be
satisfied by imposing different boundary conditions for ψ
and ψ̃ . But, a nontrivial task is to find a possibility that a
boundary condition for ψ̃ is the same as that for ψ ; then the
domain of definition of H† coincides with that of H, and
operator H is self-adjoint (for a review of the Weyl–von
Neumann theory of self-adjoint operators see [27,28]). The
action of a self-adjoint operator on functions belonging to
its domain of definition results in functions of the same
kind only, and a multiple action and functions of such an
operator, for instance, the resolvent and evolution oper-
ators, can consistently be defined. Thus, the requirement of
the self-adjointness of operator H (2.4) renders the most
general boundary condition at the edge of the vortex core
for the solution to the Dirac equation, ψEðxÞ.
Note also that relation (2.9), when applied to the solution

to the Dirac equation, yields

−i
Z
∂X

dσ · ψ†
EαψE ¼ 0 ð2:10Þ

or Z
∂X

dσ · j ¼ 0 ð2:11Þ

with jðxÞ given by (2.5). If boundary ∂X is connected, then
(2.11) is reduced to

n · jjx∈∂X ¼ 0; ð2:12Þ

where n is the unit normal that may be chosen as pointing
outward to X. The last relation signifies the impenetrability
of ∂X; i.e., the matter field is confined to X.

INDUCED VACUUM MAGNETIC FLUX IN QUANTUM SPINOR … PHYS. REV. D 100, 085011 (2019)

085011-3



243

In the present paper we consider the vacuum polarization
effects in (2þ 1)-dimensional spacetime, which is a section
orthogonal to the ANO vortex axis, i.e., at z ¼ const. The
irreducible representation of the Clifford algebra is chosen
in such a way that the Dirac matrices in flat (2þ 1)-
dimensional spacetime take the form

α1ð0Þ ¼ −σ2; α2ð0Þ ¼ σ1; β ¼ σ3; ð2:13Þ

where σ1, σ2, and σ3 are the Pauli matrices (a transition to
another inequivalent irreducible representation can be made
by changing he sign of β). In the background of the ANO
vortex, the only one component of the vector potential and
the spin connection is nonvanishing:

Vφ ¼ Φ
2π

; wφ ¼ i
ν − 1

r
αφαr; ð2:14Þ

and the Dirac Hamiltonian takes the form

H ¼ −i
�
αr
�
∂r þ

1 − ν

2r

�
þ αφ

�
∂φ − i

ẽΦ
2π

��
þ βm;

ð2:15Þ
where

αr ¼ αr ¼
�

0 ie−iφ

−ieiφ 0

�
; αφ ¼ ν

r

�
0 e−iφ

eiφ 0

�
;

αφ ¼ r2

ν2
αφ: ð2:16Þ

Decomposing function ψEðxÞ as

ψEðxÞ ¼
X
n∈Z

�
fnðr; EÞeinφ

gnðr; EÞeiðnþ1Þφ

�
ð2:17Þ

(Z is the set of integer numbers), we present the Dirac
equation as a system of two first-order differential equa-
tions for radial functions:

� f−∂rþr−1½νðn−ncÞ−G�gfnðr;EÞ¼ðEþmÞgnðr;EÞ
f∂rþr−1½νðn−ncÞþ1−G�ggnðr;EÞ¼ðE−mÞfnðr;EÞ

�
;

ð2:18Þ

where

nc ¼
�				 ẽΦ2π

				
�
; F ¼

�				 ẽΦ2π
				
�
; G ¼ ν

�
F −

1

2

�
þ 1

2
;

ð2:19Þ

½juj� is the integer part of quantity u (i.e., the integer that is
less than or equal to u), and fjujg ¼ u − ½juj� is the
fractional part of quantity u, 0 ≤ fjujg < 1.
Using (2.16) and (2.17), one gets jr ¼ 0, and the only

component of the induced vacuum current,

jφðrÞ ¼ −
r
ν

XZ X
n∈Z

sgnðEÞfnðr; EÞgnðr; EÞ; ð2:20Þ

is independent of the angular variable. The induced vacuum
magnetic field strength is directed along the vortex axis,

BIðrÞ ¼ eν
Z

∞

r

dr0

r0
jφðr0Þ; ð2:21Þ

with total flux

ΦI ¼
2π

ν

Z
∞

r0

drrBIðrÞ; ð2:22Þ

where it is assumed without a loss of generality that the
vortex core has the form of a tube of radius r0.

III. SOLUTION TO THE DIRAC EQUATION

The solution to the system of equations, (2.18), is given
in terms of cylindrical functions. Let us define

 
fð∧Þn

gð∧Þn

!
¼ 1

2

ffiffiffi
ν

π

r  ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm=E

p ½sinðμð∧Þνlþ1−GÞJνl−GðkrÞ þ cosðμð∧Þνlþ1−GÞYνl−GðkrÞ�
sgnðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −m=E
p ½sinðμð∧Þνlþ1−GÞJνlþ1−GðkrÞ þ cosðμð∧Þνlþ1−GÞYνlþ1−GðkrÞ�

!
; ð3:1Þ

where l ¼ n − nc, and 
fð∨Þn

gð∨Þn

!
¼ 1

2

ffiffiffi
ν

π

r  ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm=E

p ½sinðμð∨Þνl0þGÞJνl0þGðkrÞ þ cosðμð∨Þνl0þGÞYνl0þGðkrÞ�
−sgnðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −m=E
p ½sinðμð∨Þνl0þGÞJνl0−1þGðkrÞ þ cosðμð∨Þνl0þGÞYνl0−1þGðkrÞ�

!
; ð3:2Þ

where l0 ¼ −nþ nc; here JρðuÞ and YρðuÞ are the Bessel and Neumann functions of order ρ, k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2

p
.
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In the case of ν > 1 and 0 < F < 1
2
ð1 − 1

νÞ
½1
2
ð1 − νÞ < G < 0�, the complete set of solutions to

(2.18) is given by

�
fn
gn

�				
n≥nc

¼
�
fð∧Þn

gð∧Þn

�
;

�
fn
gn

�				
n≤nc−1

¼
�
fð∨Þn

gð∨Þn

�
:

ð3:3Þ

In the case of ν > 1 and 1
2
ð1þ 1

νÞ < F < 1 ½1 < G <
1
2
ð1þ νÞ�, the complete set of solutions to (2.18) is

given by

�
fn
gn

�				
n≥ncþ1

¼
�
fð∧Þn

gð∧Þn

�
;

�
fn
gn

�				
n≤nc

¼
�
fð∨Þn

gð∨Þn

�
:

ð3:4Þ

One can note that both upper and lower components of each
mode consist of two terms: one (given by the Bessel
function) is vanishing and another one (given by the
Neumann function) is diverging in the limit of r → 0.
In the case of ν ≥ 1 and 1

2
ð1 − 1

νÞ < F < 1
2
ð1þ 1

νÞð0 < G < 1Þ, there is a peculiar mode corresponding to

n ¼ nc. This mode can be composed either from the pair of
columns

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm=E

p
J−GðkrÞ

sgnðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −m=E

p
J1−GðkrÞ

!

and

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm=E

p
Y−GðkrÞ

sgnðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −m=E

p
Y1−GðkrÞ

!

or from the pair of columns

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm=E

p
JGðkrÞ

−sgnðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −m=E

p
J−1þGðkrÞ

!

and

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm=E

p
YGðkrÞ

−sgnðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −m=E

p
Y−1þGðkrÞ

!
;

both terms in the first variant have divergent upper
components, whereas both terms in the second variant
have divergent lower components. Instead of these variants
we choose the following form:

�
fnc
gnc

�
¼ 1

2

ffiffiffi
ν

π

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sinð2μ1−GÞ cosðGπÞ
p

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm=E

p ½sinðμ1−GÞJ−GðkrÞ þ cosðμ1−GÞJGðkrÞ�
sgnðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −m=E
p ½sinðμ1−GÞJ1−GðkrÞ − cosðμ1−GÞJ−1þGðkrÞ�

!
: ð3:5Þ

Modes

�
fn
gn

�				
n≥ncþ1

¼
�
fð∧Þn

gð∧Þn

�
;

�
fn
gn

�				
n≤nc−1

¼
�
fð∨Þn

gð∨Þn

�
ð3:6Þ

together with mode (3.5) comprise the set of all solutions with jEj > m in this case.
In the case of 1

2
≤ ν < 1 and 1

2
ð1ν − 1Þ < F < 1

2
ð3 − 1

νÞ ð1 − ν < G < νÞ, the set of all solutions with jEj > m is also given
by (3.5) and (3.6). In the case of 1

2
≤ ν < 1 and 0 < F < 1

2
ð1ν − 1Þ ½1

2
ð1 − νÞ < G < 1 − ν�, there is an additional peculiar

mode:

�
fnc−1
gnc−1

�
¼ 1

2

ffiffiffi
ν

π

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sinð2μ1−ν−GÞ
p

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm=E

p ½sinðμ1−ν−GÞJ−ν−GðkrÞ þ cosðμ1−ν−GÞJνþGðkrÞ�
sgnðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −m=E
p ½sinðμ1−ν−GÞJ1−ν−GðkrÞ − cosðμ1−ν−GÞJ−1þνþGðkrÞ�

!
: ð3:7Þ

Modes

�
fn
gn

�				
n≥ncþ1

¼
�
fð∧Þn

gð∧Þn

�
;

�
fn
gn

�				
n≤nc−2

¼
�
fð∨Þn

gð∨Þn

�
ð3:8Þ

together with modes (3.5) and (3.7) comprise the set of all solutions with jEj > m in this case. An additional peculiar mode
also appears in the case of 1

2
≤ ν < 1 and 1

2
ð3 − 1

νÞ < F < 1 ½ν < G < 1
2
ð1þ νÞ�:

�
fncþ1

gncþ1

�
¼ 1

2

ffiffiffi
ν

π

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sinð2μ1þν−GÞ
p

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þm=E

p ½sinðμ1þν−GÞJν−GðkrÞ þ cosðμ1þν−GÞJ−νþGðkrÞ�
sgnðEÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−m=E
p ½sinðμ1þν−GÞJ1þν−GðkrÞ− cosðμ1þν−GÞJ−1−νþGðkrÞ�

!
: ð3:9Þ
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Modes

�
fn
gn

�				
n≥ncþ2

¼
�
fð∧Þn

gð∧Þn

�
;

�
fn
gn

�				
n≤nc−1

¼
�
fð∨Þn

gð∨Þn

�

ð3:10Þ
together with modes (3.5) and (3.9) comprise the set of all
solutions with jEj > m in this case. In the case of 0 < ν < 1

2

there are two and more peculiar modes.
Certainly, the limit of r → 0 is of no sense for vortices of

nonzero transverse size. However, it is instructive to discuss
an infinitely thin vortex, and we shall touch upon this
subject in the rest of the section. Most of the modes in the

r0 ¼ 0 case are obtained by putting μð∧Þρ ¼ μð∨Þρ ¼ π=2 in
(3.3), (3.4), (3.6), (3.8), and (3.10); these modes are regular
at r → 0. However, peculiar modes (3.5), (3.7), and (3.9)
cannot be made regular at r → 0; they are irregular
but square integrable. The latter circumstance requires a
quest for a self-adjoint extension, and the Weyl–von
Neumann theory of deficiency indices (see [27,28]) has to
be employed. In the case of ν ≥ 1 and 1

2
ð1 − 1

νÞ <
F < 1

2
ð1þ 1

νÞ, as well as in the case of 1
2
≤ ν < 1 and

1
2
ð1ν − 1Þ < F < 1

2
ð3 − 1

νÞ, when there is one irregular mode,
the deficiency index is (1,1), and the one-parametric family
of self-adjoint extensions can be introduced with the use of
condition

lim
r→0

ðmrÞG cos
�
Θ
2
þπ

4

�
fnc ¼−lim

r→0
ðmrÞ1−G sin

�
Θ
2
þπ

4

�
gnc ;

ð3:11Þ
where Θ is the self-adjoint extension parameter [29,30]. In
view of relationsZ

∞

0

drrJρðkrÞJρðk0rÞ ¼
δðk − k0Þffiffiffiffiffiffi

kk0
p ; ρ > −1; ð3:12Þ

andZ
∞

0

drrJρðkrÞJ−ρðk0rÞ ¼ cosðρπÞ δðk − k0Þffiffiffiffiffiffi
kk0

p ;

− 1 < ρ < 1; ð3:13Þ
the modes are orthonormalized as the modes corresponding
to the continuous spectrum:Z

d2x
ffiffiffi
g

p ½fnðr; EÞfnðr; E0Þ þ gnðr; EÞgnðr; E0Þ�

¼ 1

2
½1þ sgnðEE0Þ� δðk − k0Þffiffiffiffiffiffi

kk0
p : ð3:14Þ

In addition, there is a bound state at cosΘ < 0 with energy
EBS in the gap between the continuums,−m < EBS < m. Its
mode is

 
fðBSÞnc

gðBSÞnc

!
¼1

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
νðm2−E2

BSÞsinðGπÞ
1þð2G−1ÞEBS=m

s

×

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þEBS=m

p
KGðr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2−E2

BS

p
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1−EBS=m
p

K1−Gðr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2−E2

BS

p
Þ

!
; ð3:15Þ

and the value of its energy is determined from relation

ð1þ EBS=mÞ1−G
ð1 − EBS=mÞG ¼ −21−2G

Γð1 −GÞ
ΓðGÞ tan

�
Θ
2
þ π

4

�
;

ð3:16Þ

ΓðuÞ is the Euler gamma function, and KρðuÞ is the
Macdonald function of order ρ. The induced vacuum current
andothervacuumpolarization effectswere comprehensively
and exhaustively studied for ν ¼ 1 in [31–35] and for carbon
nanocones in [36–39].
In the case of 1

2
≤ ν < 1 and 0 < F < 1

2
ð1ν − 1Þ, or 1

2
≤

ν < 1 and 1
2
ð3 − 1

νÞ < F < 1, and other cases, when there
are two irregular square integrable modes [of the kind
given by the pair of (3.5) and (3.7), or (3.5) and (3.9)], the
deficiency index is (2,2), and there are four self-adjoint
extension parameters. These cases remain unstudied yet.

IV. SELF-ADJOINTNESS AND CHOICE OF
BOUNDARY CONDITIONS

The Dirac Hamiltonian operator in the background
of the ANO vortex of nonzero radius r0 is self-adjoint,
if condition

ψ̃†αrψ jr¼r0 ¼ 0 ð4:1Þ

is valid [see (2.8) and (2.9)] and sets of functions ψ and ψ̃
coincide. Ergo, the quest is for a boundary condition in
the form

ψ jr¼r0 ¼ Kψ jr¼r0 ; ψ̃ jr¼r0 ¼ Kψ̃ jr¼r0 ; ð4:2Þ

where K is a matrix (element of the Clifford algebra) which
without a loss of generality can be chosen to be Hermitian
and has to obey conditions

½K; αr�þ ¼ 0 ð4:3Þ

and

K2 ¼ I: ð4:4Þ

One can simply go through four linearly independent
elements of the Clifford algebra in (2þ 1)-dimensional
spacetime, which is a section orthogonal to the ANO vortex
axis, and find
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K ¼ c1β þ c2iβαr ð4:5Þ

with real coefficients satisfying

c21 þ c22 ¼ 1: ð4:6Þ

Using obvious parametrization

c1 ¼ sin θ; c2 ¼ cos θ;

we finally obtain

K ¼ iβαre−iθα
r
: ð4:7Þ

Thus, boundary condition (4.2) with K given by (4.7) is
the most general boundary condition ensuring the self-
adjointness of the Dirac Hamiltonian operator in the

background of the ANO vortex of nonzero radius r0 in
transverse section z ¼ const, and parameter θ can be
interpreted as the self-adjoint extension parameter. Value
θ ¼ 0 corresponds to the MIT bag boundary condition,
which was proposed long ago as the condition ensuring the
confinement of the matter field [40]. However, it should be
comprehended that a condition with an arbitrary value of θ
ensures the confinement equally as well as that with θ ¼ 0.
Imposing boundary condition (4.2) with matrix K (4.7)

on the solution to the Dirac equation, ψEðxÞ (2.17), we
obtain the condition for the modes,

cos

�
θ

2
þ π

4

�
fnðr0; EÞ ¼ − sin

�
θ

2
þ π

4

�
gnðr0; EÞ; ð4:8Þ

which allows us to determine their coefficients:

tanðμð∧Þρ Þ ¼ cos ðθ
2
þ π

4
ÞkYρ−1ðkr0Þ − sin ðθ

2
þ π

4
Þðm − EÞYρðkr0Þ

− cos ðθ
2
þ π

4
ÞkJρ−1ðkr0Þ þ sin ðθ

2
þ π

4
Þðm − EÞJρðkr0Þ

; ð4:9Þ

tanðμð∨Þρ Þ ¼ cos ðθ
2
þ π

4
Þðmþ EÞYρðkr0Þ − sin ðθ

2
þ π

4
ÞkYρ−1ðkr0Þ

− cos ðθ
2
þ π

4
Þðmþ EÞJρðkr0Þ þ sin ðθ

2
þ π

4
ÞkJρ−1ðkr0Þ

; ð4:10Þ

tanðμρÞ ¼
cos ðθ

2
þ π

4
ÞkJ1−ρðkr0Þ þ sin ðθ

2
þ π

4
Þðm − EÞJ−ρðkr0Þ

− cos ðθ
2
þ π

4
ÞkJρ−1ðkr0Þ þ sin ðθ

2
þ π

4
Þðm − EÞJρðkr0Þ

: ð4:11Þ

Because of condition (4.8), in addition to the continuous spectrum, there is a bound state at cos θ < 0 for n ¼ nc [ν ≥ 1 and
1
2
ð1 − 1

νÞ < F < 1
2
ð1þ 1

νÞ, or 1
2
≤ ν < 1], as well as for n ¼ nc − 1 [1

2
≤ ν < 1 and 0 < F < 1

2
ð1ν − 1Þ], or n ¼ nc þ 1

[1
2
≤ ν < 1 and 1

2
ð3 − 1

νÞ < F < 1]. The bound state modes are

 
fðBSÞnc

gðBSÞnc

!
¼

ffiffiffiffiffiffiffiffiffiffi
νκm
2πr0

r
fmKGðκr0ÞK1−Gðκr0Þ þ EBS½κr0K2

1−Gðκr0Þ − κr0K2
Gðκr0Þ þ ð2G − 1ÞKGðκr0ÞK1−Gðκr0Þ�g−1=2

×

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ EBS=m

p
KGðκr0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − EBS=m
p

K1−Gðκr0Þ

!
; ð4:12Þ

 
fðBSÞnc∓1

gðBSÞnc∓1

!
¼

ffiffiffiffiffiffiffiffiffiffi
νκm
2πr0

r
fmKG�νðκr0ÞK1−G∓νðκr0Þ

þ EBS½κr0K2
1−G∓νðκr0Þ − κr0K2

G�νðκr0Þ þ ð2G� 2ν − 1ÞKG�νðκr0ÞK1−G∓νðκr0Þ�g−1=2

×

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ EBS=m

p
KG�νðκr0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − EBS=m
p

K1−G∓νðκr0Þ

!
; ð4:13Þ

where κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − E2

BS

p
. The bound state energy for n ¼ nc is determined from relation

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ EBS=m
1 − EBS=m

s
¼ −

K1−Gðκr0Þ
KGðκr0Þ

tan
�
θ

2
þ π

4

�
; ð4:14Þ

by changing G to G� ν in (4.14), one obtains the relation for n ¼ nc ∓ 1.
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Comparing the case of a vortex of nonzero transverse
size with that of an infinitely thin one, we conclude that in
the first case the total Hamiltonian is extended with the use
of the only one self-adjoint extension parameter, whereas in
the second case several partial Hamiltonians are extended,
and the number of self-adjoint extension parameters can be
zero (no need for extension, the operator is essentially self-
adjoint), one, four, etc. The values of the self-adjoint
extension parameters in the second case can be fixed from
the first case by limiting procedure r0 → 0 [41]. The
nonpeculiar modes (ρ > 1) in this limit become regular
and independent of θ, since, as was already noted,

lim
r0→0

μð∧Þρ ¼ lim
r0→0

μð∨Þρ ¼ π

2
:

The peculiar modes ð0 < ρ < 1Þ in this limit become
irregular and square integrable, and

lim
r0→0

μρ ¼

8>>><
>>>:

π
2
; 1

2
< ρðθ ≠ � π

2
Þ; 0 < ρðθ ¼ π

2
Þ;

sgnðEÞ arctan
� ffiffiffiffiffiffiffiffiffiffiffi

1−m=E
1þm=E

q
tan ðθ

2
þ π

4
Þ
�
; ρ ¼ 1

2
;

0; ρ < 1
2
ðθ ≠ � π

2
Þ; ρ < 1ðθ ¼ − π

2
Þ:
ð4:15Þ

Namely in this way, the condition of minimal irregularity
[31,32] is obtained, which in the case of the deficiency
index equal to (1,1) (i.e., only one peculiar mode) takes
the form

Θ ¼

8>><
>>:

π
2
; 1

2
ð1 − 1

νÞ < F < 1
2
ðν ≥ 1Þ; 1

2
ð1ν − 1Þ < F < 1

2
ð1
2
< ν < 1Þ;

θ; F ¼ 1
2
ðν ≥ 1

2
Þ;

− π
2
; 1

2
< F < 1

2
ð1þ 1

νÞ ðν ≥ 1Þ; 1
2
< F < 1

2
ð3 − 1

νÞ ð12 < ν < 1Þ:
ð4:16Þ

V. INDUCED VACUUM CURRENT

We start with the case of ν ≥ 1 and 1
2
ð1 − 1

νÞ < F < 1
2
ð1þ 1

νÞ, or 1
2
≤ ν < 1 and 1

2
ð1ν − 1Þ < F < 1

2
ð3 − 1

νÞ, when there is
one peculiar mode. Inserting the contribution of the appropriate modes [see (3.1), (3.2), (3.5), (3.6), and (4.12)] to (2.20),
we obtain

jφðrÞ ¼ jð1Þφ ðrÞ þ jð2Þφ ðrÞ þ jð3Þφ ðrÞ; ð5:1Þ

where

jð1Þφ ðrÞ ¼ −
r
2π

Z
∞

0

dkk2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
X∞
l¼1

½Jνlþ1−GðkrÞJνl−GðkrÞ − JνlþGðkrÞJνl−1þGðkrÞ�; ð5:2Þ

jð2Þφ ðrÞ ¼ −
r
4π

Z
∞

0

dkk2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
X
sgnðEÞ

X∞
l¼1

�
cos2ðμð∧Þνlþ1−GÞ½Yνlþ1−GðkrÞYνl−GðkrÞ − Jνlþ1−GðkrÞJνl−GðkrÞ�

þ 1

2
sinð2μð∧Þνlþ1−GÞ½Jνlþ1−GðkrÞYνl−GðkrÞ þ Yνlþ1−GðkrÞJνl−GðkrÞ�

− cos2ðμð∨ÞνlþGÞ½YνlþGðkrÞYνl−1þGðkrÞ − JνlþGðkrÞJνl−1þGðkrÞ�

−
1

2
sinð2μð∨ÞνlþGÞ½JνlþGðkrÞYνl−1þGðkrÞ þ YνlþGðkrÞJνl−1þGðkrÞ�

�
; ð5:3Þ

jð3Þφ ðrÞ ¼ −
r
4π

Z
∞

0

dkk2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
X
sgnðEÞ

½tanðμ1−GÞ þ 2 cosðGπÞ þ cotðμ1−GÞ�−1½tanðμ1−GÞJ−GðkrÞJ1−GðkrÞ þ JGðkrÞJ1−GðkrÞ

− J−GðkrÞJ−1þGðkrÞ − cotðμ1−GÞJGðkrÞJ−1þGðkrÞ�

þ κ2

4πr0

½1 − sgnðcos θÞ�sgn½tan ðθ
4
þ π

4
Þ þ KGðκr0Þ

K1−Gðκr0Þ�KGðκrÞK1−GðκrÞ
mKGðκr0ÞK1−Gðκr0Þ þ EBSfκr0½K2

1−Gðκr0Þ − K2
Gðκr0Þ� þ ð2G − 1ÞKGðκr0ÞK1−Gðκr0Þg

: ð5:4Þ
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In Appendix A, the summation in (5.2) is performed, yielding

jð1Þφ ðrÞ ¼ −
r

2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p ½I1−GðqrÞKGðqrÞ − IGðqrÞK1−GðqrÞ�

−
m

ð2πÞ2
�Z

∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
sinðGπÞ sinhðνuÞ sinh½ðG − 1

2
Þu� − cosðGπÞ sinðνπÞ cosh½ðG − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
exp½−2mr sinðpπ=νÞ� sin½ð2G − 1Þpπ=ν�

sinðpπ=νÞ

−
π

ν

�
1þ 1

2mr

�
e−2mr cosðGπÞδν;2N

�
; ð5:5Þ

where IρðuÞ is the modified Bessel function of order ρ (p and N are the positive integers, δω;ω0 is the Kronecker symbol,
δω;ω0 ¼ 0 at ω0 ≠ ω, and δω;ω ¼ 1), while (5.3) is transformed to the following expression:

jð2Þφ ðrÞ ¼ −
r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p X∞
l¼1

½Cð∧Þ
νlþ1−Gðqr0ÞKνlþ1−GðqrÞKνl−GðqrÞ

− Cð∨Þ
νlþGðqr0ÞKνlþGðqrÞKνl−1þGðqrÞ�; ð5:6Þ

where

Cð∧Þ
ρ ðvÞ ¼

�
vIρðvÞKρðvÞ tan

�
θ

2
þ π

4

�
þmr0½IρðvÞKρ−1ðvÞ − Iρ−1ðvÞKρðvÞ�

− vIρ−1ðvÞKρ−1ðvÞ cot
�
θ

2
þ π

4

���
vK2

ρðvÞ tan
�
θ

2
þ π

4

�
þ 2mr0KρðvÞKρ−1ðvÞ

þ vK2
ρ−1ðvÞ cot

�
θ

2
þ π

4

��
−1

ð5:7Þ

and

Cð∨Þ
ρ ðvÞ ¼

�
vIρðvÞKρðvÞ cot

�
θ

2
þ π

4

�
þmr0½IρðvÞKρ−1ðvÞ − Iρ−1ðvÞKρðvÞ�

−vIρ−1ðvÞKρ−1ðvÞ tan
�
θ

2
þ π

4

���
vK2

ρðvÞ cot
�
θ

2
þ π

4

�
þ 2mr0KρðvÞKρ−1ðvÞ

þvK2
ρ−1ðvÞ tan

�
θ

2
þ π

4

��
−1
; ð5:8Þ

note that Cð∧Þ
νlþ1−GðvÞ ↔ Cð∨Þ

νlþGðvÞ under simultaneous changes F → 1 − F and θ → −θ.
In Appendix B, jð3Þφ (5.5) is transformed to the following expression:

jð3Þφ ðrÞ ¼ r
2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p ½I1−GðqrÞKGðqrÞ − IGðqrÞK1−GðqrÞ

−2C1−Gðqr0ÞKGðqrÞK1−GðqrÞ�; ð5:9Þ

where
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C1−GðvÞ ¼
�
v

�
I1−GðvÞ þ

sinðGπÞ
π

K1−GðvÞ
�
K1−GðvÞ tan

�
θ

2
þ π

4

�
þmr0½I1−GðvÞKGðvÞ

− IGðvÞK1−GðvÞ� − v½IGðvÞ þ
sinðGπÞ

π
KGðvÞ�KGðvÞ cot

�
θ

2
þ π

4

��

×

�
vK2

1−GðvÞ tan
�
θ

2
þ π

4

�
þ 2mr0KGðvÞK1−GðvÞ þ vK2

GðvÞ cot
�
θ

2
þ π

4

��
−1
; ð5:10Þ

note that C1−GðvÞ changes sign under simultaneous changes F → 1 − F and θ → −θ.
Summing (5.5), (5.6), and (5.9), we obtain the final form for the induced vacuum current and express it in terms of F

instead of G [see (2.19)],

jφðrÞ ¼ −
m

ð2πÞ2
�Z

∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
cos ½νðF − 1

2
Þπ� sinhðνuÞ sinh ½νðF − 1

2
Þu� þ sin ½νðF − 1

2
Þπ� sinðνπÞ cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�

sinðpπ=νÞ

þ π

2N
ð−1ÞN sin ð2NFπÞ

�
1þ 1

2mr

�
e−2mrδν;2N

�

−
r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p ½C1
2
−νðF−1

2
Þðqr0ÞK1

2
−νðF−1

2
ÞðqrÞK1

2
þνðF−1

2
ÞðqrÞ þ Σðqr; qr0Þ�; ð5:11Þ

where

Σðw; vÞ ¼
X∞
l¼1

½Cð∧Þ
νðl−Fþ1

2
Þþ1

2

ðvÞKνðl−Fþ1
2
Þþ1

2
ðwÞKνðl−Fþ1

2
Þ−1

2
ðwÞ

− Cð∨Þ
νðlþF−1

2
Þþ1

2

ðvÞKνðlþF−1
2
Þþ1

2
ðwÞKνðlþF−1

2
Þ−1

2
ðwÞ�: ð5:12Þ

The analysis in Appendix A is sufficient to consider cases when there are no peculiar modes. In the case of ν > 1 and
0 < F < 1

2
ð1 − 1

νÞ ½12 ð1 − νÞ < G < 0�, we obtain

jφðrÞ ¼ −
m

ð2πÞ2
�Z

∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
cos½νðF − 1

2
Þπ� cosh½νðF þ 1

2
Þu� − cos½νðF þ 1

2
ÞπÞ� cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�

sinðpπ=νÞ

þ π

2N
ð−1ÞN sinð2NFπÞ

�
1þ 1

2mr

�
e−2mrδν;2N

�

−
r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p ½Cð∧Þ
1
2
−νðF−1

2
Þðqr0ÞK1

2
−νðF−1

2
ÞðqrÞK1

2
þνðF−1

2
ÞðqrÞ þ Σðqr; qr0Þ�: ð5:13Þ

In the case of ν > 1 and 1
2
ð1þ 1

νÞ < F < 1 ½1 < G < 1
2
ð1þ νÞ�, we obtain
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jφðrÞ ¼
m

ð2πÞ2
�Z

∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
cos½νðF − 1

2
Þπ� cosh½νðF − 3

2
Þu� − cos½νðF − 3

2
ÞπÞ� cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�

sinðpπ=νÞ

−
π

2N
ð−1ÞN sinð2NFπÞ

�
1þ 1

2mr

�
e−2mrδν;2N

�

þ r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p ½Cð∨Þ
1
2
þνðF−1

2
Þðqr0ÞK1

2
þνðF−1

2
ÞðqrÞK1

2
−νðF−1

2
ÞðqrÞ − Σðqr; qr0Þ�: ð5:14Þ

Note that both (5.13) and (5.14) consist of two parts: one [with a factor of m=ð2πÞ2] is independent of r0, and another one
(with a factor of r=π2) is vanishing in the limit of r0 → 0,

jφðrÞ ¼ jðaÞφ ðrÞ þ jðbÞφ ðrÞ; jðaÞφ ðrÞ ¼ lim
r0→0

jφðrÞ: ð5:15Þ

It is instructive to present result (5.11) in the same way; evidently, jðaÞφ ðrÞ then coincides with the current that is obtained by
imposing the condition of minimal irregularity in the case of an infinitely thin vortex [31,32]; see (3.11) and (4.16). We
obtain for the decomposition of (5.11) according to (5.15):

jðaÞφ ðrÞjF≠1=2;θ≠�π=2 ¼
m

ð2πÞ2
�
sgn

�
F −

1

2

�Z
∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
cos½νðF − 1

2
ÞπÞ� cosh½νðjF − 1

2
j − 1Þu� − cos½νðjF − 1

2
j − 1Þπ� cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�

sinðpπ=νÞ

−
π

2N
ð−1ÞN sinð2NFπÞ

�
1þ 1

2mr

�
e−2mrδν;2N

�
; ð5:16Þ

jðaÞφ ðrÞjF≠1=2;θ¼�π=2 ¼ ∓ m
ð2πÞ2

�Z
∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
cos½νðF − 1

2
Þπ� cosh½νðF − 1

2
� 1Þu� − cos½νðF − 1

2
� 1Þπ� cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

∓ 2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�

sinðpπ=νÞ

� π

2N
ð−1ÞN sinð2NFπÞ

�
1þ 1

2mr

�
e−2mrδν;2N

�
; ð5:17Þ

jðaÞφ ðrÞjF¼1=2 ¼ −
sin θ
2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p e−2qr

qþm cos θ
; ð5:18Þ

jðbÞφ ðrÞjF<1=2;θ≠−π=2 ¼ −
r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p ½Cð∧Þ
1
2
−νðF−1

2
Þðqr0ÞK1

2
−νðF−1

2
ÞðqrÞK1

2
þνðF−1

2
ÞðqrÞþΣðqr; qr0Þ�; ð5:19Þ

jðbÞφ ðrÞjF>1=2;θ≠π=2 ¼
r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p ½Cð∨Þ
1
2
þνðF−1

2
Þðqr0ÞK1

2
þνðF−1

2
ÞðqrÞK1

2
−νðF−1

2
ÞðqrÞ−Σðqr; qr0Þ�; ð5:20Þ
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jðbÞφ ðrÞjF≠1=2;θ¼�π=2 ¼ ∓ r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p � I1
2
�νð1

2
−FÞðqr0Þ

K1
2
�νð1

2
−FÞðqr0Þ

K1
2
þνðF−1

2
ÞðqrÞK1

2
−νðF−1

2
ÞðqrÞ

þ
X∞
l¼1

� Iνðl−Fþ1
2
Þ�1

2
ðqr0Þ

Kνðl−Fþ1
2
Þ�1

2
ðqr0Þ

Kνðl−Fþ1
2
Þþ1

2
ðqrÞKνðl−Fþ1

2
Þ−1

2
ðqrÞ

þ
IνðlþF−1

2
Þ∓1

2
ðqr0Þ

KνðlþF−1
2
Þ∓1

2
ðqr0Þ

KνðlþF−1
2
Þþ1

2
ðqrÞKνðlþF−1

2
Þ−1

2
ðqrÞ

��
; ð5:21Þ

and

jðbÞφ ðrÞjF¼1=2 ¼ −
sin θ
2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p �
e−2qrðe2qr0 − 1Þ
qþm cos θ

þ4r
X∞
l¼1

C̃νlþ1
2
ðqr0ÞKνlþ1

2
ðqrÞKνl−1

2
ðqrÞ

�
; ð5:22Þ

where

C̃νlþ1
2
ðvÞ ¼

�
2vKνlþ1

2
ðvÞKνl−1

2
ðvÞ þmr0 cos θ

�
K2

νlþ1
2

ðvÞ þ K2
νl−1

2

ðvÞ
��

×

�
v cos θ

�
K2

νlþ1
2

ðvÞ þ K2
νl−1

2

ðvÞ
� �

v cos θ

�
K2

νlþ1
2

ðvÞ þ K2
νl−1

2

ðvÞ
�
þ 4mr0Kνlþ1

2
ðvÞKνl−1

2
ðvÞ
�

þ 4ðv2sin2θ þm2r20cos
2θÞK2

νlþ1
2

ðvÞK2
νl−1

2

ðvÞ
�

−1
; ð5:23Þ

and the use is made of relations

−
1

π
cos

�
ν

�
F −

1

2

�
π

�
þ C1

2
−νðF−1

2
ÞðvÞ ¼ Cð∧Þ

1
2
−νðF−1

2
Þ ð5:24Þ

and

1

π
cos

�
ν

�
F −

1

2

�
π

�
þ C1

2
−νðF−1

2
ÞðvÞ ¼ −Cð∨Þ

1
2
þνðF−1

2
ÞðvÞ: ð5:25Þ

It should be noted that the r0-independent part of the current in cases 1
2
ð1 − 1

νÞ < F < 1
2
and 1

2
< F < 1

2
ð1þ 1

νÞ (ν ≥ 1), or
1
2
ð1ν − 1Þ < F < 1

2
and 1

2
< F < 1

2
ð3 − 1

νÞ (12 ≤ ν < 1), is independent of θ if θ ≠ �π=2 [see (5.16)], whereas it depends on θ
if θ ¼ �π=2 [see (5.17)]. The latter is distinct from cases of the absence of peculiar modes, when the r0-independent part of
the current is always independent of θ, see the first four lines in (5.13) and (5.14). Note also that limits F → 1=2 and r0 → 0
in general do not commute. Indeed, we obtain a discontinuity at F ¼ 1=2, if limit r0 → 0 is taken first,

lim
F→ð1=2Þ�

lim
r0→0

jφðrÞ
				
θ≠�π=2

¼ lim
F→ð1=2Þ�

jðaÞφ ðrÞ
				
θ≠�π=2

¼ � m
2π2

K1ð2mrÞ; ð5:26Þ

where the use is made of relation

m
2

Z
∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ ¼

Z
∞

m

dqqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p e−2qr ¼ mK1ð2mrÞ: ð5:27Þ

When the order of limits is reversed, then jðbÞφ ðrÞjθ≠�π=2 contributes, because of relation

lim
F→ð1=2Þ�

jðbÞφ ðrÞ
				
θ≠�π=2

¼ ∓ m
2π2

K1ð2mrÞ − sin θ
2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p e2qðr0−rÞ

qþm cos θ
þmO

�
mr0

�
r0
r

�
2ν−1
�
; ð5:28Þ
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which follows from particular cases of (5.24) and (5.25),

Cð∧Þ
1=2ðqr0Þ ¼ −

1

π
þ q sin θ
qþm cos θ

e2qr0

and

Cð∨Þ
1=2ðqr0Þ ¼ −

1

π
−

q sin θ
qþm cos θ

e2qr0 :

Adding limF→ð1=2Þ� j
ðaÞ
φ ðrÞj

θ≠�π=2 to (5.28) and taking limit

r0 → 0, we get

lim
r0→0

lim
F→ð1=2Þ�

jφðrÞ
				
θ≠�π=2

¼ jðaÞφ ðrÞjF¼1=2;θ≠�π=2: ð5:29Þ

The limits do commute in special cases only:

lim
F→1=2

lim
r0→0

jφðrÞjθ¼�π=2 ¼ lim
r0→0

lim
F→1=2

jφðrÞjθ¼�π=2

¼ jðaÞφ ðrÞjF¼1=2;θ¼�π=2

¼ ∓ m
2π2

K1ð2mrÞ; ð5:30Þ

the discontinuity at F ¼ 1=2 is absent in these cases.
We can summarize our results for the current at

F ≠ 1=2 in cases when there is one peculiar mode:
(i) jφðrÞjF<1=2;θ≠−π=2 is given by the right-hand side of
(5.13) at θ ≠ −π=2, whereas jφðrÞjF<1=2;θ¼−π=2 is given
by the right-hand side of (5.14) at θ ¼ −π=2, and
(ii) jφðrÞjF>1=2;θ≠π=2 is given by the right-hand side of
(5.14) at θ ≠ π=2, whereas jφðrÞjF>1=2;θ¼π=2 is given by the
right-hand side of (5.13) at θ ¼ π=2. Note also relation

jφðrÞjF;θ ¼ −jφðrÞj1−F;−θ; ð5:31Þ

which holds in all cases considered in the present section.
In the case of ν ¼ 1 expression (5.11) takes the form

jφðrÞjν¼1
¼ −

r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p �
sinðFπÞ

π
qr½K2

1−FðqrÞ − K2
FðqrÞ�

þ
�
ð2F − 1Þ sinðFπÞ

π
þ C1−Fðqr0Þ

�
KFðqrÞK1−FðqrÞ þ Σðqr; qr0Þjν¼1

�
; ð5:32Þ

where the use is made of (A17) and relation

Z
∞

m

dqq3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p ½K2
1−FðqrÞ − K2

FðqrÞ� ¼
πm
4r2

Z
∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×

�
tanhðu=2Þ sinh

��
F −

1

2

�
u

�
− ð2F − 1Þ cosh

��
F −

1

2

�
u

��
: ð5:33Þ

Decomposing (5.32) according to (5.15), we get

jðaÞφ ðrÞjν¼1;F≠1=2;θ≠�π=2 ¼ −
r
π3

sinðFπÞ
Z

∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p �
qr½K2

1−FðqrÞ − K2
FðqrÞ�

þ sgn

�
F −

1

2

�
ðj2F − 1j − 1ÞKFðqrÞK1−FðqrÞ

�
; ð5:34Þ

jðaÞφ ðrÞjν¼1;F≠1=2;θ¼�π=2 ¼ −
r
π3

sinðFπÞ
Z

∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p fqr½K2
1−FðqrÞ − K2

FðqrÞ�

þ ð2F − 1� 1ÞKFðqrÞK1−FðqrÞg; ð5:35Þ

jðaÞφ ðrÞjν¼1;F¼1=2 is given by (5.18), while jðbÞφ ðrÞjν¼1;F<1=2;θ≠−π=2, jðbÞφ ðrÞjν¼1;F>1=2;θ≠π=2, jðbÞφ ðrÞjν¼1;F≠1=2;θ¼�π=2, and

jðbÞφ ðrÞjν¼1;F¼1=2 are obtained by putting ν ¼ 1 in (5.19), (5.20), (5.21), and (5.22), respectively.
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VI. INDUCED VACUUM MAGNETIC FIELD AND ITS FLUX

In the case of ν ≥ 1 and 1
2
ð1 − 1

νÞ < F < 1
2
ð1þ 1

νÞ, or 1
2
≤ ν < 1 and 1

2
ð1ν − 1Þ < F < 1

2
ð3 − 1

νÞ, we obtain the following
expression for BI (2.21):

BIðrÞ ¼ −
νe

2ð2πÞ2
1

r

�Z
∞

0

du
cosh2ðu=2Þ e

−2mr coshðu=2Þ

×
cos½νðF − 1

2
Þπ� sinhðνuÞ sinh½νðF − 1

2
Þu� þ sin½νðF − 1

2
Þπ� sinðνπÞ cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
2π

ν

X½jν=2j�
p¼1

exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ þ π

2N
ð−1ÞN sinð2NFπÞe−2mrδν;2N

�

−
νe
π2

Z
∞

r
dr0
Z

∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p ½C1
2
−νðF−1

2
Þðqr0ÞK1

2
−νðF−1

2
Þðqr0ÞK1

2
þνðF−1

2
Þðqr0Þ þ Σðqr0; qr0Þ�; ð6:1Þ

where Σðw; vÞ is given by (5.12), while Cð∧Þ
ρ ðvÞ, Cð∨Þ

ρ ðvÞ, and C1−GðvÞ are given by (5.7), (5.8), and (5.10), respectively.
Expression (6.1) can be decomposed as

BIðrÞ ¼ BðaÞ
I ðrÞ þ BðbÞ

I ðrÞ; BðaÞ
I ðrÞ ¼ lim

r0→0
BIðrÞ; ð6:2Þ

where

BðaÞ
I ðrÞjF<1=2;θ≠−π=2 ¼ BðaÞ

I ðrÞjF>1=2;θ¼π=2 ¼ −
νe

2ð2πÞ2
1

r

�Z
∞

0

du
cosh2ðu=2Þ e

−2mr coshðu=2Þ

×
cos½νðF − 1

2
Þπ� cosh½νðF þ 1

2
Þu� − cos½νðF þ 1

2
ÞπÞ� cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
2π

ν

X½jν=2j�
p¼1

exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ þ π

2N
ð−1ÞN sinð2NFπÞe−2mrδν;2N

�
; ð6:3Þ

BðaÞ
I ðrÞjF>1=2;θ≠π=2 ¼ BðaÞ

I ðrÞjF<1=2;θ¼−π=2 ¼
νe

2ð2πÞ2
1

r

�Z
∞

0

du
cosh2ðu=2Þ e

−2mr coshðu=2Þ

×
cos½νðF − 1

2
Þπ� cosh½νðF − 3

2
Þu� − cos½νðF − 3

2
ÞπÞ� cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 2π

ν

X½jν=2j�
p¼1

exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

π

2N
ð−1ÞN sinð2NFπÞe−2mrδν;2N

�
; ð6:4Þ

BðaÞ
I ðrÞjF¼1=2 ¼ −

νe sin θ
2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p Γð0; 2qrÞ
qþm cos θ

; ð6:5Þ

and

Γðz; uÞ ¼
Z

∞

u
dyyz−1e−y

is the incomplete gamma function. The r0-dependent part of BIðrÞ is given by

BðbÞ
I ðrÞjF<1=2;θ≠−π=2 ¼ −

νe
π2

Z
∞

r
dr0
Z

∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p
×

�
Cð∧Þ

1
2
−νðF−1

2
Þðqr0ÞK1

2
−νðF−1

2
Þðqr0ÞK1

2
þνðF−1

2
Þðqr0Þ þ Σðqr0; qr0Þ

�
; ð6:6Þ
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BðbÞ
I ðrÞjF>1=2;θ≠π=2 ¼

νe
π2

Z
∞

r
dr0
Z

∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p
×

�
Cð∨Þ

1
2
þνðF−1

2
Þðqr0ÞK1

2
þνðF−1

2
Þðqr0ÞK1

2
−νðF−1

2
Þðqr0Þ − Σðqr0; qr0Þ

�
; ð6:7Þ

BðbÞ
I ðrÞjF≠1=2;θ¼�π=2 ¼∓ νe

π2

Z
∞

r
dr0
Z

∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p � I1
2
�νð1

2
−FÞðqr0Þ

K1
2
�νð1

2
−FÞðqr0Þ

K1
2
þνðF−1

2
Þðqr0ÞK1

2
−νðF−1

2
Þðqr0Þ

þ
X∞
l¼1

� Iνðl−Fþ1
2
Þ�1

2
ðqr0Þ

Kνðl−Fþ1
2
Þ�1

2
ðqr0Þ

Kνðl−Fþ1
2
Þþ1

2
ðqr0ÞKνðl−Fþ1

2
Þ−1

2
ðqr0Þ

þ
IνðlþF−1

2
Þ∓1

2
ðqr0Þ

KνðlþF−1
2
Þ∓1

2
ðqr0Þ

KνðlþF−1
2
Þþ1

2
ðqr0ÞKνðlþF−1

2
Þ−1

2
ðqr0Þ

��
; ð6:8Þ

BðbÞ
I ðrÞjF¼1=2 ¼ −

νe sin θ
2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p �
e2qr0 − 1

qþm cos θ
Γð0; 2qrÞ

þ 4

Z
∞

r
dr0
X∞
l¼1

C̃νlþ1
2
ðqr0ÞKνlþ1

2
ðqr0ÞKνl−1

2
ðqr0Þ

�
; ð6:9Þ

and C̃νlþ1
2
ðvÞ is given by (5.23).

In the case of ν > 1 and 0 < F < 1
2
ð1 − 1

νÞ, the induced vacuum magnetic field is given by (6.2) with BðaÞ
I given by the

right-hand side of (6.3) and BðbÞ
I given by the right-hand side of (6.6). In the case of ν > 1 and 1

2
ð1þ 1

νÞ < F < 1, the

induced vacuum magnetic field is given by (6.2) with BðaÞ
I given by the right-hand side of (6.4) and BðbÞ

I given by the right-
hand side of (6.7).
Turning to the total flux of the induced vacuum magnetic field, [see (2.22)], we present it as

ΦI ¼ ΦðaÞ
I þΦðbÞ

I ; ð6:10Þ

where

ΦðaÞ
I ¼ 2π

ν

Z
∞

r0

drrBðaÞ
I ðrÞ; ΦðbÞ

I ¼ 2π

ν

Z
∞

r0

drrBðbÞ
I ðrÞ: ð6:11Þ

We obtain in the case of ν ≥ 1 and 1
2
ð1 − 1

νÞ < F < 1
2
ð1þ 1

νÞ, or 1
2
≤ ν < 1 and 1

2
ð1ν − 1Þ < F < 1

2
ð3 − 1

νÞ,

ΦðaÞ
I jF<1=2;θ≠−π=2 ¼ ΦðaÞ

I ðrÞjF>1=2;θ¼π=2 ¼ −
e
8π

1

m

�Z
∞

0

du
cosh3ðu=2Þ e

−2mr0 coshðu=2Þ

×
cos½νðF − 1

2
Þπ� cosh½νðF þ 1

2
Þu� − cos½νðF þ 1

2
ÞπÞ� cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
2π

ν

X½jν=2j�
p¼1

exp½−2mr0 sinðpπ=νÞ�
sin½ð2F − 1Þpπ�
sin3ðpπ=νÞ þ π

2N
ð−1ÞN sinð2NFπÞe−2mr0δν;2N

�
; ð6:12Þ

ΦðaÞ
I jF>1=2;θ≠π=2 ¼ ΦðaÞ

I ðrÞjF<1=2;θ¼−π=2 ¼
e
8π

1

m

�Z
∞

0

du
cosh3ðu=2Þ e

−2mr0 coshðu=2Þ

×
cos½νðF − 1

2
Þπ� cosh½νðF − 3

2
Þu� − cos½νðF − 3

2
ÞπÞ� cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 2π

ν

X½jν=2j�
p¼1

exp½−2mr0 sinðpπ=νÞ�
sin½ð2F − 1Þpπ�
sin3ðpπ=νÞ −

π

2N
ð−1ÞN sinð2NFπÞe−2mr0δν;2N

�
; ð6:13Þ
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and

ΦðaÞ
I jF¼1=2 ¼ −

e sin θ
8π

Z
∞

m

dqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p 1

qþm cos θ
½Γð2; 2qr0Þ − 4q2r20Γð0; 2qr0Þ�: ð6:14Þ

In the case of ν > 1 and 0 < F < 1
2
ð1 − 1

νÞ, ΦðaÞ
I is given by the right-hand side of (6.12). In the case of ν > 1 and

1
2
ð1þ 1

νÞ < F < 1, ΦðaÞ
I is given by the right-hand side of (6.13).

As follows from (6.12)–(6.14), ΦðaÞ
I is damped exponentially at r0 → ∞. In the case of the opposite limit, i.e., at r0 → 0,

all integrations in ΦðaÞ
I can be explicitly performed. It is straightforward to obtain

lim
r0→0

ΦðaÞ
I j

F¼1=2
¼ −

e
4πm

arctan

�
tan

θ

2

�
: ð6:15Þ

The analysis at F ≠ 1=2 requires more efforts. Let us consider first the case of ν > 1 and present jðaÞφ defined in (5.15) as

jðaÞφ ðrÞj1
2
ð1−1

νÞ<F<1
2
;θ≠−π

2
¼ jðaÞφ ðrÞj1

2
<F<1

2
ð1þ1

νÞ;θ¼π
2
¼ jðaÞφ ðrÞj0<F<1

2
ð1−1

νÞ

¼ jð1;1Þφ ðrÞ þ jð1;2Þφ ðrÞ − 2jð1;3Þφ ðrÞ ¼ m
8π

1

2πi

Z
C0

dz
�
1þ 1

2mr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

p �

× exp
h
−2mr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

q i sinhðνFzÞ
sinhðz=2Þ sinhðνz=2Þ ð6:16Þ

and

jðaÞφ ðrÞj1
2
<F<1

2
ð1þ1

νÞ;θ≠π
2
¼ jðaÞφ ðrÞj1

2
ð1−1

νÞ<F<1
2
;θ¼−π

2
¼ jðaÞφ ðrÞj1

2
ð1þ1

νÞ<F<1

¼ jð1;1Þφ ðrÞ þ jð1;2Þφ ðrÞ ¼ −
m
8π

1

2πi

Z
C0

dz

�
1þ 1

2mr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

p �

× exp
h
−2mr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

q i sinh ½νð1 − FÞz�
sinhðz=2Þ sinhðνz=2Þ ; ð6:17Þ

where jð1;1Þφ , jð1;2Þφ , and jð1;3Þφ are given by (A13), (A15), and (A18) in Appendix A and contour C0 in the complex z plane is
depicted in Fig. 8. Consequently, we get

BðaÞ
I ðrÞj1

2
ð1−1

νÞ<F<1
2
;θ≠−π

2
¼ BðaÞ

I ðrÞj1
2
<F<1

2
ð1þ1

νÞ;θ¼π
2
¼ BðaÞ

I ðrÞj0<F<1
2
ð1−1

νÞ

¼ νe
16πr

1

2πi

Z
C0

dz
exp ½−2mr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

p
�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−sinh2ðz=2Þ
p sinhðνFzÞ

sinhðz=2Þ sinhðνz=2Þ ; ð6:18Þ

BðaÞ
I ðrÞj1

2
<F<1

2
ð1þ1

νÞ;θ≠π
2
¼ BðaÞ

I ðrÞj1
2
ð1−1

νÞ<F<1
2
;θ¼−π

2
¼ BðaÞ

I ðrÞj1
2
ð1þ1

νÞ<F<1

¼ −
νe

16πr
1

2πi

Z
C0

dz
exp ½−2mr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− sinh2ðz=2Þ

p
�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

− sinh2ðz=2Þ
p sinh ½νð1 − FÞz�

sinhðz=2Þ sinhðνz=2Þ ; ð6:19Þ

lim
r0→0

ΦðaÞ
I j

1
2
ð1−1

νÞ<F<1
2
;θ≠−π

2

¼ lim
r0→0

ΦðaÞ
I

				
1
2
<F<1

2
ð1þ1

νÞ;θ¼π
2

¼ lim
r0→0

ΦðaÞ
I

				
0<F<1

2
ð1−1

νÞ

¼ −
e

16m
1

2πi

Z
C0

dz
sinhðνFzÞ

sinh3ðz=2Þ sinhðνz=2Þ ; ð6:20Þ

and
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lim
r0→0

ΦðaÞ
I

				
1
2
<F<1

2
ð1þ1

νÞ;θ≠π
2

¼ lim
r0→0

ΦðaÞ
I

				
1
2
ð1−1

νÞ<F<1
2
;θ¼−π

2

¼ lim
r0→0

ΦðaÞ
I

				
1
2
ð1þ1

νÞ<F<1

¼ e
16m

1

2πi

Z
C0

dz
sinh ½νð1 − FÞz�

sinh3ðz=2Þ sinhðνz=2Þ : ð6:21Þ

Only a simple pole at z ¼ 0 of the integrands contributes to the integrals in (6.20) and (6.21). Calculation of its residue
yields

limr0→0Φ
ðaÞ
I

			
1
2
ð1−1

νÞ<F<1
2
;θ≠−π

2

¼ lim
r0→0

ΦðaÞ
I

				
1
2
<F<1

2
ð1þ1

νÞ;θ¼π
2

¼ lim
r0→0

ΦðaÞ
I

				
0<F<1

2
ð1−1

νÞ

¼ −
e
6m

F

�
1

4
ðν2 þ 3Þ − ν2F2

�
ð6:22Þ

and

lim
r0→0

ΦðaÞ
I

				
1
2
<F<1

2
ð1þ1

νÞ;θ≠π
2

¼ lim
r0→0

ΦðaÞ
I

				
1
2
ð1−1

νÞ<F<1
2
;θ¼−π

2

¼ lim
r0→0

ΦðaÞ
I

				
1
2
ð1þ1

νÞ<F<1

¼ e
6m

ð1 − FÞ
�
1

4
ðν2 þ 3Þ − ν2ð1 − FÞ2

�
: ð6:23Þ

Considering the case of 1
2
< ν ≤ 1 and 1

2
ð1ν − 1Þ < F <

1
2
ð3 − 1

νÞ at F ≠ 1=2, we obtain that

lim
r0→0

ΦðaÞ
I

				
1
2
ð1ν−1Þ<F<1

2
;θ≠−π

2

¼ lim
r0→0

ΦðaÞ
I

				
1
2
<F<1

2
ð3−1

νÞ;θ¼π
2

and

lim
r0→0

ΦðaÞ
I

				
1
2
<F<1

2
ð3−1

νÞ;θ≠π
2

¼ lim
r0→0

ΦðaÞ
I

				
1
2
ð1ν−1Þ<F<1

2
;θ¼−π

2

are given by the right-hand sides of (6.22) and (6.23),

respectively. Note that limr0→0Φ
ðaÞ
I jθ≠�π=2 is discontinuous

at F ¼ 1=2 and its limiting values are independent of ν:

limF→ð1=2Þþ lim
r0→0

ΦðaÞ
I

				
θ≠�π=2

¼ −limF→ð1=2Þ− lim
r0→0

ΦðaÞ
I

				
θ≠�π=2

¼ e
16m

; ð6:24Þ

this is clearly a consequence of (5.26).
As for the remaining part of the total flux, ΦðbÞ

I , it can be
presented as

ΦðbÞ
I ¼ eπ

Z
∞

r0

dr
r
jðbÞφ ðrÞðr2 − r20Þ; ð6:25Þ

provided that the following condition holds:

lim
r→r0

jðbÞφ ðrÞðr − r0Þ2 ¼ 0; ð6:26Þ

otherwise, the total flux diverges.
By performing a numerical analysis, we find that

quantity limr→r0 νrjφðrÞðr−r0r0
Þ2 depends on θ, actually

being independent of other parameters (F, ν, and mr0);
see Fig. 1. As follows from this analysis, relation (6.26) is
fulfilled in cases θ ¼ 0 and θ ¼ π only. The case of
F ¼ 1=2 needs a special comment, since, due to relation
(5.31), the current in this case is an odd function of θ.
Whereas the current and, consequently, the induced mag-
netic field with its flux vanish at θ ¼ 0, they can be
nonvanishing if discontinuous at θ ¼ π. Indeed, periodicity
in θ with period 2π,

jφðrÞjF¼1=2;θ¼π�
¼ jφðrÞjF¼1=2;θ¼−π∓ ; ð6:27Þ

together with oddness in θ,

jφðrÞjF¼1=2;θ¼π�
¼ −jφðrÞjF¼1=2;θ¼−π�

; ð6:28Þ

results in

jφðrÞjF¼1=2;θ¼π�
¼ −jφðrÞjF¼1=2;θ¼π∓ : ð6:29Þ

FIG. 1. ωðθÞ ¼ limr→r0 νrjφðrÞðr−r0r0
Þ2 is the same at

ν ¼ 3=4; 1; 2; 3; 5; 10; mr0 ¼ 10−5; 10−3; 10−2; 10−1; 1; and dif-
ferent values of F.

INDUCED VACUUM MAGNETIC FLUX IN QUANTUM SPINOR … PHYS. REV. D 100, 085011 (2019)

085011-17



257

Namely this is obtained from the appropriate formulas at
F ¼ 1=2 and θ ¼ π�:

jφðrÞjF¼1=2;θ¼π�
¼ � m

2π
e2mðr0−rÞ: ð6:30Þ

As a consequence, we obtain

BIðrÞjF¼1=2;θ¼π� ¼ � eνm
2π

e2mr0Γð0; 2mrÞ ð6:31Þ

and

ΦIjF¼1=2;θ¼π�

¼ � e
8m

e2mr0 ½Γð2; 2mr0Þ − 4m2r20Γð0; 2mr0Þ�; ð6:32Þ

in particular [cf. (6.15)],

lim
r0→0

ΦIjF¼1=2;θ¼π� ¼ � e
8m

: ð6:33Þ

In the case of F ≠ 1=2 continuity in θ is maintained, and
the induced vacuum current in this case takes the form

jφðrÞjθ¼π
2
∓π

2
¼ m

ð2πÞ2
�
sgn

�
F −

1

2

�Z
∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
cos ½νðF − 1

2
ÞπÞ� cosh ½νðjF − 1

2
j − 1Þu� − cos ½νðjF − 1

2
j − 1Þπ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�

sinðpπ=νÞ

−
π

2N
ð−1ÞN sin ð2NFπÞ

�
1þ 1

2mr

�
e−2mrδν;2N

�
þ r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p �
1

2

�
Cð�Þ

1
2
þνðF−1

2
Þðqr0Þ − Cð�Þ

1
2
−νðF−1

2
Þðqr0Þ

þ sgn

�
F −

1

2

�
ðCð�Þ

1
2
þνðF−1

2
Þðqr0Þ þ Cð�Þ

1
2
−νðF−1

2
Þðqr0ÞÞ

�
K1

2
þνðF−1

2
ÞðqrÞK1

2
−νðF−1

2
ÞðqrÞ

þ
X∞
l¼1

½Cð�Þ
νðlþF−1

2
Þþ1

2

ðqr0ÞKνðlþF−1
2
Þþ1

2
ðqrÞKνðlþF−1

2
Þ−1

2
ðqrÞ − Cð�Þ

νðl−Fþ1
2
Þþ1

2

ðqr0ÞKνðl−Fþ1
2
Þþ1

2
ðqrÞKνðl−Fþ1

2
Þ−1

2
ðqrÞ�

�
;

ð6:34Þ

where

Cð�Þ
ρ ðvÞ ¼ fvIρðvÞKρðvÞ �mr0½IρðvÞKρ−1ðvÞ − Iρ−1ðvÞKρðvÞ� − vIρ−1ðvÞKρ−1ðvÞg

× ½vK2
ρðvÞ � 2mr0KρðvÞKρ−1ðvÞ þ vK2

ρ−1ðvÞ�−1: ð6:35Þ

Consequently, we obtain the following expressions for the induced vacuum magnetic field:

BIðrÞjθ¼π
2
∓π

2
¼ νe

2ð2πÞ2
1

r

�
sgn

�
F −

1

2

�Z
∞

0

du
cosh2ðu=2Þ e

−2mr coshðu=2Þ

×
cos ½νðF − 1

2
ÞπÞ� cosh ½νðjF − 1

2
j − 1Þu� − cos ½νðjF − 1

2
j − 1Þπ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 2π

ν

X½jν=2j�
p¼1

exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

π

2N
ð−1ÞN sin ð2NFπÞe−2mrδν;2N

�

þ νe
π2

Z
∞

r
dr0
Z

∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p �
1

2

�
Cð�Þ

1
2
þνðF−1

2
Þðqr0Þ − Cð�Þ

1
2
−νðF−1

2
Þðqr0Þ þ sgn

�
F −

1

2

�
ðCð�Þ

1
2
þνðF−1

2
Þðqr0Þ

þ Cð�Þ
1
2
−νðF−1

2
Þðqr0ÞÞ

�
K1

2
þνðF−1

2
Þðqr0ÞK1

2
−νðF−1

2
Þðqr0Þ þ

X∞
l¼1

½Cð�Þ
νðlþF−1

2
Þþ1

2

ðqr0ÞKνðlþF−1
2
Þþ1

2
ðqr0ÞKνðlþF−1

2
Þ−1

2
ðqr0Þ

− Cð�Þ
νðl−Fþ1

2
Þþ1

2

ðqr0ÞKνðl−Fþ1
2
Þþ1

2
ðqr0ÞKνðl−Fþ1

2
Þ−1

2
ðqr0Þ�

�
; F ≠ 1=2; ð6:36Þ
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and its flux,

ΦIjθ¼π
2
∓π

2
¼ e

8π

1

m

�
sgn

�
F −

1

2

�Z
∞

0

du
cosh3ðu=2Þ e

−2mr0 coshðu=2Þ

×
cos ½νðF − 1

2
ÞπÞ� cosh ½νðjF − 1

2
j − 1Þu� − cos ½νðjF − 1

2
j − 1Þπ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 2π

ν

X½jν=2j�
p¼1

exp½−2mr0 sinðpπ=νÞ�
sin½ð2F − 1Þpπ�
sin3ðpπ=νÞ −

π

2N
ð−1ÞN sin ð2NFπÞe−2mr0δν;2N

�

þ e
π

Z
∞

r0

drðr2 − r20Þ
Z

∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p �
1

2

�
Cð�Þ

1
2
þνðF−1

2
Þðqr0Þ − Cð�Þ

1
2
−νðF−1

2
Þðqr0Þ

þ sgn

�
F −

1

2

�
ðCð�Þ

1
2
þνðF−1

2
Þðqr0Þ þ Cð�Þ

1
2
−νðF−1

2
Þðqr0ÞÞ

�
K1

2
þνðF−1

2
ÞðqrÞK1

2
−νðF−1

2
ÞðqrÞ

þ
X∞
l¼1

½Cð�Þ
νðlþF−1

2
Þþ1

2

ðqr0ÞKνðlþF−1
2
Þþ1

2
ðqrÞKνðlþF−1

2
Þ−1

2
ðqrÞ − Cð�Þ

νðl−Fþ1
2
Þþ1

2

ðqr0ÞKνðl−Fþ1
2
Þþ1

2
ðqrÞKνðl−Fþ1

2
Þ−1

2
ðqrÞ�

�
;

F ≠ 1=2: ð6:37Þ

With the use of relations (see [42])

Z
∞

v
dwwK2

ρðwÞ ¼
v2

2

�
d
dv

KρðvÞ
�
2

−
v2 þ ρ2

2
K2

ρðvÞ;Z
∞

v

dw
w

KρðwÞKρ0 ðwÞ ¼
v

ρ2 − ρ02

�
KρðvÞ

d
dv

Kρ0 ðvÞ − Kρ0 ðvÞ
d
dv

KρðvÞ
�
;

and the Schläfli contour integral representation for the Macdonald function,2

KρðwÞ ¼
1

4i sinðρπÞ
Z
C0

dzew cosh zþρz;

the integration over r can be performed. As a result, we obtain the following representation for the induced vacuum
magnetic flux

ΦIjθ¼π
2
∓π

2
¼ e

8π

1

m

�
sgn

�
F −

1

2

�Z
∞

0

du
cosh3ðu=2Þ e

−2mr0 coshðu=2Þ

×
cos½νðF − 1

2
ÞπÞ� cosh½νðjF − 1

2
j − 1Þu� − cos½νðjF − 1

2
j − 1Þπ� cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 2π

ν

X½jν=2j�
p¼1

exp½−2mr0 sinðpπ=νÞ�
sin½ð2F − 1Þpπ�
sin3ðpπ=νÞ −

π

2N
ð−1ÞN sinð2NFπÞe−2mr0δν;2N

�

þ e
2π

r0

Z
∞

mr0

dvvffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 −m2r20

p �
1

2

�
Cð�Þ

1
2
þνðF−1

2
ÞðvÞ − Cð�Þ

1
2
−νðF−1

2
ÞðvÞ

þ sgn

�
F −

1

2

��
Cð�Þ

1
2
þνðF−1

2
ÞðvÞ þ Cð�Þ

1
2
−νðF−1

2
ÞðvÞ

��
D1

2
þνjF−1

2
jðvÞ

þ
X∞
l¼1

½Cð�Þ
νðlþF−1

2
Þþ1

2

ðvÞDνðlþF−1
2
Þþ1

2
ðvÞ − Cð�Þ

νðl−Fþ1
2
Þþ1

2

ðvÞDνðl−Fþ1
2
Þþ1

2
ðvÞ�
�
; F ≠ 1=2; ð6:38Þ

2There are no poles in this case, and contour C0 can be straightened to two horizontal lines at z ¼ �iπ.

INDUCED VACUUM MAGNETIC FLUX IN QUANTUM SPINOR … PHYS. REV. D 100, 085011 (2019)

085011-19



259

where

DρðvÞ ¼ ρK2
ρðvÞ − ðρ − 1ÞKρþ1ðvÞKρ−1ðvÞ

þ v

�
KρðvÞ

d
dρ

Kρ−1ðvÞ − Kρ−1ðvÞ
d
dρ

KρðvÞ
�
;

ð6:39Þ
in particular,

lim
r0→0

ΦIj
θ¼π

2
∓π

2

¼ −
e
6m

�
F −

1

2
−
1

2
sgn

�
F −

1

2

��

×

�
3

4
− ν2

�
1

4
−
				F −

1

2

				 − Fð1 − FÞ
��

;

F ≠ 1=2: ð6:40Þ

As follows from (5.31), jφðrÞjF≠1
2
;θ¼π

2
∓π

2
and, conse-

quently, ΦIjF≠1
2
;θ¼π

2
∓π

2
changes signs under F → 1 − F.

To be more precise, the dimensionless induced vacuum
magnetic flux, e−1mΦIjF≠1

2
;θ¼π

2
∓π

2
, is positive at F > 1=2

and negative at F < 1=2; its absolute value increases
with the increase of ν. Whereas ΦIjF¼1

2
;θ¼0 vanishes,

e−1mΦIjF¼1
2
;θ¼πþ is positive and e−1mΦIjF¼1

2
;θ¼π−

is neg-

ative, being of the same absolute value that is independent
of ν; see (6.32). Continuity of the results in θ is broken at
θ ¼ π and F ¼ 1=2 only.
A more detailed analysis of the behavior of the induced

vacuum magnetic flux can be obtained with the use
of numerical computations. Taking F ¼ 0.7 and ν ¼ 1,
we calculate the dimensionless flux, e−1mΦIjθ¼π

2
∓π

2
, as a

function of mr0; see Fig. 2. In the case of θ ¼ 0, this
function decreases with the increase of mr0, becoming
vanishingly small (≲10−7) at mr0 ≥ 1. On the contrary, in
the case of θ ¼ π, this function increases at no allowance
with the increase of mr0.
The dimensionless flux in the case of θ ¼ 0 at several

values of ν, as well as of mr0, is presented as a function of
F in Fig. 3. As mr0 increases, the absolute value of this
function decreases as compared to the value at mr0 ¼ 0,
becoming negligible in the vicinity of F ¼ 1=2. However,
the vicinity is shrinked as ν increases (this is also
demonstrated by Fig. 4), and the flux at mr0 ≥ 1 can
equal its value at mr0 ¼ 0 for sufficiently large values of ν,
unless F ¼ 1=2.

mr0

e m1
I

FIG. 2. The dimensionless induced flux, e−1mΦIjθ¼π
2
∓π

2
, as a

function of mr0 at ν ¼ 1 and F ¼ 0.7 (solid lines); the dashed
line corresponds to the case of mr0 ¼ 0.

(a) (b)

(c) (d)

FIG. 3. The dimensionless induced flux at θ ¼ 0 as a function of F in the cases of mr0 ¼ 0 (solid line), mr0 ¼ 10−5 (dotted line),
mr0 ¼ 10−3 (dash-dotted line), and mr0 ¼ 10−2 (dashed line): (a) ν ¼ 3=4, (b) ν ¼ 1, (c) ν ¼ 2, and (d) ν ¼ 4. The point at F ¼ 1=2
corresponds to the case of mr0 ¼ 0.
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The dimensionless flux in the case of θ ¼ π at
several values of ν, as well as of mr0, is presented as a
function of F on Fig. 5. In the case of 1

2
< ν ≤ 2 the

absolute value of this function increases with the
increase of mr0; see Figs. 5(a) and 5(b). However,
in the case of ν > 2, the increase takes place in the
vicinity of F ¼ 1=2 and, otherwise, there is a decrease;
see Figs. 5(c) and 5(d) [this is also demonstrated by
Fig. 6(a)]. Note that the flux at large values of mr0
fails to depend on ν (lines corresponding to different

values of ν merge together) at least in the case of
1
2
< ν ≤ 4; see Fig. 6(b).

VII. SUMMARY AND DISCUSSION

In the present paper, we have studied the impact of
boundary conditions at the edge of the ANO vortex core
on the vacuum polarization effects in quantum relativistic
spinor matter in two-dimensional space. The most gen-
eral boundary condition that is compatible with the self-
adjointness of the energy operator in first-quantized theory,
Dirac Hamiltonian (2.15), is [see (4.2) and (4.7)]

ðI − iβαre−iθα
rÞψ jr¼r0 ¼ 0; ð7:1Þ

where θ is the self-adjoint extension parameter. This con-
dition is also the most general one ensuring the impen-
etrability of the vortex core edge, i.e., the confinement
of the matter field to the region out of the vortex core. We
find that a current circulating in the vacuum around the
vortex is given by expression (5.11) in the case of ν ≥ 1 and
1
2
ð1 − 1

νÞ < F < 1
2
ð1þ 1

νÞ, or 1
2
≤ ν < 1 and 1

2
ð1ν − 1Þ <

F < 1
2
ð3 − 1

νÞ; it is given by expression (5.13) in the case
of ν > 1 and 0 < F < 1

2
ð1 − 1

νÞ and by expression (5.14)
in the case of ν > 1 and 1

2
ð1þ 1

νÞ < F < 1. At large

FIG. 4. The dimensionless induced flux at θ ¼ 0 as a function
of F in the cases of mr0 ¼ 0 (solid lines) and mr0 ¼ 10−3

(dashed lines).

(a) (b)

(c) (d)

FIG. 5. The dimensionless induced flux at θ ¼ π as a function of F in the cases of mr0 ¼ 0 (solid line), mr0 ¼ 10−3 (dotted line),
mr0 ¼ 10−1 (dash-dotted line), and mr0 ¼ 1 (dashed line): (a) ν ¼ 1, (b) ν ¼ 2, (c) ν ¼ 3, and (d) ν ¼ 4. The points at F ¼ 1=2
correspond to θ ¼ πþ (positive values) and to θ ¼ π− (negative values), with the absolute values increasing with the increase of mr0.
The point in the case of mr0 ¼ 10−3 (or less) actually coincides with the point in the case of mr0 ¼ 0; moreover, in cases mr0 ≳ 10−3,
the points at F ¼ 1=2 coincide with the end points of the appropriate curves at F ≠ 1=2.
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distances from the vortex, r → ∞, the current decreases
exponentially as

8>>><
>>>:

ffiffiffiffiffiffiffiffiffi
m=r

p
expð−2mrÞ; 1

2
≤ ν < 2; F ≠ 1

2

m sin½ð2F−1Þπ�
sinðπ=νÞ exp½−2mr sinðπ=νÞ�; ν ≥ 2; F ≠ 1

2ffiffiffiffiffiffiffiffiffi
m=r

p
expð−2mrÞ; ν ≥ 1

2
; F ¼ 1

2

9>>>=
>>>;
;

whereas it decreases as 1=r in the case of massless spinor
matter; see Appendix D.
As a manifestation of the Aharonov-Bohm effect, the

current is periodic in the value of the vortex flux, Φ; i.e., it
depends on F and not on nc [see (2.19)]; moreover, it
changes sign under simultaneous changes F → 1 − F and
θ → −θ [see (5.31)]. One can introduce the charge con-
jugation transformation with the vortex flux changing
its sign,

C∶ Φ → −Φ; E → −E; Ψ → σ1Ψ�: ð7:2Þ

The boundary condition for a conjugated wave function
differs from (7.1):

ðI − iβαreiθα
rÞσ1ψ�jr¼r0 ¼ 0: ð7:3Þ

By requiring invariance of the boundary condition under
such a charge conjugation, one restricts the values of the
self-adjoint extension parameter to θ ¼ π

2
∓ π

2
. In the latter

case the current changes sign under change F → 1 − F;
i.e., it is odd, as well as periodic in the value of the vortex
flux. Consequently, it vanishes at θ ¼ 0 and F ¼ 1=2,
while it is discontinuous in θ at θ ¼ π and F ¼ 1=2
[see (6.30)].
It is appropriate here to discuss the dependence on the

transverse size of the vortex core and the limiting procedure
as this size tends to zero, r0 → 0. For this task it is
instructive to decompose the current into r0-independent,

jðaÞφ , and r0-dependent, j
ðbÞ
φ , pieces [see (5.15)–(5.22)]; the

r0-dependent piece vanishes at r0 → 0. It should be noted
that, in the case of the infinitely thin ðr0 ¼ 0Þ vortex, the

Dirac Hamiltonian is essentially self-adjoint for ν > 1 and
either 0 < F < 1

2
ð1 − 1

νÞ or 1
2
ð1þ 1

νÞ < F < 1; otherwise,
there emerges the self-adjoint extension problem with one,
or four, or more parameters. One self-adjoint extension
parameter, Θ, appears for ν ≥ 1 and 1

2
ð1 − 1

νÞ < F <
1
2
ð1þ 1

νÞ, or for 1
2
≤ ν < 1 and 1

2
ð1ν − 1Þ < F < 1

2
ð3 − 1

νÞ.
The results for ν ≥ 1 and 0 < F < 1, as well as for 1

2
≤

ν < 1 and 1
2
ð1ν − 1Þ < F < 1

2
ð3 − 1

νÞ, are comprehensively
presented in Appendix C. The value of Θ can be fixed by
limiting procedure r0 → 0 starting from the r0 > 0 case.
In this way, the condition of minimal irregularity in the
r0 ¼ 0 case is obtained in the form of (4.16). If this
condition is supplemented with the requirements of invari-
ance under charge conjugation (7.2) and continuity in θ,
then it takes the form of (4.16) with θ ¼ 0 at F ¼ 1=2;
namely in the latter form it was first proposed in [31,32].
As a consequence of the Maxwell equation, the magnetic

field strength is also induced in the vacuum, pointing along
the vortex axis; the relevant expressions in the case of the
most general boundary condition, (7.1), are given by (6.1)–
(6.9). This allows us to consider the total magnetic flux
which is induced in the vacuum. As follows from our
numerical analysis, the latter is finite at θ ¼ π

2
∓ π

2
only, but

otherwise, it is divergent. Thus, the physical condition that
the induced vacuum magnetic flux be finite corresponds to
the requirement of invariance under charge conjugation
(7.2). The flux for boundary conditions maintaining the
charge conjugation invariance is given at F ≠ 1=2 by
expression (6.38), it vanishes at θ ¼ 0 and F ¼ 1=2, and
it is nonvanishing and discontinuous in θ at θ ¼ π and F ¼
1=2 [see (6.32)]. The flux in the case of r0 ¼ 0 is
discontinuous at F ¼ 1=2; moreover, its absolute value
at θ ¼ π and F ¼ 1=2 [see (6.33)] is twice as large as its
absolute value at θ ¼ π in the limit F → 1=2 [see (6.24)].
The case of an infinitely thin vortex is an idealization that is
inappropriate to physics reality, since, as has already been
noted in the Introduction, the transverse size of the vortex,
r0, is of the order of the correlation length. In the case of
r0 > 0, the differences in behavior of the flux at θ ¼ 0 and
at θ ¼ π are comprehensively illustrated by Figs. 2–6.
Whereas the flux at θ ¼ 0 decreases in its absolute value

(a) (b)

FIG. 6. The dimensionless induced flux at θ ¼ π as a function of F: (a) mr0 ¼ 0 (solid lines) and mr0 ¼ 10−1 (dashed lines), and
(b) mr0 ¼ 0 (solid lines) and mr0 ¼ 5 (dashed line).
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with the increase of r0, the flux at θ ¼ π in general
increases at no allowance in its absolute value with the
increase of r0 (although there is a moderate decrease in
vicinities of F ¼ 0 and F ¼ 1 at ν > 2). Such a behavior of
the flux, as that at θ ¼ π, can hardly be regarded as
physical. Quantity r−10 is identified with the energy scale
of spontaneous symmetry breaking, i.e., the mass of the
corresponding Higgs particle. It looks rather unlikely that a
topological defect influences the surrounding quantum
matter with the matter particle mass, m, exceeding the
Higgs particle mass, mcond; the more unlikely is the
unrestricted growth of this influence with the increase of
quotient m=mcond. The influence of a topological defect on
the surrounding quantum matter at mcond > m looks much
more physically plausible. Namely this situation is realized
in the case of quantum scalar matter obeying the Dirichlet
boundary condition at the vortex edge (see [23–26]).
We conclude that, although we have solved the problem

analytically with the use of the most general set of
boundary conditions ensuring the impenetrability of the
vortex core, the analysis of the behavior of the induced
vacuum magnetic flux allows us to restrict the variety of
admissible boundary conditions. The requirement of the
flux to be finite, which is equivalent to the requirement of
invariance under charge conjugation (7.2), restricts the
values of the self-adjoint extension parameter to θ ¼ π

2
∓ π

2
.

The further requirement of physical plausibility of the finite
flux behavior, which is equivalent to the formal require-
ment of continuity in the dependence on θ, yields θ ¼ 0. As
long as the transverse size of the vortex is taken into
account, the induced vacuum effects at θ ¼ 0 are con-
tinuous in F and vanishing at F ¼ 1=2. At this point we
would like to emphasize the crucial distinction between
the cases of massive and massless quantum spinor matter.
The latter case requires an introduction of the maximal
size of the system, rmax. We discover that, for rmax ≫ r0
(in conformance to the reality), the induced vacuum effects

for both θ ¼ 0 and θ ¼ π are physically plausible; more-
over, they coincide, being independent of the transverse
size of the vortex [see (D15) and (D16) in Appendix D].
Because of this distinction, the results in the massless case
are discontinuous at F ¼ 1=2 with a jump, which is
independent of ν [see (D19)]. Note in this respect that
the current and the magnetic field that are induced in the
vacuum of quantum scalar matter under the Dirichlet
boundary condition are continuous in F and vanishing at
F ¼ 1=2 even in the r0 ¼ 0 case (see [43–45]). In contrast
to this, the emergence of a peculiar mode in the solution to
the Dirac equation (see Sec. III) leads to a discontinuity
of the results at F ¼ 1=2. For massive quantum spinor
matter, the discontinuity is present in the r0 ¼ 0 case, but is
eliminated by a choice of the physically motivated boun-
dary condition in the r0 > 0 case. The discontinuity
nonetheless stays on for massless quantum spinor matter.
It would be interesting to perform a similar study for other
characteristics of the vacuum, for instance, for the induced
vacuum energy-momentum tensor.
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APPENDIX A: CONTRIBUTION OF
NONPECULIAR MODES TO THE CURRENT

Using relations (see, e.g., [46])

JρðizÞ ¼ eiρπ=2IρðzÞ; YρðizÞ ¼ ieiρπ=2IρðzÞ −
2

π
e−iρπ=2KρðzÞ; −π < arg z ≤ π=2;

Iρð−zÞ ¼ eiρπIρðzÞ; Kρð−zÞ ¼ e−iρπKρðzÞ − iπIρðzÞ; −π < arg z < 0;

one can obtain

JρðkrÞJρ−1ðkrÞ ¼
1

2π
½Iρð−ikrÞKρ−1ð−ikrÞ − Iρ−1ð−ikrÞKρð−ikrÞ

þIρðikrÞKρ−1ðikrÞ − Iρ−1ðikrÞKρðikrÞ�; ðA1Þ

JρðkrÞYρ−1ðkrÞ þ YρðkrÞJρ−1ðkrÞ ¼ −
2

π2
½e−iρπKρð−ikrÞKρ−1ð−ikrÞ þ eiρπKρðikrÞKρ−1ðikrÞ�; ðA2Þ

YρðkrÞYρ−1ðkrÞ − JρðkrÞJρ−1ðkrÞ ¼
2i
π2

½e−iρπKρð−ikrÞKρ−1ð−ikrÞ − eiρπKρðikrÞKρ−1ðikrÞ�: ðA3Þ

With the help of these relations, jð1Þφ (5.2) and jð2Þφ (5.3) are presented as
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jð1Þφ ðrÞ ¼ −
r

ð2πÞ2
Z

∞

−∞

dkk2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
X∞
l¼1

½Iνlþ1−Gð−ikrÞKνl−Gð−ikrÞ − Iνl−Gð−ikrÞKνlþ1−Gð−ikrÞ

− IνlþGð−ikrÞKνl−1þGð−ikrÞ þ Iνl−1þGð−ikrÞKνlþGð−ikrÞ� ðA4Þ
and

jð2Þφ ðrÞ ¼
X
sgnðEÞ

X∞
l¼1

ðλð∧Þνlþ1−GðrÞ − λð∨ÞνlþGðrÞÞ; ðA5Þ

where

λð∧=∨Þρ ðrÞ ¼ −
r

2π2

Z
∞

−∞

dkk2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
�
cos2ðμð∧=∨Þρ Þ ð−ikÞ

2ρ−1

ð
ffiffiffiffiffi
k2

p
Þ2ρ−1

−
1

2
sinð2μð∧=∨Þρ Þ ð−ikÞ

2ρ

ð
ffiffiffiffiffi
k2

p
Þ2ρ
�
Kρð−ikrÞKρ−1ð−ikrÞ ðA6Þ

and it is implied that μð∧Þρ and μð∨Þρ , determined by relations
(4.9) and (4.10), depend on

ffiffiffiffiffi
k2

p
instead of k. The integral

over real k can be transformed into the integral over a
contour circumventing anticlockwise the positive imagi-
nary semiaxis in the complex k plane. It is evident in the

case of jð1Þφ that the latter contour is reduced to a contour
circumventing a part of the positive imaginary semiaxis
(see Fig. 7). As a result, we get

jð1Þφ ðrÞ ¼ r
2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p X∞
l¼1

½Iνlþ1−GðqrÞKνl−GðqrÞ

− Iνl−GðqrÞKνlþ1−GðqrÞ − IνlþGðqrÞKνl−1þGðqrÞ
þ Iνl−1þGðqrÞKνlþGðqrÞ�; ðA7Þ

which can be decomposed as

jð1Þφ ðrÞ ¼ jð1;1Þφ ðrÞ þ jð1;2Þφ ðrÞ − r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p
×

�
sinðGπÞ

π
KGðqrÞK1−GðqrÞ

þ 1

2
½I1−GðqrÞKGðqrÞ − IGðqrÞK1−GðqrÞ�

�
;

ðA8Þ

where

jð1;1Þφ ðrÞ¼ 1

2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2−m2

p d
dq

X
n∈Z

Ijνn−GjðqrÞKνn−GðqrÞ

¼ 1

ð2πÞ2
Z

∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2−m2

p
×

d
dq

Z
∞

0

dy
y
exp

�
−
q2r2

2y
−y

�X
n∈Z

Ijνn−GjðyÞ ðA9Þ

and

jð1;2Þφ ðrÞ ¼ −
1

π2

Z
∞

m

dqqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p
×
X
n∈Z

ðνn − GÞIjνn−GjðqrÞKνn−GðqrÞ

¼ −
1

2π2

Z
∞

m

dqqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p Z
∞

0

dy
y
exp

�
−
q2r2

2y
− y

�

×
X
n∈Z

ðνn − GÞIjνn−GjðyÞ: ðA10Þ

Using the Schläfli contour integral representation,

IρðyÞ ¼
1

2πi

Z
Cþ

dzey cosh z−ρz ¼ −
1

2πi

Z
C−

dzey cosh zþρz;

we obtain

X
n∈Z

Ijνn−GjðyÞ ¼
1

2πi

�Z
Cþ

dzey cosh z−Gz
1

1 − e−νz

−
Z
C−

dzey cosh z−Gz
eνz

1 − eνz

�

¼ 1

4πi

Z
C0

dzey cosh z
cosh½ðG − ν

2
Þz�

sinhðνz=2Þ þ ey

ν
;

ðA11Þ

im

k

FIG. 7. The integral over real k in (A4) is transformed into the
integral over a contour in the complex k plane.
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where contours Cþ, C−, and C0 in the complex z plane are shown in Fig. 8. The vertical segments of contours Cþ, C−, and
C0 are infinitesimally close to the imaginary axis, not coinciding with it in order to avoid simple poles of the integrand at
z ¼ 0 and z ¼ �2ipπ=ν (p is the positive integer, 1 ≤ p ≤ ½jν=2j�). Contour C0 circumvents poles out of the origin
(existing at ν ≥ 2), whereas the contribution of the pole at the origin (existing at ν ≠ 0) is explicitly separated in (A11).
Substituting (A11) into (A9), we change integration variable y → v ¼ yðqrÞ−2 and take a derivative,

jð1;1Þφ ðrÞ ¼ r2

2π2

Z
∞

m

dqq3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p Z
∞

0

dv
1

2πi

Z
C0

dz exp
�
−

1

2v
þ 2vq2r2sinh2ðz=2Þ

�
sinh2ðz=2Þ cosh ½ðG − ν

2
Þz�

sinhðνz=2Þ : ðA12Þ

Integrating over q and v, we get

jð1;1Þφ ðrÞ ¼ −
m
8π

1

2πi

Z
C0

dz

�
1þ 1

2mr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

p �
exp
h
−2mr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

q i cosh½ðG − ν
2
Þz�

sinhðνz=2Þ

¼ m
ð2πÞ2

�Z
∞

0

du

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ sinðGπÞ cosh½ðG − νÞu� − sin½ðG − νÞπ� coshðGuÞ

coshðνuÞ − cosðνπÞ

−
2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
e−2mr sinðpπ=νÞ cosð2Gpπ=νÞ þ π

ν

�
1þ 1

2mr

�
e−2mr cosðGπÞδν;2N

�
; ðA13Þ

where the finite sum over integer p and the last term with the Kronecker δ symbol (N is the positive integer) are due to a
contribution of simple poles on the imaginary axis out of the origin.
In a similar way we calculate the sum in (A10):

X
n∈Z

ðνn −GÞIjνn−GjðyÞ ¼
y
2

�X∞
l¼1

½Iνl−1−GðyÞ − Iνlþ1−GðyÞ�þ
X∞
l¼0

½Iνlþ1þGðyÞ − Iνl−1þGðyÞ�
�

¼ y
4πi

Z
C0

dzey cosh z sinhðzÞ sinh ½ðG − ν
2
Þz�

sinhðνz=2Þ : ðA14Þ

Substituting (A14) into (A10) and integrating over q and y, we get

jð1;2Þφ ðrÞ ¼ m
8π

1

2πi

Z
C0

dz

�
1þ 1

2mr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

p �
exp

h
−2mr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

q i cothðz=2Þ sinh ½ðG− ν
2
Þz�

sinhðνz=2Þ

¼ −
m

ð2πÞ2
�Z

∞

0

du

�
1þ 1

2mrcoshðu=2Þ
�
e−2mr coshðu=2Þ tanhðu=2Þ sinðGπÞ sinh ½ðG− νÞu�− sin½ðG− νÞπ� sinhðGuÞ

coshðνuÞ− cosðνπÞ

−
2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
e−2mr sinðpπ=νÞ cotðpπ=νÞ sinð2Gpπ=νÞ

�
: ðA15Þ

CC

i

i

C0

i

...

...

...

...

i

(a) (b)

FIG. 8. Complex z plane with simple poles indicated by crosses: (a) contours Cþ and C−, and (b) contour C0.
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As a result, we obtain the following expression for jð1Þφ (A7):

jð1Þφ ðrÞ ¼ m
ð2πÞ2

�Z
∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
sinðGπÞ cosh ½ðG − ν − 1

2
Þu� − sin½ðG − νÞπ� cosh ½ðG − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
exp½−2mr sinðpπ=νÞ� sin½ð2G − 1Þpπ=ν�

sinðpπ=νÞ þ π

ν

�
1þ 1

2mr

�
e−2mr cosðGπÞδν;2N

�

−
r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p �
sinðGπÞ

π
KGðqrÞK1−GðqrÞ þ

1

2
½I1−GðqrÞKGðqrÞ − IGðqrÞK1−GðqrÞ�

�
: ðA16Þ

Note that jð1Þφ [see (5.2) or (A7)] changes sign under substitution G → 1 −G. In view of this one gets

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p KGðqrÞK1−GðqrÞ ¼
πm
4r

Z
∞

0

du
coshðu=2Þ cosh

��
G −

1

2

�
u

��
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ: ðA17Þ

Defining

jð1;3Þφ ðrÞ ¼ −
m
8π

1

2πi

Z
C0

dz

�
1þ 1

2mr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

p �
exp

h
−2mr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−sinh2ðz=2Þ

q i

×
cosh ½ðG − 1

2
Þz�

sinhðz=2Þ ¼ m sinðGπÞ
ð2πÞ2

Z
∞

0

du
coshðu=2Þ cosh

��
G −

1

2

�
u

��
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ; ðA18Þ

we can present (A16) as

jð1Þφ ðrÞ ¼ jð1;1Þφ ðrÞ þ jð1;2Þφ ðrÞ − jð1;3Þφ ðrÞ − r
2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p ½I1−GðqrÞKGðqrÞ − IGðqrÞK1−GðqrÞ� ðA19Þ

with jð1;1Þφ , jð1;2Þφ , and jð1;3Þφ given by (A13), (A15), and (A18), respectively. Using the latter relation, we finally
obtain (5.5).

Turning now to jð2Þφ (A5), we obtain by deforming the integration contour to circumvent the positive imaginary semiaxis
in the complex k plane

λð∧=∨Þρ ðrÞ ¼ −
r

2π3

�Z
m

0

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − q2

p �
eiρπcos2ðμð∧=∨Þρ;þ Þ þ e−iρπcos2ðμð∧=∨Þρ;− Þ

−
i
2
eiρπ sinð2μð∧=∨Þρ;þ Þ þ i

2
e−iρπ sinð2μð∧=∨Þρ;− Þ

�
KρðqrÞKρ−1ðqrÞ þ

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p �
ieiρπcos2ðμð∧=∨Þρ;þ Þ

− ie−iρπcos2ðμð∧=∨Þρ;− Þ þ 1

2
eiρπ sinð2μð∧=∨Þρ;þ Þ þ 1

2
e−iρπ sinð2μð∧=∨Þρ;− Þ

�
KρðqrÞKρ−1ðqrÞ

�
; ðA20Þ

where μð∧=∨Þρ;þ and μð∧=∨Þρ;− are determined by relations

tanðμð∧Þρ;�Þ ¼
�
cos

�
θ

2
þ π

4

�
q

�
2

π
e�iρπKρ−1ðqr0Þ ∓ iIρ−1ðqr0Þ

�
þ sin

�
θ

2
þ π

4

�
ðm − ΔÞ

�
2

π
e�iρπKρðqr0Þ � iIρðqr0Þ

��

×

�
− cos

�
θ

2
þ π

4

�
qIρ−1ðqr0Þ þ sin

�
θ

2
þ π

4

�
ðm − ΔÞIρðqr0Þ

�
−1
; ðA21Þ
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tanðμð∨Þρ;�Þ ¼
�
cos

�
θ

2
þ π

4

�
ðmþ ΔÞ

�
2

π
e�iρπKρðqr0Þ � iIρðqr0Þ

�

þ sin

�
θ

2
þ π

4

�
q

�
2

π
e�iρπKρ−1ðqr0Þ ∓ iIρ−1ðqr0Þ

��

×

�
cos

�
θ

2
þ π

4

�
ðmþ ΔÞIρðqr0Þ − sin

�
θ

2
þ π

4

�
qIρ−1ðqr0Þ

�
−1
; ðA22Þ

and

Δ ¼
(
sgnðEÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − q2

p
; q < m;

∓ i sgnðEÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p
; q > m:

ðA23Þ

In view of relation

X
�
e�iρπ

�
cos2ðμð∧=∨Þρ;� Þ ∓ i

2
sinð2μð∧=∨Þρ;� Þ

�
¼ 0; ðA24Þ

the first integral in (A20) vanishes, and, as in the case of jð1Þφ , only the integral over a contour depicted on Fig. 7 contributes;
namely the latter is given by the second integral in (A20). In view of relation

X
sgnðEÞ

X
�

e�iρπ

�
�i cos2ðμð∧=∨Þρ;� Þ þ 1

2
sinð2μð∧=∨Þρ;� Þ

�
¼ 2πCð∧=∨Þ

ρ ðqr0Þ; ðA25Þ

where Cð∧Þ
ρ ðvÞ and Cð∨Þ

ρ ðvÞ are given by (5.7) and (5.8), we get

X
sgnðEÞ

λð∧=∨Þρ ðrÞ ¼ −
r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p Cð∧=∨Þ
ρ ðqr0ÞKρðqrÞKρ−1ðqrÞ: ðA26Þ

As a consequence of (A5) and (A26), we obtain (5.6).

APPENDIX B: CONTRIBUTION OF PECULIAR MODES TO THE CURRENT

Similar to that in the beginning of Appendix A, one can obtain

JGðkrÞJ1−GðkrÞ − J−GðkrÞJ−1þGðkrÞ ¼ −
1

2π
f½eiGπIGð−ikrÞ þ e−iGπI−Gð−ikrÞ�K1−Gð−ikrÞ

− ½e−iGπI1−Gð−ikrÞ þ eiGπI−1þGð−ikrÞ�KGð−ikrÞ
þ ½e−iGπIGðikrÞ þ eiGπI−GðikrÞ�K1−GðikrÞ
− ½eiGπI1−GðikrÞ þ e−iGπI−1þGðikrÞ�KGðikrÞg: ðB1Þ

With the help of (A1) and (B1), jð3Þφ (5.4) is presented as
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jð3Þφ ðrÞ ¼ −
r

2ð2πÞ2
Z

∞

−∞

dkk2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
X
sgnðEÞ

½tanðμ1−GÞ þ 2 cosðGπÞ þ cotðμ1−GÞ�−1

×

�
tanðμ1−GÞ½I1−Gð−ikrÞKGð−ikrÞ − I−Gð−ikrÞK1−Gð−ikrÞ�

þ
� ð−ikÞ2G
ð
ffiffiffiffiffi
k2

p
Þ2G

I1−Gð−ikrÞ þ
ð
ffiffiffiffiffi
k2

p
Þ2G

ð−ikÞ2G I−1þGð−ikrÞ
�
KGð−ikrÞ −

�ð ffiffiffiffiffi
k2

p
Þ2G

ð−ikÞ2G IGð−ikrÞ þ
ð−ikÞ2G
ð
ffiffiffiffiffi
k2

p
Þ2G

I−Gð−ikrÞ
�

× K1−Gð−ikrÞ− cotðμ1−GÞ½IGð−ikrÞK1−Gð−ikrÞ − I−1þGð−ikrÞKGð−ikrÞ�
�

þ κ2

4πr0

½1 − sgnðcos θÞ�sgn½tan ðθ
2
þ π

4
Þ þ KGðκr0Þ

K1−Gðκr0Þ�
mKGðκr0ÞK1−Gðκr0Þ þ EBSfκr0½K2

1−Gðκr0Þ − K2
Gðκr0Þ� þ ð2G − 1ÞKGðκr0ÞK1−Gðκr0Þg

; ðB2Þ

and it is implied that μ1−G, as determined by (4.11), depends on
ffiffiffiffiffi
k2

p
instead of k. The integral over real k can be transformed

into the integral over a contour circumventing anticlockwise the positive imaginary semiaxis in the complex k plane. The
latter contour is reduced to a contour consisting of two parts: one encircling a simple pole emerging at cos θ < 0 and another
one circumventing a part of the positive imaginary semiaxis (see Fig. 9). The contribution of the pole cancels out the last
term in (B2), and for the remaining part we get

jð3Þφ ðrÞ ¼ r
ð2πÞ2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p X
sgnðEÞ

X
�

½tanðμ1−G;�Þ þ 2 cosðGπÞ þ cotðμ1−G;�Þ�−1

× f½tanðμ1−G;�Þ þ e�iGπ�½I1−GðqrÞKGðqrÞ − I−GðqrÞK1−GðqrÞ�
− ½cotðμ1−G;�Þ þ e∓iGπ�½IGðqrÞK1−GðqrÞ − I−1þGðqrÞKGðqrÞ�g

¼ r
2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p �
I1−GðqrÞKGðqrÞ − IGðqrÞK1−GðqrÞ

−
sinðGπÞ

2π
KGðqrÞK1−GðqrÞ

X
sgnðEÞ

X
�

tanðμ1−G;�Þ � 2i sinðGπÞ − cotðμ1−G;�Þ
tanðμ1−G;�Þ þ 2 cosðGπÞ þ cotðμ1−G;�Þ

�
; ðB3Þ

where

tanðμ1−G;�Þ ¼ e∓iGπ cos ðθ
2
þ π

4
ÞqIGðqr0Þ − sin ðθ

2
þ π

4
Þðm� i sgnðEÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p
ÞI−1þGðqr0Þ

− cos ðθ
2
þ π

4
ÞqI−Gðqr0Þ þ sin ðθ

2
þ π

4
Þðm� i sgnðEÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p
ÞI1−Gðqr0Þ

: ðB4Þ

The sum in (B3) is reduced to the form

X
sgnðEÞ

X
�

tanðμ1−G;�Þ � 2i sinðGπÞ − cotðμ1−G;�Þ
tanðμ1−G;�Þ þ 2 cosðGπÞ þ cotðμ1−G;�Þ

¼
X
�

�
e∓iGπðh� − 1Þ − e�iGπðh−1� − 1Þ
e∓iGπðh� þ 1Þ þ e�iGπðh−1� þ 1Þ þ

e∓iGπðh∓ − 1Þ − e�iGπðh−1∓ − 1Þ
e∓iGπðh∓ þ 1Þ þ e�iGπðh−1∓ þ 1Þ

�

¼ 4ðhþh− − 1Þ
hþh− þ hþ þ h− þ 1

; ðB5Þ

where

h� ¼ cos ðθ
2
þ π

4
ÞqIGðqr0Þ − sin ðθ

2
þ π

4
Þðm� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p
ÞI−1þGðqr0Þ

− cos ðθ
2
þ π

4
ÞqI−Gðqr0Þ þ sin ðθ

2
þ π

4
Þðm� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p
ÞI1−Gðqr0Þ

: ðB6Þ

It is straightforward to get
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4ðhþh− − 1Þ
hþh− þ hþ þ h− þ 1

¼ 4π

sinðGπÞC1−Gðqr0Þ; ðB7Þ

where C1−GðvÞ is given by (5.10). Substituting (B7) into
(B3), we obtain (5.9).

APPENDIX C: CASE OF THE INFINITELY
THIN VORTEX

We present here the results for the case of the infinitely
thin ANO vortex (i.e., r0 ¼ 0).
In the case of ν > 1 and 0 < F < 1

2
ð1 − 1

νÞ, partial
Hamiltonians with all n are essentially self-adjoint [defi-
ciency indices equal (0,0)], and the modes are given by

(3.3) with μð∧Þρ ¼ μð∨Þρ ¼ π=2. We obtain

jφðrÞ ¼ −
m

ð2πÞ2
�Z

∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
cos ½νðF − 1

2
Þπ� cosh ½νðF þ 1

2
Þu� − cos½νðF þ 1

2
ÞπÞ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ −
2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�

× exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sinðpπ=νÞ þ π

2N
ð−1ÞN sin ð2NFπÞ

�
1þ 1

2mr

�
e−2mrδν;2N

�
; ðC1Þ

BIðrÞ ¼ −
νe

2ð2πÞ2
1

r

�Z
∞

0

du
cosh2ðu=2Þ e

−2mr coshðu=2Þ cos ½νðF − 1
2
Þπ� cosh ½νðF þ 1

2
Þu� − cos½νðF þ 1

2
ÞπÞ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
2π

ν

X½jν=2j�
p¼1

exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ þ π

2N
ð−1ÞN sin ð2NFπÞe−2mrδν;2N

�
; ðC2Þ

and

ΦI ¼ −
e
6m

F

�
1

4
ðν2 þ 3Þ − ν2F2

�
: ðC3Þ

In the case of ν > 1 and 1
2
ð1þ 1

νÞ < F < 1, partial Hamiltonians with all n are essentially self-adjoint as well, and the

modes are given by (3.4) with μð∧Þρ ¼ μð∨Þρ ¼ π=2. We obtain

jφðrÞ ¼
m

ð2πÞ2
�Z

∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
cos ½νðF − 1

2
Þπ� cosh ½νðF − 3

2
Þu� − cos½νðF − 3

2
ÞπÞ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ þ 2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�

× exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sinðpπ=νÞ −

π

2N
ð−1ÞN sin ð2NFπÞ

�
1þ 1

2mr

�
e−2mrδν;2N

�
; ðC4Þ

BIðrÞ ¼
νe

2ð2πÞ2
1

r

�Z
∞

0

du
cosh2ðu=2Þ e

−2mr coshðu=2Þ cos ½νðF − 1
2
Þπ� cosh ½νðF − 3

2
Þu� − cos½νðF − 3

2
ÞπÞ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 2π

ν

X½jν=2j�
p¼1

exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

π

2N
ð−1ÞN sin ð2NFπÞe−2mrδν;2N

�
; ðC5Þ

im

k

i

FIG. 9. The integral over real k in (B2) is transformed into the
integral over a contour in the complex k plane.
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and

ΦI ¼
e
6m

ð1 − FÞ
�
1

4
ðν2 þ 3Þ − ν2ð1 − FÞ2

�
: ðC6Þ

In the case of ν ≥ 1 and 1
2
ð1 − 1

νÞ < F < 1
2
ð1þ 1

νÞ ð0 < G < 1Þ, as well as in the case of 1
2
≤ ν < 1 and 1

2
ð1ν − 1Þ <

F < 1
2
ð3 − 1

νÞ ð1 − ν < G < νÞ, the deficiency index for a partial Hamiltonian with n ¼ nc equals (2.1), and the one-
parametric family of self-adjoint extensions is introduced via condition (3.11). The modes corresponding to the continuous

spectrum ðjEj > mÞ are given by (3.6) with μð∧Þρ ¼ μð∨Þρ ¼ π=2 and (3.5) with μ1−G determined from relation

tanðμ1−GÞ ¼ sgnðEÞ ð1 −m=EÞGΓð1 −GÞ
ð1þm=EÞ1−GΓðGÞ 21−2G tan

�
Θ
2
þ π

4

�
: ðC7Þ

In addition, there is a bound state at cosΘ < 0 with the mode given by (3.15) and the energy ðjEBSj < mÞ determined from
relation (3.16). We obtain

jφðrÞ ¼ −
m

ð2πÞ2
�Z

∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
cos½νðF − 1

2
Þπ� sinhðνuÞ sinh½νðF − 1

2
Þu� þ sin½νðF − 1

2
Þπ� sinðνπÞ cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�

sinðpπ=νÞ

þ π

2N
ð−1ÞN sinð2NFπÞ

�
1þ 1

2mr

�
e−2mrδν;2N

�

−
r
π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p C

�
q
m

�
K1

2
þνðF−1

2
ÞðqrÞK1

2
−νðF−1

2
ÞðqrÞ; ðC8Þ

BIðrÞ ¼ −
νe

2ð2πÞ2
1

r

�Z
∞

0

du
cosh2ðu=2Þ e

−2mr coshðu=2Þ

×
cos½νðF − 1

2
Þπ� sinhðνuÞ sinh½νðF − 1

2
Þu� þ sin½νðF − 1

2
Þπ� sinðνπÞ cosh½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

−
2π

ν

X½jν=2j�
p¼1

exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ þ π

2N
ð−1ÞN sinð2NFπÞe−2mrδν;2N

�

−
νe
π2

Z
∞

r
dr0
Z

∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p C

�
q
m

�
K1

2
þνðF−1

2
Þðqr0ÞK1

2
−νðF−1

2
Þðqr0Þ; ðC9Þ

and

ΦI ¼
e
2m

�
1

6
ðν2 − 1Þ

�
F −

1

2

�
−
�
1

π

Z
∞

1

dt

t
ffiffiffiffiffiffiffiffiffiffiffiffi
t2 − 1

p CðtÞ þ 1

3

�
F −

1

2

���
1

4
− ν2

�
F −

1

2

�
2
��

; ðC10Þ

where

CðtÞ ¼ 1

π
cos

�
ν

�
F −

1

2

�
π

� ðt
2
Þνð2F−1Þ Γ½12−νðF−1

2
Þ�

Γ½1
2
þνðF−1

2
Þ� tan ðΘ2 þ π

4
Þ − ðt

2
Þ−νð2F−1Þ Γ½12þνðF−1

2
Þ�

Γ½1
2
−νðF−1

2
Þ� cot ðΘ2 þ π

4
Þ

ðt
2
Þνð2F−1Þ Γ½12−νðF−1

2
Þ�

Γ½1
2
þνðF−1

2
Þ� tan ðΘ2 þ π

4
Þ þ 2

t þ ðt
2
Þ−νð2F−1Þ Γ½12þνðF−1

2
Þ�

Γ½1
2
−νðF−1

2
Þ� cot ðΘ2 þ π

4
Þ
: ðC11Þ

Under the condition of minimal irregularity [see (4.16)], we obtain
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jφðrÞjF≠1
2
¼ m

ð2πÞ2
�
sgn

�
F −

1

2

�Z
∞

0

du
coshðu=2Þ

�
1þ 1

2mr coshðu=2Þ
�
e−2mr coshðu=2Þ

×
cos ½νðF − 1

2
Þπ� cosh ½νðjF − 1

2
j − 1Þu� − cos ½νðjF − 1

2
j − 1Þπ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 2π

ν

X½jν=2j�
p¼1

�
1þ 1

2mr sinðpπ=νÞ
�
exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�

sinðpπ=νÞ

−
π

2N
ð−1ÞN sin ð2NFπÞ

�
1þ 1

2mr

�
e−2mrδν;2N

�
; ðC12Þ

jφðrÞjF¼1
2
¼ −

sin θ
2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p e−2qr

qþm cos θ
; ðC13Þ

BIðrÞjF≠1
2
¼ νe

2ð2πÞ2
1

r

�
sgn

�
F −

1

2

�Z
∞

0

du
cosh2ðu=2Þ e

−2mr coshðu=2Þ

×
cos ½νðF − 1

2
Þπ� cosh ½νðjF − 1

2
j − 1Þu� − cos ½νðjF − 1

2
j − 1Þπ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ

þ 2π

ν

X½jν=2j�
p¼1

exp½−2mr sinðpπ=νÞ� sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

π

2N
ð−1ÞN sin ð2NFπÞe−2mrδν;2N

�
; ðC14Þ

BIðrÞjF¼1
2
¼ −

νe sin θ
2π2

Z
∞

m

dqq2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 −m2

p Γð0; 2qrÞ
qþm cos θ

; ðC15Þ

ΦIjF≠1
2
¼ −

e
6m

�
F −

1

2
−
1

2
sgn

�
F −

1

2

���
3

4
− ν2

�
1

4
−
				F −

1

2

				 − Fð1 − FÞ
��

; ðC16Þ

and

ΦIjF¼1
2
¼ −

e
4πm

arctan

�
tan

θ

2

�
: ðC17Þ

APPENDIX D: CASE OF MASSLESS QUANTUM SPINOR MATTER

We present here the results for the case of massless quantum spinor matter in the background of the ANO vortex of
nonzero transverse size.
In the case of ν ≥ 1 and 1

2
ð1 − 1

νÞ < F < 1
2
ð1þ 1

νÞ or 1
2
≤ ν < 1 and 1

2
ð1ν − 1Þ < F < 1

2
ð3 − 1

νÞ, we obtain

jφðrÞjF<1
2
;θ≠−π

2
¼ 1

2ð2πÞ2
1

r

�
2π

ν

X½jν=2j�
p¼1

sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

π

2N
ð−1ÞN sinð2NFπÞδν;2N −

Z
∞

0

du
cosh2ðu=2Þ

×
cos ½νðF − 1

2
Þπ� cosh ½νðF þ 1

2
Þu� − cos½νðF þ 1

2
ÞπÞ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ
�

−
r
π2

Z
∞

0

dqq

�X∞
l¼0

Cð∧Þ
νðl−Fþ1

2
Þþ1

2

ðqr0Þj
m¼0

Kνðl−Fþ1
2
Þþ1

2
ðqrÞKνðl−Fþ1

2
Þ−1

2
ðqrÞ

−
X∞
l¼1

Cð∨Þ
νðlþF−1

2
Þþ1

2

ðqr0Þj
m¼0

KνðlþF−1
2
Þþ1

2
ðqrÞKνðlþF−1

2
Þ−1

2
ðqrÞ

�
; ðD1Þ
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jφðrÞjF>1
2
;θ≠π

2
¼ 1

2ð2πÞ2
1

r

�
2π

ν

X½jν=2j�
p¼1

sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

π

2N
ð−1ÞN sinð2NFπÞδν;2N þ

Z
∞

0

du
cosh2ðu=2Þ

×
cos ½νðF − 1

2
Þπ� cosh ½νðF − 3

2
Þu� − cos½νðF − 3

2
ÞπÞ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ
�

−
r
π2

Z
∞

0

dqq
�X∞
l¼1

Cð∧Þ
νðl−Fþ1

2
Þþ1

2

ðqr0Þj
m¼0

Kνðl−Fþ1
2
Þþ1

2
ðqrÞKνðl−Fþ1

2
Þ−1

2
ðqrÞ

−
X∞
l¼0

Cð∨Þ
νðlþF−1

2
Þþ1

2

ðqr0Þj
m¼0

KνðlþF−1
2
Þþ1

2
ðqrÞKνðlþF−1

2
Þ−1

2
ðqrÞ

�
; ðD2Þ

jφðrÞjF≠1
2
;θ¼�π

2
¼ 1

2ð2πÞ2
1

r

�
2π

ν

X½jν=2j�
p¼1

sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

π

2N
ð−1ÞN sinð2NFπÞδν;2N ∓

Z
∞

0

du
cosh2ðu=2Þ

×
cos ½νðF − 1

2
Þπ� cosh ½νðF − 1

2
� 1Þu� − cos½νðF − 1

2
� 1ÞπÞ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ
�

∓ r
π2

Z
∞

0

dqq
� I1

2
∓νðF−1

2
Þðqr0Þ

K1
2
∓νðF−1

2
Þðqr0Þ

K1
2
þνðF−1

2
ÞðqrÞK1

2
−νðF−1

2
ÞðqrÞ

þ
X∞
l¼1

� Iνðl−Fþ1
2
Þ�1

2
ðqr0Þ

Kνðl−Fþ1
2
Þ�1

2
ðqr0Þ

Kνðl−Fþ1
2
Þþ1

2
ðqrÞKνðl−Fþ1

2
Þ−1

2
ðqrÞ

þ
IνðlþF−1

2
Þ∓1

2
ðqr0Þ

KνðlþF−1
2
Þ∓1

2
ðqr0Þ

KνðlþF−1
2
Þþ1

2
ðqrÞKνðlþF−1

2
Þ−1

2
ðqrÞ

��
; ðD3Þ

and

jφðrÞjF¼1
2
¼ −

sin θ
ð2πÞ2

�
1

r − r0
þ 8r

Z
∞

0

dqq
X∞
l¼1

C̃νlþ1
2
ðqr0Þjm¼0

Kνlþ1
2
ðqrÞKνl−1

2
ðqrÞ

�
: ðD4Þ

It should be noted that the current is invariant under transformation θ → π − θ. Thus the current is continuous in θ, and its
values at θ ¼ 0 and θ ¼ π coincide, in particular,

jφðrÞjF¼1
2
;θ¼0

¼ jφðrÞjF¼1
2
;θ¼π ¼ 0: ðD5Þ

Since a piece of jφðrÞ is proportional to r−1, the corresponding piece of BIðrÞ is also proportional to r−1. Consequently, flux
ΦI [see (2.22)] is given by an integral that is linearly divergent at r → ∞. Therefore, we have no choice but to introduce
cutoff rmax > r and the restricted flux,

ΦIðrmaxÞ ¼
2π

ν

Z
rmax

r0

drrBIðrÞ; ðD6Þ

where, as a consequence of (D1)–(D4),
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BIðrÞjF<1
2
;θ≠−π

2
¼ νe

2ð2πÞ2
�
1

r
−
1

rmax

��
2π

ν

X½jν=2j�
p¼1

sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

π

2N
ð−1ÞN sinð2NFπÞδν;2N −

Z
∞

0

du
cosh2ðu=2Þ

×
cos ½νðF − 1

2
Þπ� cosh ½νðF þ 1

2
Þu� − cos½νðF þ 1

2
ÞπÞ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ
�

−
νe
π2

Z
rmax

r
dr0
Z

∞

0

dqq
�X∞
l¼0

Cð∧Þ
νðl−Fþ1

2
Þþ1

2

ðqr0Þj
m¼0

Kνðl−Fþ1
2
Þþ1

2
ðqr0ÞKνðl−Fþ1

2
Þ−1

2
ðqr0Þ

−
X∞
l¼1

Cð∨Þ
νðlþF−1

2
Þþ1

2

ðqr0Þj
m¼0

KνðlþF−1
2
Þþ1

2
ðqr0ÞKνðlþF−1

2
Þ−1

2
ðqr0Þ

�
; ðD7Þ

BIðrÞjF>1
2
;θ≠π

2
¼ νe

2ð2πÞ2
�
1

r
−
1

rmax

��
2π

ν

X½jν=2j�
p¼1

sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

π

2N
ð−1ÞN sinð2NFπÞδν;2N þ

Z
∞

0

du
cosh2ðu=2Þ

×
cos ½νðF − 1

2
Þπ� cosh ½νðF − 3

2
Þu� − cos½νðF − 3

2
ÞπÞ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ
�

−
νe
π2

Z
rmax

r
dr0
Z

∞

0

dqq

�X∞
l¼1

Cð∧Þ
νðl−Fþ1

2
Þþ1

2

ðqr0Þj
m¼0

Kνðl−Fþ1
2
Þþ1

2
ðqr0ÞKνðl−Fþ1

2
Þ−1

2
ðqr0Þ

−
X∞
l¼0

Cð∨Þ
νðlþF−1

2
Þþ1

2

ðqr0Þj
m¼0

KνðlþF−1
2
Þþ1

2
ðqr0ÞKνðlþF−1

2
Þ−1

2
ðqr0Þ

�
; ðD8Þ

BIðrÞjF≠1
2
;θ¼�π

2
¼ νe

2ð2πÞ2
�
1

r
−
1

rmax

��
2π

ν

X½jν=2j�
p¼1

sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

π

2N
ð−1ÞN sinð2NFπÞδν;2N ∓

Z
∞

0

du
cosh2ðu=2Þ

×
cos ½νðF − 1

2
Þπ� cosh ½νðF − 1

2
� 1Þu� − cos½νðF − 1

2
� 1ÞπÞ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ
�

∓ νe
π2

Z
rmax

r
dr0
Z

∞

0

dqq
� I1

2
∓νðF−1

2
Þðqr0Þ

K1
2
∓νðF−1

2
Þðqr0Þ

K1
2
þνðF−1

2
Þðqr0ÞK1

2
−νðF−1

2
Þðqr0Þ

þ
X∞
l¼1

� Iνðl−Fþ1
2
Þ�1

2
ðqr0Þ

Kνðl−Fþ1
2
Þ�1

2
ðqr0Þ

Kνðl−Fþ1
2
Þþ1

2
ðqr0ÞKνðl−Fþ1

2
Þ−1

2
ðqr0Þ

þ
IνðlþF−1

2
Þ∓1

2
ðqr0Þ

KνðlþF−1
2
Þ∓1

2
ðqr0Þ

KνðlþF−1
2
Þþ1

2
ðqr0ÞKνðlþF−1

2
Þ−1

2
ðqr0Þ

��
; ðD9Þ

and

BIðrÞjF¼1
2
¼ νe sin θ

ð2πÞ2
�
1

r0
ln

�
1 −

r0
r

�
−

1

r0
ln

�
1 −

r0
rmax

�

−8
Z

rmax

r
dr0
Z

∞

0

dqq
X∞
l¼1

C̃νlþ1
2
ðqr0Þjm¼0

Kνlþ1
2
ðqr0ÞKνl−1

2
ðqr0Þ

�
: ðD10Þ

In the case of ν > 1 and 0 < F < 1
2
ð1 − νÞ, jφðrÞ is

given by the right-hand side of (D1) and BIðrÞ is given by
the right-hand side of (D7). In the case of ν > 1 and
1
2
ð1þ νÞ < F < 1, jφðrÞ is given by the right-hand side of

(D2) and BIðrÞ is given by the right-hand side of (D8).
Turning now to flux ΦIðrmaxÞ (D6), we numerically

calculate quantity

ωðθÞ ¼ lim
r→r0

νrjφðrÞ
�
r − r0
r0

�
2

and compare it in Fig. 10 with the appropriate quantity in
the case of the massive spinor field (see Sec. VI). Note that
ωðθÞ in the massless case is strictly symmetric with respect
to point θ ¼ π=2 (location of the inverted peak in Fig. 10),
whereasωðθÞ in themassive case is not symmetric, although
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this asymmetry is so slight that it is not visible in Figs. 1

and 10. Note also that coefficients Cð∧Þ
ρ ðqr0Þjθ¼�π=2,

Cð∨Þ
ρ ðqr0Þjθ¼�π=2, and C̃ρðqr0Þjθ¼�π=2 in the massive case

coincide with those in the massless case, and the differences
in the values of ωðθÞ are due to different measures of
integration in the massive and massless cases. As follows
from the behavior of ωðθÞ, the induced vacuum magnetic
flux, eitherΦI (2.22) in themassive caseorΦIðrmaxÞ (D6) in the
massless case, is finite at θ ¼ 0 and θ ¼ π only, with
coinciding values at these points in the latter case. Thus
we obtain

ΦIðrmaxÞjθ¼π
2
∓π

2

¼ 0; F ¼ 1=2; ðD11Þ

and

ΦIðrmaxÞ

				
θ¼π

2
∓π

2

¼ e
ðrmax − r0Þ2

rmax

�
1

4ν

X½jν=2j�
p¼1

sin½ð2F− 1Þpπ�
sin2ðpπ=νÞ −

1

16N
ð−1ÞN sinð2NFπÞδν;2N þ sgn

�
F−

1

2

�
1

8π

Z
∞

0

du
cosh2ðu=2Þ

×
cos ½νðF− 1

2
ÞπÞ� cosh ½νðjF− 1

2
j− 1Þu�− cos ½νðjF− 1

2
j− 1Þπ� cosh ½νðF− 1

2
Þu�

coshðνuÞ− cosðνπÞ
�

þ e
2π

r0

Z
∞

0

dv

�
1

2

�
Cð0Þ

1
2
þνðF−1

2
ÞðvÞ−Cð0Þ

1
2
−νðF−1

2
ÞðvÞ þ sgn

�
F−

1

2

��
Cð0Þ

1
2
þνðF−1

2
ÞðvÞ þCð0Þ

1
2
−νðF−1

2
ÞðvÞ

��

×Dð0Þ
1
2
þνjF−1

2
j

�
v;

r0
rmax

�
þ
X∞
l¼1

�
Cð0Þ
νðlþF−1

2
Þþ1

2

ðvÞDð0Þ
νðlþF−1

2
Þþ1

2

�
v;

r0
rmax

�
−Cð0Þ

νðl−Fþ1
2
Þþ1

2

ðvÞDð0Þ
νðl−Fþ1

2
Þþ1

2

�
v;

r0
rmax

���
;

F ≠ 1=2; ðD12Þ

where

Cð0Þ
ρ ðvÞ ¼ ½IρðvÞKρðvÞ − Iρ−1ðvÞKρ−1ðvÞ�½K2

ρðvÞ þ K2
ρ−1ðvÞ�−1 ðD13Þ

and

Dð0Þ
ρ ðv;wÞ ¼ ρK2

ρðvÞ − ðρ − 1ÞKρþ1ðvÞKρ−1ðvÞ þ v

�
KρðvÞ

d
dρ

Kρ−1ðvÞ

−Kρ−1ðvÞ
d
dρ

KρðvÞ
�
− w−2

�
ρK2

ρ

�
v
w

�
− ðρ − 1ÞKρþ1

�
v
w

�
Kρ−1

�
v
w

��

−
v
w

�
Kρ

�
v
w

�
d
dρ

Kρ−1

�
v
w

�
− Kρ−1

�
v
w

�
d
dρ

Kρ

�
v
w

��
: ðD14Þ

Retaining only the terms that are maximally divergent in the limit of rmax → ∞, we get

ΦIðrmaxÞjθ¼π
2
∓π

2

¼ ermax

�
1

4ν

X½jν=2j�
p¼1

sin½ð2F − 1Þpπ�
sin2ðpπ=νÞ −

1

16N
ð−1ÞN sinð2NFπÞδν;2N þ sgn

�
F −

1

2

�
1

8π

Z
∞

0

du
cosh2ðu=2Þ

×
cos ½νðF − 1

2
ÞπÞ� cosh ½νðjF − 1

2
j − 1Þu� − cos ½νðjF − 1

2
j − 1Þπ� cosh ½νðF − 1

2
Þu�

coshðνuÞ − cosðνπÞ
�

þOðer0Þ; F ≠ 1=2: ðD15Þ

FIG. 10. ωðθÞ in the case of the massless spinor field (solid line)
and in the case of the massive spinor field (dashed line).

YURII A. SITENKO and VOLODYMYR M. GORKAVENKO PHYS. REV. D 100, 085011 (2019)

085011-34



274

Thus, we obtain the following relation between current jφðrÞjθ¼π
2
∓π

2
and magnetic field strength BIðrÞjθ¼π

2
∓π

2
in the physically

sensible case of rmax ≫ r0:

νejφðrÞjθ¼π
2
∓π

2
¼ rmax

rmax − r
BIðrÞjθ¼π

2
∓π

2
¼ ν

πrmaxr
ΦIðrmaxÞjθ¼π

2
∓π

2

; r ≫ r0; ðD16Þ

where flux ΦIðrmaxÞjθ¼π
2
∓π

2

is given by (D15).

In particular, we get in the case of ν ¼ 1

ΦIðrmaxÞjν¼1;θ¼π
2
∓π

2

¼ e
4
rmax tanðFπÞ

				F −
1

2

				
�				F −

1

2

				 − 1

�
þOðer0Þ ðD17Þ

and

ejφðrÞjν¼1;θ¼π
2
∓π

2
¼ rmax

rmax − r
BIðrÞjν¼1;θ¼π

2
∓π

2
¼ e

4πr
tanðFπÞ

				F −
1

2

				
�				F −

1

2

				 − 1

�
;

r ≫ r0: ðD18Þ

The last relation for the current was obtained in [47] in the
r0 ¼ 0 case under the condition of minimal irregularity
with requirements of the charge conjugation invariance and
continuity in θ [see (10.6) in this reference where the
definition of the current differs by an extra r−1]. Note a
discontinuity at F ¼ 1=2, which is independent of ν,

lim
F→ð1=2Þ�

ejφðrÞjθ≠�π
2
¼ � e

4π2r
; r ≫ r0: ðD19Þ

This is distinct from the case of quantum scalar matter under
the Dirichlet boundary condition, when the current that is
induced in the vacuum by the infinitely thin vortex is con-
tinuous and vanishing at F ¼ 1=2 [43–45]; see the appro-
priate expression from these references at m ¼ 0 and ν ¼ 1:

ejφðrÞjscalar;Dirichlet ¼ −
e
4πr

tanðFπÞ
�
F −

1

2

�
2

: ðD20Þ
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ВИСНОВКИ

В дисертацiйнiй роботi дослiджено можливi експериментальнi прояви в

експериментах на прискорювачах частинок нової фiзики, що дуже слабко

взаємодiють з частинками Стандартної моделi, та прояви лiнiйних тополо-

гiчних дефектiв у виглядi космiчних струн з "магнiтним" полем калiбру-

вальної групи 𝑈𝑋(1), що виникли внаслiдок фазових переходiв у ранньо-

му Всесвiтi. Для опису ефектiв, що викликаються космiчною "магнiтною"

струною, використовується модель непроникливої для полiв матерiї трубки

скiнченного радiуса з "магнiтним" полем. Дана модель дозволила розгля-

нути квантовi ефекти у вакуумi полiв матерiї в самому загальному випадку

незалежно вiд конкретної природи утворення космiчної струни припуска-

ючи, що поля матерiї зарядженi вiдносно калiбрувальної групи 𝑈𝑋(1).

В дисертацiйнiй роботi отримано такi результати.

• Зроблено повний i самоузгоджений опис всiх каналiв розпаду масив-

них скалярiв з масою в декiлька ГеВ в скалярному розширеннi СМ.

• Послiдовно розглянуто всi канали народження масивного скаляру з

розпадiв 𝐾 та 𝐵 мезонiв, включаючи народження скалярiв у розпа-

дах 𝐵 мезонiв у рiзнi збудженi стани каонiв. Детально проаналiзовано

прямi канали народження масивного скаляру в протон-нуклонних зi-

ткненнях в залежностi вiд енергiї частинок, що зiштовхуються.

• Знайдено домiнуючi канали народження та розпаду масивних скаля-

рiв для умов експериментiв DUNE (Fermilab), SHiP (SPS CERN) та
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експериментiв на LHC. Встановлено, що в експериментi DUNE домi-

нуючим каналом народження скалярiв є процес глибоконепружнього

розсiяння нуклонiв, а в експериментi SHiP та експериментах на LHC

домiнуючим каналом народження скалярiв є розпад мезонiв.

• Отримано ефективний лагранжiан взаємодї масивного векторного бо-

зону (в розширеннi СМ зi взаємодiєю типу Черна-Cаймонса) з квар-

ками рiзних ароматiв. Показано, що ефективна взаємодiя векторного

бозону з кварками рiзних ароматiв не вимагає застосування проце-

дури перенормування. Показано, що взаємодiєю векторного бозону з

верхнiми кварками рiзних ароматiв можна знехтувати.

• Послiдовно розглянуто всi канали народження масивного векторного

бозону (в розширеннi СМ зi взаємодiєю типу Черна-Cаймонса) з роз-

падiв 𝐾 та 𝐵 мезонiв, включаючи народження векторних бозонiв у

розпадах 𝐵 мезонiв у рiзнi збудженi стани каонiв.

• Отримано оригiнальнi розв’язки та виражено елементи юкавiвської

матрицi в нейтринному розширеннi СМ з параметрами масової ма-

трицi активних нейтрино.

• Зроблена оцiнка похибки в розрахунках областi чутливостi експери-

менту SHiP, пов’язаної з використанням для опису народження право-

кiльних масивних нейтрино в тричастинкових розпадах мезонiв спро-

щених матричних елементiв, що використовуються в програмi моде-

лювання процесiв зiткнення частинок при високих енергiях PYTHIA,

в порiвняннi з використанням коректних матричних елементiв.

• Запропоновано вибiр спрощених матричних елементiв в комп’ютернiй

програмi PYTHIA для опису реакцiй народження правокiральних ма-

сивних нейтрино в тричастинкових розпадах псевдоскалярного мезона
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в iнший псевдоскалярний мезон та розпадах псевдоскалярного мезо-

на у векторний мезон, що дають найменше вiдхилення вiд коректних

розрахункiв.

• Отримано аналiтичнi вирази у виглядi iнтегралiв з нескiнченними ме-

жами вiд рядiв з нескiнченною кiлькiстю доданкiв для поляризацiї ва-

кууму квантованого зарядженого масивного скалярного поля матерiї

в присутностi "магнiтної" космiчної струни в просторi-часi довiльної

розмiрностi для випадкiв граничної умови на поверхнi трубки типу Дi-

рiхле та Неймана. За допомогою чисельних методiв побудовано графi-

чнi залежностi iндукованої густини енергiї у вакуумi скалярного поля

матерiї за рiзних значень сталої зв’язку скалярного поля з кривизною

простору-часу для випадку граничної умови на поверхнi трубки типу

Дiрiхле.

• Отримано чисельнi значення повної iндукованої енергiї у вакуумi кван-

тованого масивного зарядженого скалярного поля в просторi-часi до-

вiльної розмiрностi в присутностi "магнiтної" космiчної струни в прос-

торi-часi довiльної розмiрностi. Показано, що у випадку граничної

умови на поверхнi трубки типу Дiрiхле повна iндукована енергiя не

залежить вiд сталої зв’язку скалярного поля з кривизною простору-

часу.

• Показано, що ефект поляризацiї вакууму квантованого зарядженого

скалярного поля матерiї в присутностi "магнiтної" космiчної струни у

випадку граничної умови на поверхнi трубки типу Неймана є суттєво

бiльшим в порiвняннi з випадком граничної умови на поверхнi трубки

типу Дiрiхле.

• Показано, що ефекти поляризацiї вакууму визначаються лише дробо-

вою частиною "магнiтного" потоку космiчної струни, що є проявом
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ефекту Ааронова-Бома. Показано, що ефекти поляризацiї вакууму є

незначними при 𝑚𝑐𝑟0 > ℏ, вони максимально проявляють себе за умо-

ви 𝑚𝑐𝑟0 ≪ ℏ, де 𝑟0 – товщина трубки, а 𝑚 – маса кванта поля матерiї.

• Показано, що поляризацiя вакууму буде суттєвою у випадку, коли ма-

са квантованого поля матерiї є значно меншою за масу Гiґсiвського

поля, що призвело до спонтанного порушення симетрiї i виникнення

топологiчного ефекту у виглядi "магнiтної" космiчної струни. Iнши-

ми словами, космiчна струна, що була сформована на масштабах теорiї

Великого об’єднання буде поляризувати вакуум сучасних полiв мате-

рiї, але не зможе впливати на вакуум полiв з масою порядку масштабу

теорiї Великого об’єднання.

• Отримано аналiтичнi вирази у виглядi iнтегралiв з нескiнченними ме-

жами вiд рядiв з нескiнченною кiлькiстю доданкiв для iндуковано-

го магнiтного потоку у вакуумi квантованого масивного зарядженого

скалярного поля в присутностi "магнiтної" космiчної струни у конi-

чному просторi довiльної розмiрностi в загальному випадку граничної

умови типу Робена. Для генерацiї в системi магнiтного поля кванти

поля матерiї повиннi також мати електричнi заряди.

• За допомогою чисельних методiв дослiджено поведiнку iндуковано-

го магнiтного потоку у вакуумi квантованого масивного заряджено-

го скалярного поля в присутностi "магнiтної" космiчної струни вiд

значень параметра граничної умови типу Робена на всьому промiжку

можливих значень цього параметра −𝜋/2 ≤ 𝜃 < 𝜋/2.

• Показано, що за недодатних значень параметра −𝜋/2 ≤ 𝜃 ≤ 0 iнду-

кований магнiтний потiк у вакуумi квантованого масивного зарядже-

ного скалярного поля в присутностi "магнiтної" космiчної струни є
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найбiльшим для випадку 𝜃 = −𝜋/2 (гранична умова типу Неймана),

а найменшим вiн є для випадку 𝜃 = 0 (гранична умова типу Дiрiхле).

• Показано, що за додатнiх значень параметра 0 < 𝜃 < 𝜋/2 iснують

розв’язки, що вiдповiдають зв’язаним станам. Iндукований магнiтний

потiк у вакуумi квантованого масивного зарядженого скалярного поля

в присутностi "магнiтної" космiчної струни має складну поведiнку з

особливими точками яких тим бiльше, чим ближче значення параме-

тра 𝜃 до нуля. Iндукований магнiтний потiк може мати бiльшi значення

та не прямувати до нуля при значно бiльших товщинах космiчної стру-

ни в порiвняннi з потоком, що iндукується за граничної умови типу

Робена з недодатним значенням параметра 𝜃.

• Отримано загальний вигляд граничної умови на фермiонне поле мате-

рiї на поверхнi трубки скiнченого радiусу виходячи з умови самоспря-

женого розширення оператора дiраковського гамiльтонiана в прису-

тностi "магнiтної" космiчної струни у конiчному просторi-часi роз-

мiрностi 2+1. Показано, що гранична умова характеризується одним

параметром.

• Отримано аналiтичнi вирази у виглядi iнтегралiв з нескiнченними ме-

жами вiд рядiв з нескiнченною кiлькiстю доданкiв для iндуковано-

го магнiтного потоку у вакуумi квантованого масивного зарядженого

фермiонного поля в присутностi "магнiтної" космiчної струни у конi-

чному просторi-часi розмiрностi 2+1.

• За допомогою чисельних методiв в просторi-часi розмiрностi 2+1 до-

слiджено поведiнку iндукованого магнiтного потоку у вакуумi кванто-

ваного масивного зарядженого фермiонного поля в присутностi "ма-

гнiтної" космiчної струни вiд значень параметра самоспряженого роз-
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ширення. Знайденi значення параметра самоспряженого розширення,

за яких повний iндукований потiк є скiнченним.

• Показано, що умова скiнченностi значення iндукованого потоку у ва-

куумi квантованого масивного зарядженого фермiонного поля в при-

сутностi "магнiтної" космiчної струни є недостатньою для визначен-

ня фiзичних значень параметра самоспряженого розширення. Дода-

тковою умовою є вимога спадання величини квантових ефектiв при

збiльшеннi товщини космiчної струни.
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