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Φ0 d

I = Ic sinφ, V =
~

2e

∂φ

∂t
.

I

Ic

V e ~

∂φ

∂x
=
2eµ0l

~
Hy,

∂φ

∂y
= −2eµ0l

~
Hx,

µ0 l = λL1+λL2+d

λL1 = λL2 Hx Hy

H = j+
∂D

∂t
⇒ ∂Hy

∂x
− ∂Hx

∂y
= jz +

∂Dz

∂t
,

jz = Ic sinφ/d1, Dz = ǫǫ0Ez = ǫǫ0V/d = CV/d1.
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∂2φ

∂x2
+
∂2φ

∂y2
− 1

c̄2
∂2φ

∂t2
=

1

λ2J
sinφ, ✭✶✳✶✳✹✮

8+ λJ =
√

~

2eµ0lIc
=
√

Φ0

2πLIc
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-$1)1:6G /'-H$'< 026<6&6✱ &' 35# /'0&✐$&+ (12+ ()1&65'➵ : &'()3/5# x✱

λL ∼ 5 × 10−6/✱ λJ ∼ 0.1 //✮✱ Φ0 = π~
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√

2eIe
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H:685✐-$. +2+5$)1/'0&✐$&6J J:62. : 51&$'5$✐ ✭➵ (1)385# ✷✲✺✪ H:6851-$✐ -:✐✲
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$1& ✭✕✮✿ φ0(x, t) = 4 arctan
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± exp x−vt
λJ

√
1−(v/c̄)2
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∂y2
+ α
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∂t
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√

~
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∂2φ

∂t2
− ∂2φ

∂x2
+ sinφ = ǫf, 0 ≤ ǫ≪ 1, ✭✶✳✷✳✻✮
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∂t
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∑

n

µnδ(x− an) sinφ. ✭✶✳✷✳✼✮
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H%$I.-%+G+ #35/+4✐%"#$%%& %$ #+(71✲$45-/%✐ 2$/$)1-/3*13)3 )+%1$)1,✳

✷✳✷ ❒#$%&'

K+HG(&.$➵4+ .3%$4✐), '(")*+%$ # ✷➘ ➘✃ H 5/+*1+/+#343 %-+.%+/✐.%+✲

*1&43✳ M) #F- H$H%$8$(+*&✱ +*%+#%+" .3%$4✐8%+" H4✐%%+" ➵ /✐H%3?& '$H

θ2(x, y; t) − θ1(x, y; t)
.
= φ(x, y; t) 4$)/+*)+5✐8%32 2#3(7+#32 ',%)?✐I %$.5/+✲

#✐.%32 5/+:$/)✐# )+%1$)1,✳ ➶*-/-.3%✐ )+%1$)1, ?& H4✐%%$ H$.+#+(7%&➵ ❬✷✱ ✸✱ ✺❪

/✐#%&%%"✿

∂Hy

∂x
− ∂Hx

∂y
= Ic[1 + fI(x, y)] sinφ+

~C(x, y)

2e

∂2φ

∂t2
, ✭✷✳✷✳✶✮

.- ',%)?✐& fI(x, y) +53*,➵ H4✐%, )/3138%+G+ *1/,4, 8-/-H 5/3*,1%✐*17 5/+*1+✲

/+#+➝ %-+.%+/✐.%+*1✐✱ )+45+%-%13 4$G%✐1%+G+ 5+(&Hx,y *5✐##✐.%+*&17*& H ➘F+✲

H-'*+%✐#*7)+" '$H+" &)

Hx = −
~

2eµ0 l(x, y)

∂φ

∂y
, Hy =

~

2eµ0 l(x, y)

∂φ

∂x
. ✭✷✳✷✳✷✮

➍4%✐*17 )+%1$)1, C(x, y) ➵ 5/+*1+/+#+ %-+.%+/✐.%+" 8-/-H .+4✐:),✳ U-/-.

✐%:32 5$/$4-1/✐# Ic ➵ )/3138%$ G,*13%$ *1/,4, 5+H$ 4-F$43 .+4✐:)3✳ ➬%$✲

8-%%& l(x, y) +53*,➵ 1+#<3%, 5/+:$/),✱ ),.3 5/+%3)$➵ 4$G%✐1%- 5+(-✳ ➶+%+

H4✐%"➵17*& # 5/+*1+/✐ 8-/-H 5/3*,1%✐*17 .+4✐:)3 ✐ 4+F- 6,13 H$53*$%+ &)

l(x, y) = 2λL + di(x, y)✱ .- λL ➵ %$.5/+#✐.%+" (+%.+%✐#*7)+" G(363%+" 5/+✲

%3)%-%%& ✭.#$ ✐.-%138%32 %$.5/+#✐.%32 5/+:$/)$✮ ✐ di(x, y) ✲ 1+#<3%$ .✐-(-✲

)1/38%+G+ 5/+:$/),✳ W+H$ 4-F$43 .+4✐:)3 di(x, y) = d0 = const # 1+I 8$*



✷✹

di(x, y) = d0 + d1 = const "#$%$&'(✐ &*+✐,-'✳ ➘01 &*+✐,-' 234305(*➝ 7*%+'✱

9* :*-%'"3➵ -*(-%$<('= #$4+$(< Ω ∈ R
2
-*(<3-<> +*?(3 23:'#3<'✿

fI(x, y) =







µI 1-9* (x, y) ∈ Ω ,

0 1-9* (x, y) /∈ Ω .
✭✷✳✷✳✸✮

D3-'+ ?$ E'(*+ +*?(3 "%3F>"3<' :%*#<*%*"✐ 2+✐(' ➵+(*#<✐ ✐ +34(✐<(*4* :*01✱

1-✐ 23&3"3<'+$+* 7>(-G✐1+' fC ✐ fH "✐&:*"✐&(*✿

l(x, y) =







d0 + 2λL + d1 1-9* (x, y) ∈ Ω ,

l0 = d0 + 2λL 1-9* (x, y) /∈ Ω .
✭✷✳✷✳✹✮

✐

C(x, y) = C0
d0

di(x, y)
= C0[1 + fC(x, y)],

fC(x, y) =







µC = − d1
d1+d0

1-9* (x, y) ∈ Ω ,

0 1-9* (x, y) /∈ Ω .
✭✷✳✷✳✺✮

&$ C0 ➵ ➵+(✐#<5 -*(<3-<> (3 *&'('GI :0*9✐ :*23 &*+✐,-*I✳ ➘01 2%>E(*#<✐ +*?$

J><' ""$&$(3 (3#<>:(3 7>(-G✐1

l0
l(x, y)

= 1 + fH(x, y) = 1 +







0 1-9* (x, y) /∈ Ω
µH 1-9* (x, y) ∈ Ω

,

µH =
l0

l0 + d1
− 1 = − d1

d0 + d1 + 2λL
. ✭✷✳✷✳✻✮

L✐"(1((1 ✭✷✳✷✳✶✮ +*?(3 :$%$:'#3<' " *J$2%*2+✐%($(*+> "'401&✐✱ 1-9* (*%+>"3✲

<' :%*#<*%*"✐ 2+✐((✐ x <3 y (3 &?*2$7#*(✐"#5-> 40'J'(> :%*('-($((1λJ ✱ 3 E3# t

(3 *J$%($(> &?*2$7#*(✐"#5-> :032+*"> E3#<*<> ω−1J ✳ O- %$2>05<3<✱ &"*"'+✐%($

2J>%$($ %✐"(1((1 #'(>#✲➹*%&*(3 ✭Q➹✮ 23:',$<5#1 > "'401&✐✿

{

− ∂

∂x
[1 + fH(x, y)]

∂

∂x
− ∂

∂y
[1 + fH(x, y)]

∂

∂y
+ ✭✷✳✷✳✼✮

+[1 + fC(x, y)]
∂2

∂t2

}

φ+ [1 + fI(x, y)] sinφ = 0 .



✷✺

➬# $%&#'()* )+,-# ./%0&#&*1( $+ 2-*,+2 ❬✷✱ ✸❪✳ ➘+)✐:2# ➵ )✐20+.#2+0+&2+<✱

(2=+ µI > 0✱ d1 < 0 &# )✐20+0%.*1&+0+)✱ (2=+ µI < 0✱ d1 > 0✳ ❰&,%✱ µH/µI > 0

✐ µC/µI > 0 (2 $'( )✐20+.#2+0+&+2✱ &#2 ✐ $'( )✐20+0%.*1&+0✐/✳

✷✳✸ ➶$%&'(✐*+,-**.

➶.#➵)+$✐( @'<21+-# . A0+1&+0+/+< -%+$-+0✐$-✐1&< .#./*B#C 1DA0+/+$,D✲

➵&F1( /*A0+)✐-</#--() )#'+#)A'✐&D$-*G %'%2&0+)#H-✐&-*G G/*'F ❬✺❪ ✭$,+.%✲

@1+-✐/1F2✐ A'#.)+-*✮✳ ❮*,B% A0%$1&#/'%-# .#H#'F-# 1G%)# $'( 0+.0#GD-2D /*✲

A0+)✐-</#--(✱ 1&/+0%-+H+ /.#➵)+$✐➵< @'<21+-# . $+)✐:2+<✱ (2# +1-+/#-# -#

)%&+$✐✱ 0+.0+L'%-+)D D ❬✸✾❪ #L+ , $'( /✐$A+/✐$-+➝ ✶➘ A0+L'%)* ❬✻✱ ✻✹❪✳

✷✳✸✳✶ ➬%&%'()✐ +,',-.))/

❰L*$/✐ 1&+0+-* 0✐/-(--( ✭✷✳✷✳✼✮ )+,-# 0+.$✐'*&* -# [1+fC(x, y)]✱ ✐ / 0%.D'F✲

&#&✐ A%0%A*1#&* D -#1&DA-+)D /*H'($✐✿

∂2φ

∂t2
−∆φ+ [1 + f̄I(x, y)] sinφ = f̄H(x, y)∆φ+

+
1

1 + fC(x, y)

[

∂fH(x, y)

∂x

∂φ

∂x
+
∂fH(x, y)

∂y

∂φ

∂y

]

, ✭✷✳✸✳✽✮

$% ∆ = ∂2

∂x2 +
∂2

∂y2 ✐

f̄I(x, y) =
1 + fI(x, y)

1 + fC(x, y)
− 1 =







0 (2=+ (x, y) /∈ Ω
µ̄I (2=+ (x, y) ∈ Ω

,

f̄H(x, y) =







0 (2=+ (x, y) /∈ Ω
µ̄H (2=+ (x, y) ∈ Ω

,

µ̄I,H =
µI,H − µC
1 + µC

. ✭✷✳✸✳✾✮

U0%$1&#/*)+ 0+./✬(.+2 0✐/-(--( W➹ ✭✷✳✷✳✼✮ (2 1DA%0A+.*Y✐< &+B-+H+ 1+'✐&+-✲

-+H+ 0+./✬(.2D -%.LD0%-+➝ B#1&*-* 0✐/-(--( &# A'#.)+--+H+ /*A0+)✐-</#--(



✷✻

"#$%&'&✿ φ(x, y, t) = φ0(x, t) + ψ(x, y, t)✳ *+&,-&+&$# ".&/"&+✐/"✐,-1 $$#2#➵-1,4

5#'65 789+.""45 ✭|µI,H,C | ≪ 1✮✳ <9- φ0(x, t) = 4 arctan
[

exp
(

x−vt√
1−v2

)]

➵ -&="65

,&'✐-&""65 +&7$✬47%&5 ".789+."&?& &/"&$65✐+"&?& +✐$"4""4 @➹✱ # ψ(x, y, t) ✲

+#/✐#D✐E"# F&F+#$%#✱ |ψ| ≪ φ0✳ ➬+9="✐H. 89/. F+#DI$#-6 $ ,6,-.5✐ %&&+/6"#-✱

J& +9K#➵-1,4 7✐ H$6/%✐,-I L'I%,&"# v✿ ξ = x−vt√
1−v2 ✱ τ = t−vx√

1−v2 ✳ ➶ D6K "&$6K

75✐""6K 5#➵5& φ0(x, t) = φ0(ξ) = 4 arctan (exp ξ)✳ ➶ ,6,-.5✐ +9K&56K %&&+/6"#-

+✐$"4""4✱ J& &F6,9➵ $6F+&5✐"I$#""4✱ "#89$#➵ $6?'4/9✿

{

∂2

∂τ 2
− ∂2

∂ξ2
− ∂2

∂y2
+ cos[φ0(ξ)]

}

ψ = R(ξ, y; τ) , ✭✷✳✸✳✶✵✮

/. F+#$# =#,-6"# +✐$"4""4 ✭✷✳✸✳✶✵✮ F&$"✐,-I $67"#=#➵-1,4 /&5✐H%&I✿

R(ξ, y; τ) = 2

[(

1− 1

1− v2
µ̄H
µ̄I

)

tanh ξ

cosh ξ
× ✭✷✳✸✳✶✶✮

×f̄I
(

ξ + vτ√
1− v2

, y

)

+
hH
(

ξ+vτ√
1−v2 , y

)

√
1− v2 cosh ξ



 ,

hH(x, y) =
∂

∂x
fH(x, y) .

➶ D1&59 $6+#7✐ 89'& $74-& /& 9$#?6✱ J& sin[φ0(ξ)] =
∂2

∂ξ2φ0(ξ) = −2 tanh ξ/ cosh ξ✳
<#%&2✱ /'4 89/1✲4%6K /$&K L9%D✐E -6F9 fα(x, y) #8& f̄α(x, y) ✭α = I, C,H✮

,F+#$./'6$. "#,-9F". +✐$"4""4✿ fα(x, y) = µαfβ(x, y)/µβ✳ <9- &,-#""✐E ='."

R(ξ, y; τ)✱ J& 5✐,-6-1 L9"%D✐I hH(x, y) #,&D✐I➵-1,4 ✐7 $7#➵5&/✐➵I L'I%,&"# 7

?+#"6D456 /&5✐H%6✱ -&59 J& hH(x, y) 6= 0 '6H. -#5✱ -&8-& 4%J& (x, y) /∈ ∂Ω✳

*.+H6E /&/#"&% $✐/F&$✐/#➵ $6F+&5✐"I$#""I✱ J& $6"6%#➵ F✐,'4 F+&K&/2.""4

L'I%,&"&5 &8'#,-✐ /&5✐H%6✳ Q&7$✬47&% +✐$"4""4 ✭✷✳✸✳✶✵✮ 5&2. 89-6 F+./,-#$✲

'."6E 9 $6?'4/✐✿

ψ(ξ, y, τ) =

∫ +∞

−∞

∫ +∞

−∞
a(qξ, qy; τ)ϕ(ξ, y; qξ, qy) dqξ dqy , ✭✷✳✸✳✶✷✮

/. ϕ(ξ, y; qξ, qy) ➵ $'#,"# L9"%D✐4 ❬✸✹✱ ✻✺❪ &/"&+✐/"&➝ =#,-6"6 D1&?& +✐$"4""4✿

ϕ(ξ, y; qξ, qy) =
ei(qξξ+qyy)

(2π)3/2
qξ + i tanh ξ

(1 + q2ξ )
1/2

, ✭✷✳✸✳✶✸✮



✷✼

∫ +∞

−∞

∫ +∞

−∞
ϕ∗(ξ, y; qξ, qy)ϕ(ξ, y; q

′
ξ, q

′
y) dξdy =

1

2π
δ(qξ − q′ξ)δ(qy − q′y). ✭✷✳✸✳✶✹✮

()* δ ✲ ,-./*0✲1)234✐6 ➘✐8030✱ qξ ✐ qy ✲ 3:;<:2-2*= >?=./:?:@: ?-3*:80 <.0✲

A;:20 ? 8)>.=?✐B C=C*-;✐ 3::8,=20*✱ ✐

ω̄ =
√

1 + q2ξ + q2y , ✭✷✳✸✳✶✺✮

A03:2 ,=C<-8C✐➝ <.0A;:2✐? ? 4✐B C=C*-;✐✳ F)234✐6a(qξ, qy) ➵ 0;<.✐*),:H ?=<8:;✐✲

2H?0226✳ ➘.6 A8)I2:C*✐ ??-,-;: ✐2J) 1)234✐H✿b(qξ, qy; τ)
.
= (aτ−iω̄a) exp(iω̄τ)✳

L3 8-A)./*0*✱ A0,:?:./26➵*/C6 20C*)<20 8✐?2✐C*/✿

∂b

∂τ
= eiω̄τ

(

∂2a

∂τ 2
+ ω̄2a

)

. ✭✷✳✸✳✶✻✮

➘:;2:N0HI= :O=,?✐ I0C*=2= 8✐?26226 ✭✷✳✸✳✶✵✮ 20 ϕ∗(ξ, y; q′ξ, q
′
y) *0 ✐2*-@8)HI=

<: y ∈ R *0 ξ ∈ R :*8=;)➵;: δ(qξ − q′ξ) ✐ δ(qy − q′y) ? .✐?✐B I0C*=2✐ ❬?=3:8=C*020

);:?0 :8*:@:20./2:C*✐ ✭✷✳✸✳✶✹✮❪ 8✐?26226 ✭✷✳✸✳✶✵✮✳ S✐C.6 A,✐BC2-226 ✐2*-@8)?02✲

26 <: qξ *0 qy <8=>:,=;: ,: 20C*)<2:@: ?=80A)✿

∂b

∂τ
= 2πeiω̄τ

∫ +∞

−∞

∫ +∞

−∞
R(ξ, y; τ)ϕ∗(ξ, y; qξ, qy) dξ dy . ✭✷✳✸✳✶✼✮

➬0@0./20 ?=<8:;✐2-20 A0 ?-C/ I0C -2-8@✐6 ?=A20I0➵*/C6 1)234✐➵H✿

B(qξ, qy) =

∫ +∞

−∞

∂b(qξ, qy; τ)

∂τ
dτ . ✭✷✳✸✳✶✽✮

❰*N-✱ <08:H 8✐?262/ ✭✷✳✸✳✶✼✮ ✐ ✭✷✳✸✳✶✽✮ ?=A20I0➵*/C6 A0@0./20 1:8;).0 ,.6 8:A✲

80>)23) -2-8@✐➝ ?=<8:;✐2H?0226✳ ➬ 4/:@: ;:;-2*) ;:N20 <:I0*= ?=?I-226 ?=✲

<8:;✐2H?0226 ,.6 3:238-*2=> 1:8;Ω✳ S:?-82-226 ? .0O:80*:82) C=C*-;) ?✐,✲

.✐3) ?✐,O)?0➵*/C6 A0 ,:<:;:@:H 20C*)<2=> <-8-*?:8-2/ ❐:8-240✿

qx =
qξ + vω̄√
1− v2

, ω =
vqξ + ω̄√
1− v2

, ✭✷✳✸✳✶✾✮

qξ =
qx − vω√
1− v2

, ω̄ =
ω − vqx√
1− v2

. ✭✷✳✸✳✷✵✮



qy

E(qx, qy) ≃ |B(qx, qy)|2/(4π)

E =

∫ +∞

−∞

∫ +∞

−∞
E(qx, qy) dqxdqy .

Ω

x = x1

x = x2 y y = g±(x)

x

fI,H,C(x, y) = µI,H,C [θ(x− x1)− θ(x− x2)]×

× {θ[y − g−(x)]− θ[y − g+(x)]} ,

y

b θ(x)

Ω

Ω

x y



✷✾

"#$✿

fI,H,C(x, y) = µI,H,C

[

θ

(

x+
dx
2

)

− θ

(

x− dx
2

)]

×

×
[

θ

(

y +
dy
2

)

− θ

(

y − dy
2

)]

, ✭✷✳✸✳✷✸✮

hH(x, y) = µH

[

δ

(

x+
dx
2

)

− δ

(

x− dx
2

)]

×

×
[

θ

(

y +
dy
2

)

− θ

(

y − dy
2

)]

, ✭✷✳✸✳✷✹✮

+#,#-./,0 dx /# dy ➵ 23450637 /# 80,0637 6.3263,✐263:/✐ 4✐2;34✐263✳

✷✳✸✳✷✳✶ $%&'()*+,-* ./0(1-* 21%)34✐-&-16 621+,

<.;., -0 -35.-3 ;✐2:/#40/0 /3=6✐ 40,#>0 ✭✷✳✸✳✷✸✮ ✐ ✭✷✳✸✳✷✹✮✱ @3 4✐2;34✐2#7/A

;,B-3"C/6✐D 23-✐8E✐✱ 4 ,✐46B66B ✭✷✳✸✳✶✼✮ ✐ ✭✷✳✸✳✶✽✮✳ <32✐ IC6"E✐B 40;,3-✐674#✲

66B ✭✷✳✸✳✶✽✮ 4 ,C$K04✐D :0:/.-✐ 4✐2K✐"C ;✐:KB ✐6/.L,C4#66B ;3 y✱ τ ✱ /# ξ >-✐660-

6#MC4#➵ 40LKB2C✿

B(qξ, qy) =
2i
√
2πµI sin

(

qydy
2

)

q2y

√

1 + q2ξ (1− v2)1/2v3
sin

(

ω̄
√
1− v2

2v
dx

)

N❡❝❤

[ π

2v
(qξv + ω̄)

]

×

×
{

(

1− v2 − µH
µI

+ v2
µC
µI

)

[ω̄2 − (1 + q2ξ )v
2]

1 + µC
+ 2

µH
µI
(1− v2)ω̄2

}

. ✭✷✳✸✳✷✺✮

+.,80D 232#63" C I✐LC,60$ 2C5"#$ C I3,-CK✐ ✭✷✳✸✳✷✺✮ 4060"#➵ =.,.> ;.,80D
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>❡❝❤

2
(πω
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[
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2
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(

√
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2
(

π
√
1−v2
2v

√

1 + q2
) . ✭✷✳✸✳✷✽✮
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✸✺

"#$%&%' ()*+#), µC ()*+#))- "%./01✐)3"*)0➝ #)#/5✐➝ 6✐$,7#✳ 9&:0 "(-;% <"*

./0;%$#=)✐ ()*+#))- µC ✱ "%.*<0& 1✐&/0/#(%?;0/* ✭µC < 0✱ $✐)✐- ✷✮ ./0<C&C➵

;/0'% 6✐$,7# "%&%<✐" #)#/5✐➝ " .0/✐")-))✐ ( "%.*<&01 1✐&/0(*&0/0;&% ✭µC > 0✱

&/%"* ✹✮ C ("✬-(&C ( )*-")✐?;3 &0#G✐H✐➵);C (1+ µC)
−1

" 5C?;%)✐ #)#/5✐➝ ✭✷✳✸✳✷✻✮✳

➴G#&; ./0?;0/0"0➝ (1✐)% 1*5)✐;)050 .0$-✱ :0 "%()*+*➵;,?- &0#G✐H✐➵);01 µH ✱

)#()*+)%K✱ :0 10=)* .06*+%;% ( .0/✐")-))- &/%"%' ✸ ✐ ✹✳ L*&%1 +%)01✱ 1%

6C<#10 ""*=*;%✱ µH = 0 )*<*$✐ ./0;-501 "?✐➵➝ /060;%✳

M0(6✐=)✐?;, ./% v → 1 "%)%&*➵ +#/#( )*-")✐?;, /0(6✐=)%' +$#)✐" " ./*✲

"✐K +*?;%)✐ /✐")-))- ✭✷✳✸✳✶✵✮✳ Q✐ +$#)% ❬<%"✳ ✭✷✳✸✳✶✶✮❪ ./0.0/H✐K)✐ (1 − v2)−1 ✐

(1−v2)−1/2✳ T .#/701C <0<*)&C GC)&H✐- f̄I 1✐?;%;, 06%<"* .*/*1#;/%µC ✐ µH ;*

(*"=<% ?&✐)+#))*✱ * /0(6✐=)✐?;, (✬-"$-➵;,?- ;✐$,&% +#/#( ()*1#))%&✳ ➶ 0?;*)✲

),01C <0<*)&C✱ &/✐1 ;050✱ ➵ GC)&H✐- hH ✱ -&* )# <0/✐")3➵ )C$3 ;✐$,&% )* &/*-'

)#0<)0/✐<)0?;✐✱ <# "0)* ./0.0/H✐K)* δ−GC)&H✐➝ ➘✐/*&*✳ Q#K ;#/1✐) ?./%+%)-➵

/✐(&# (/0?;*))- "%./01✐)3"*))-✱ &0$% G$3&?0) "(*➵10<✐➵ ( &/*-1% <01✐7&%✳

T ✶➘ "%.*<&C H# (C10"$3➵ ;*&# (/0?;*))- ;✐$,&% )* "'0<✐ ✭x = −dx/2✮ ✐ "%'0<✐
✭x = dx/2✮ <01✐7&%✳

W0;✐$0?- 6 "✐<()*+%;%✱ :0 /0(6✐=)✐?;, " 5/*)%H✐ v → 1✱ (<*➵;,?- )# G✐(%✲

+)03✳ X#/7 (* "?#✱ )*-")✐?;, /0(6✐=)050 +$#)C C /✐")-))✐ ✭✷✳✸✳✶✵✮ 0()*+*➵✱ :0

.#/7%K .0/-<0& ;#0/✐➝ (6C/#), )# (*?;0?0")%K 6✐$,7# " H✐K 1#=✐ ✐ 1*➵ 6C;%

(1✐)#)%K -&%10?, +%)01✳ X0✲</C5#✱ " /*1&*' )%)✐7),0➝ 10<#$✐ <%?%.*;%")%1%

#G#&;*1% 6C$0 ()#';C"*)0✳ 9&:0 "0)% 6C<C;, "/*'0"*)✐✱ ;0 "%./01✐)#)* #)#/5✐-

(*"=<% 6C<# ?&✐)+#))03✳

■)7✐ 0?06$%"0?;✐ (*$#=)0?;✐ E(v) ;*&✐ -& ./%?C;)✐?;, <#&✐$,&0' #&?;/#1C✲

1✐" 6C<C;, 0650"0/3"*;%?- <*$✐✳ ❮* <*)%K 101#); $%7# (*()*+%10✱ :0 ./%

(1#)7#))✐ µC .0$0=#))- #&?;/#1C1✐" ?C;;➵"0 )# (1✐)3➵;,?-✱ *$# *6?0$3;)✐

()*+#))- E )* #&?;/#1C1*' (1#)7C3;,?-✳ Q# "✐<6C"*➵;,?- ;01C✱ :0 ")#?0& C



✸✻

"#$%&'✐)*"+)), -.%./ /"01.)),✴%&/3#%.)), ✐/&4**-&5& 3+%0 /'.)30➵789,✳

➶ /+4.1)&97✐ "✐< /)+-.)), µC <.,=✐ .=97%.'0'# '&1078 /)#=)07# -.%./ /%&✲

97+)), E(v) $%# v → 1 ✭<#" 4✐)✐* ✶ )+ A#9✳ ✷✳✸✮✳ ➹%+)#E, v → 0 $&=+/+)+ )+

"97+"E✐ A#9✳ ✷✳✸✳ ❒&1)+ $&'✐7#7#✱ H& .=97%.'0'# $&")&➝ .).%5✐➝ /J.%✐5+*789,

0 E✐K 5%+)#E✐ ,= " ✶➘✱ 7+= ✐ " ✷➘ "#$+<=+M✱ M&-+ "&)# '&1078 J07# "#,"4.)✐

7✐48=# )+ 4&5+%#N'✐-)✐K 3=+4✐✳ ❮+ A#9✳ ✷✳✹ /+5+48)+ "#$%&'✐)*"+)+ .).%5✐,

/&J%+1.)+ $%# N✐=9&"+)&'0 /)+-.))✐ <&"1#)# <&'✐3=# dx = 8✱ + ➝➝ 3#%#)+ dy

/'✐)*➵789,✳ A./0487+7# &<)&"#'✐%)&5& "#$+<=0 <4, 7+=&➝ 1 <&"1#)# /&J%+1.)✐

$0)=7#%)&* 4✐)✐➵* <4, $&%✐"),)),✳ Q%#%&<)8&✱ H& /)+-.)), "#$%&'✐)*"+)&➝

.).%5✐➝ /'.)30➵789, $%# /'.)3.))✐ dy✳ R✐=+"&✱ H& .=97%.'0'# 97+*78 '.)3 "#✲

%+1.)#'#✱ ✐✱ )+%.37✐✱ ).$&'✐7)#'# )+ =%#"✐K ✹✱ H& "✐<$&"✐<+➵ "#$+<=0 dy = 2✳

S %+/✐ µH = µC = 0 &7%#'0➵'& 70 1 =+%7#)0✿ $&%✐"),7# =%#"0 ✺ )+ A#9✳ ✷✳✸

✭dy = 8✮✱ =%#"0 ✺ A#9✳ ✷✳✹ ✭dy = 6✮ ✐ =%#"0 ✻ )+ A#9✳ ✷✳✹ ✭dy = 2✮✳ ❒+=9#'0'#

97+*78 "9. '.)3 -✐7=#'# ✐ $&970$&"& /)#=+*78✳

❒&1)+ /%&J#7# )+970$)0 ✐)7.%$%.7+E✐* &7%#'+)#M %./0487+7✐"✳ V&%'+ %&/✲

$&<✐40 5097#)# .).%5✐➝ )+".<.)+ )+ A#9✳ ✷✳✺✳ ➚J9&4*7)#K '✐)✐'0' 5097#)# .).%5✐➝

/+<&"&48),➵ E(qx, qy) = 0 ✐ E✐ '✐)✐'+48)✐ /)+-.)), <&9,5+*789, <4, )+970$)&➝

9#97.'# " $4&H#)✐ (qx, qy)✿

qy =
2πn

dy
, n = ±1,±2, . . . <4, J0<8✲,=&5& qx, ✭✷✳✸✳✸✶✮

(1− v2)q2x + q2y =

(

2πmv

dx

)2

− 1 +
4πmv2

dx
qx, ✭✷✳✸✳✸✷✮

m = n0, n0 + 1, . . . ,

<. n0 /+<+➵789, %✐"),),' ✭✷✳✸✳✷✾✮✳ Y+=#' -#)&'✱ '✐)✐'0' /)+M&<#789, )+ ')&✲

1#)✐ $+%+4.48)#M =%#"#M ✭✷✳✸✳✸✶✮✱ 7+= 9+'& ,= ✐ )+ ')&1#)✐ "=4+<.)#M .4✐$9✐"✱

H& /+<+*789, %✐"),)),' ✭✷✳✸✳✸✷✮✳ ➶.%3#)# '+=9#'0'✐"E 4.1+78 '✐1 =%#"#'#✱

,=✐ "#/)+-+*789, =&%.),'# %✐"),)), ✭✷✳✸✳✸✶✮✳ ➘4, ".4#=#M dy E✐ ".%3#)# 97%&✲



✸✼

"# $#%&$✐(#)&*✐ ) *&+,-.%/ qy ❬!"#✳ %"&✳ ✷✳✺ ✭❛✮ ✐ ✷✳✺ ✭❜✮❪✱ # 012 34& 56 789:;9::5

dy <1="0> ➝@ 61:A9:0<"3:"8" ✐ #"B:C0"8"✱ 56 D16474:1 :4 %"&✳ ✷✳✺ ✭❝✮ ✐ ✷✳✺ ✭❞✮✳

➘H5 #9H"6"@ 7:439:> dy D<1=H984 81I9 <17BH5!40"&5 56 842I9 1!:1#"8✐<✲

:4✱ =1 =✐H>;4 34&0":4 #"D<18✐:9:1➝ 9:9<B✐➝ <17D1#&K!IC➵0>&5 #7!1#I :4D<586C

x✱ # 012 34& 56 y✲618D1:9:04 #"D<18✐:K#4::5 74H";4➵0>&5 :978✐::1K✳ M9 81✲

%"&✳ ✷✳✹ O1#:4 #"D<18✐:9:4 9:9<B✐5 ✭:1<81#4:4 :4 µ2I✮ 56 PC:6A✐5 ;#"!61&0✐

PHK6&1:C !H5 µH = 0✱ µC/µI = 0.5✱ µC = 0.05✱ dx = 8 ✐ dy = 8 ✭6<"#4 ✶✮✱

dy = 6 ✭6<"#4 ✷✮✱ dy = 4 ✭6<"#4 ✸✮✱ ✐ dy = 2 ✭6<"#4 ✹✮✳ ➶"D4!16 µH = µC = 0

D<9!&04#H9:"2 39<#1:"8" 6<"#"8" ✺ ✭dy = 6✮ ✐ ✻ ✭dy = 2✮✳ OC:60"<:4 6<"#4

#✐!D1#✐!4➵ ✶➘ #"D4!6C 7 dx = 8 ✭!H5 6<4U1➝ #✐7C4H✐74A✐➝ !18:1I9:4 :4 ✶✵✮✳

I:4 3✐061 &D1&09<✐B40" :4 %"&✳ ✷✳✺ ✭❛✮ ✐ ✷✳✺ ✭❜✮✱ !9 &D960<4H>:4 BC&0":4E(qx, qy)
✭✷✳✸✳✷✻✮ D1=C!1#4:4 !H5 7:439:> ;#"!61&0✐✱ =H"7>61➝ !1 8✐:✐8C8C ✭4✮ ✐ 846&"✲

8C8C ✭❜✮ 9:9<B✐➝ #"D<18✐:K#4::5 :4 6<"#✐2 1 %"&✳ ✷✳✹✳ W46 56 &D4!4::5 PC:✲

6A✐➝ [sin(qydy/2)/qy]
2

7✐ 7<1&04::58 qy ➵ !1&"0> ;#"!6"8 !H5 #9H"6"@ 7:439:>

dy✱ PC:6A✐5 BC&0":" 9:9<B✐➝ 74H";4➵0>&5 &"H>:1 H164H✐71#4:4 #7!1#I 1&✐ qx #

161H"A✐ qy = 0✳ M5 D1#9!✐:64 D1 1&✐ qx :4B4!C➵ #✐!D1#✐!:C ✶➘ D<1=H98C ✭!"#✳

✭✷✳✸✳✷✽✮ ✐ %"&✳ ✷✳✷✮✳ YD<4#!✐✱ 8✐:✐8C8 D1#:1➝ #"D<18✐:9:1➝ 9:9<B✐➝ #✐!D1#✐!4➵ 8✐✲



✸✽

"✐$%&'"($) *+,-($✐".*%"". *,/-/0✳ 2/ $(3/ &/45( 6,(67/-✐4%7+68 "% 9+6✳ ✷✳✺

✭❛✮✱ 0/ 4&(@%&'"+A $%56+$)$ B"%C(0+7'68 "% (6✐ qx * qx < 0✱ * 7(A D%6 85

,/-E+A &(5%&'"+A $%56+$)$ * qx > 0 0(6+7' $%&+A✳ ❮% 9+6✳ ✷✳✺ ✭❜✮ $(3"%

@%D+7+✱ H( 4&(@%&'"+A $%56+$)$ -(B$✐H/"+A "% ,(B+7+*"✐A ,✐*(6✐ (6✐ qx✱ ✐ I/

*✐0@)*%➵7'68 "% -✐*"✐ v = 0, 73✱ H( 0(6+7' @&+B'5( 0( $%56+$)$) K)"5I✐➝ E(v)

✭5-+*% 1✮ "% 9+6✳ ✷✳✹✳ N(0%&'E/ B$/"E/""8 dy B$%B)➵ $%56+$)$+ * B%&/3"(67✐

9+6✳ ✷✳✺ ➹)67+"% /"/-4✐➝ *+,-($✐".*%""8 E 0&8 ,-8$(5)7"(➝ 0($✐E5+ B ,%-%$/✲

7-%$+ "% 9+6✳ ✷✳✹✱ 5-+*% 1 ,-+ v = 0.55 ✭❛✮ ✐ v = 0.73 ✭❜✮❀ 5-+*% 6 ,-+ v = 0.5

✭❝✮✱ v = 0.75 ✭❞✮✱ v = 0.1 ✭❡✮ ✐ v = 0.99 ✭❢✮✳

E(v) ✭,(-✐*"8A7/ 5-+*✐ 1 ✲ 4 "% 9+6✳ ✷✳✺✮ 0( 7(4( $($/"7)✱ 5(&+ B%&+E%➵7'68



✸✾

"#$% &'#( "&)*"+(#, -*).#-/-✳ ➬*'*2* 3&4.✐67*((8 (% -&9% :✐"+$% 3&4;"8✲

'*=#.8 8) )7*4✐&'(&7#-✐3(*✳ >&4?&'✐" 7#?3&-✐(67*((8 ./==➵7& 4-✐(6➵=+.8✱ 8)

?&)*4*(& (* >#.✳ ✷✳✺ ✭.✮ ✐ ✷✳✺ ✭❞✮✳ ❒*).#-/-# E(qx, qy) '&.✐ "%9*=+ (* &.✐ qx✱

*"% )3#7✐ ✭✷✳✸✳✸✷✮✱ 8)✐ 7#4(*2*6=+ -✐(✐-*"+(✐ 4(*2%((8 .=*6=+ 2✐=)& '/;&?&✲

'✐:(#-#✱ y✲)&-?&(%(=* 7#?3&-✐(67*((8 ✕ :✐"+$ '%"&)*"✐4&7*(&6✳ ➚(*"&;✐8 4

✶➘ 7#?*')&- :✐"+$% (% ?3*L6➵✳ M✐)*7& 7✐'4(*2#=# 8) N&3-* N/()L✐➝ ;/.=#(#

%(%3;✐➝ 4-✐(6➵=+.8 7 )3*,(✐P -%9*P 4(*2%((8 $7#')&.=✐✿ v → 0 ✐ v → 1✳ ➶ ;3*✲

(#L✐ -*"&➝ $7#')&.=✐ |v| ≪ 1 %"✐?.# ✭✷✳✸✳✸✷✮✱ S& 7✐'?&7✐'*6=+ -✐(✐-/-*- E ➵

-*,9% )&"*-#✱ N/()L✐8 ;/.=#(# ➵ -*,9% 3*'✐*"+(& .#-%=3#2(&6✱ '#7✳ >#.✳ ✷✳✺

✭❡✮✳ ➬:✐"+$%((8 v 3&:#=+ %"✐?.# ✭✷✳✸✳✸✷✮ :✐"+$ 7#=8;(/=#-# 7 x (*?38-)/✱ 8)

L% :/"& ?3&'%-&(.=3&7*(& 3*(✐$% ❬>#.✳ ✷✳✺ ✭❛✮✲✭❞✮❪✳ M✐)*7* .#=/*L✐8 7#(#)*➵ 7

?3&=#"%9(✐, ;3*(#L✐✱ * .*-%✱ 8)S& 1 − |v| ≪ 1✳ ➹"&:*"+(#, -*).#-/-✱ 8)#,

:/7 7.=*(&7"%(#, (* qx✱ 3&4:#7*➵=+.8 (* '7* -*).#-/-#✱ S& 7 '*(#, 2*. 4(*✲

P&'8=+.8 ?&4* qx 7✐..6 .#-%=3#2(& ?& 7✐'(&$%((6 &'#( '& &'(&;&✱ 8) ?&)*4*(&

(* >#.✳ ✷✳✺ ✭❢✮✳ Z✐4#2(& L% &4(*2*➵ (*.=/?(%✳ [&7✐"+(#, N"6).&( ➽7✐'2/7*➵➾

'&-✐$)/ 8) .=✐(/ ✐ 7#P✐'(% 7#?3&-✐(67*((8 3/P*➵=+.8 7 &.(&7(&-/ 74'&79 (*✲

?38-)/ ?&$#3%((8 N"6).&(*✳ ^7#')#, ✭3%"8=#7✐.=.+)#,✮ N"6).&( 74*➵-&'✐➵

4 '&-✐$)&6 =*)#- 2#(&-✱ S& '&-✐$)* 7#.=/?*➵ 8) ;&")* ✭P7#"%3✐4✮ ✐ 7#?3&✲

-✐(67*((8 3&4:#7*➵=+.8 (* '7✐ ?&"&7#(#✱ S& -*6=+ &:#'7✐ x ✐ y )&-?&(%(=#✳

➶&'(&2*. x )&-?&(%(=* 7#?3&-✐(67*((8 .=*➵ (%4(*2(&6✳ ✃✐"+)✐.=+ "&)*"+(#P

%).=3%-/-✐7 E(v) 4*"%9#=+ 7✐' '&79#(# '&-✐$)# dx✳ M% ?3&'%-&(.=3&7*(& (*

>#.✳ ✷✳✼✱ '% )✐"+)✐.=+ -*).#-/-✐7 4-%($/➵=+.8 4✐ 4-%($%((8-dx✳ M%, 3%4/"+=*=

.P&9#, 4 =✐➵6 9 .#=/*L✐➵6 7 &'(&7#-✐3(✐, -&'%"✐ ❬✽❪✳

❮* >#.✳ ✷✳✻ 4&:3*9%(& ;/.=#(/ %(%3;✐➝ 7#?3&-✐(67*((8 ?3# 3✐4(#P 4(*2%((8P

$7#')&.=✐ N"6).&(* =* 3&4-✐3*P '&-✐$)# '"8 7#?*')/ 4 µH = µC = 0✳ [3&✲

."✐')/➵-& &.(&7(✐ 7✐'-✐((&.=✐ 7 L✐, N/()L✐➝✱ 8)* 7#(#)*➵ 4* /-&7#✱ S& '&-✐$)*



✹✵

"#$%&'➵ )*+, )%-.)/01 23✐01 -&*#*50%6% "#&131✳ ➹&.9✐-* ✭❛✲❝✮ $✐?@%$✐?.'#/

0,%?0%&✐?0%"#✐✱ $*#B601#✐C $2?%$D %"✐ ✱ ✐✱ B- $*?0%✱ 2✐ 2E✐)/+,00B3 +$*?-%"#✐

910-F✐B 61"#*0* ,0,&6✐➝✱ %"0%$0*C @✐- B-%➝ ➵ 3.CD, ✐2%#&%@0*3 #. )%-.)✐2%$.✲

0*3 $ F,0#&✐✱ &%2@)*$.➵#/"B✱ &%2#B61➵#/"B $2?%$D %"✐ qx ✐ "#*"-.➵#/"B $2?%$D

qy✳ ❒.-"*313 910-F✐➝ &1I.➵#/"B $ 0.@&B3-1 $✐?✬➵30*I 20.5,0/ qx✳ ❮. $,)*-*I

+$*?-%"#BI $✐?51$.➵#/"B $@)*$ 30%D0*-✐$ 2 L✐♥✱ 910-F✐B "#.➵ %"F*)''5%'

#. 26.".➵ 2✐ 2E✐)/+,00B3 20.5,0/ I$*)/%$*I $,-#%&✐$✳ ❮. ",&✐BI 6&.9✐-✐$ ✭❞✲❢✮

#. ✭❣✲✐✮ 2%E&.D,0% 61"#*01 ,0,&6✐➝ $*@&%3✐0'$.00B @&* &%2"✐B00✐ 9)'-"%0. 0.

?%3✐+F✐✱ $*#B601#✐C $2?%$D %"✐ x #. -$.?&.#0✐C ?%3✐+F✐ $✐?@%$✐?0%✳ ➶ F/%31

$*@.?-1 -%)*$.00B $2?%$D qx "#.'#/ @%3✐#0*3* ✐ 2&%"#.'#/ 2✐ 2E✐)/+,00B3

+$*?-%"#✐ 9)'-"%0.✱ @&* F/%31 910-F✐B ✐ ➝➝ 3.-"*313 2.)*+.'#/"B )%-.)✐2%✲

$.0*3* ✐ 3.CD, 0, 23✐R1'#/"B 2 @%5.#-%$%6% @%)%D,00B✳ ➶*?0%✱ R% ".3, ?%$✲

D*0. 0,%?0%&✐?0%"#✐ dx $✐?✐6&.➵ "1##➵$1 &%)/ 0. $*6)B? 910-F✐➝ "@,-#&.)/0%➝

61"#*0*✱ $ #%C 5." B- +*&*0. dy $0%"*#/ )*+, -✐)/-✐"0✐ 23✐0*✱ 3%?*9✐-1'5*

910-F✐' E,2 "1##➵$%➝ 23✐0* ➝➝ 9%&3* 0. 0,$,)*-*I +$*?-%"#BI✳ S&* +$*?✲

-%"#BI✱ E)*2/-*I ?% 3.-"*3.)/0*I✱ -%)*$.00B $2?%$D qy "#.'#/ "1##➵$*3* ✐

@,&,$.D.'#/ 0.? @%2?%$D0✐3* -%)*$.00B3*✱ $*0*-.➵ ?,-✐)/-. &✐$0%$,)*-*I

3.-"*313✐$✱ -✐)/-✐"#/ B-*I @&B3% @&%@%&F✐C0% 2.),D*#/ $✐? &%23✐&✐$ ?%3✐+-*✳

✷✳✸✳✷✳✹ ➹%&'()'✐ +(,&-.(

T✐-.$% @,&,$✐&*#* 6&.0*50✐ $*@.?-*✱ -%)* $ %?0%31 2 0.@&B3-✐$ ✭x .E% y✮

?%3✐+-. "#.➵ 0,"-✐05,00% $12/-%'✳ ❒,D. dx → 0✱ @%-* µ∗ = µIdx 2.)*+.➵✲

#/"B @%"#✐C0%' $✐?@%$✐?.➵ "*#1.F✐➝✱ -%)* ?%3✐+-. "#.➵ 0,"-✐05,00% #%0-%' $ x

0.@&B3-1✳ U $*&.2.I ✭✷✳✸✳✷✸✮ ✐ ✭✷✳✸✳✷✹✮ &✐20*FB θ ✲910-F✐C✱ B-✐ 1#$%&''#/ @,&✲

+*C 9.-#%& 1 910-F✐➝ fI,H,C(x, y) ✭✷✳✸✳✷✸✮✱ "#.➵ δ✲910-F✐➵' ➘✐&.-.✱ $ #%C 5."

B- hH ≡ 0✳ T,C $*@.?%- 2 µC = µH = 0 E1$ $*$5,0*C &.0✐+, ❬✷✸❪✳ [, %?0.

F✐-.$. 3,D. 3%D, E1#* &%26)B01#.✱ B-R% dy → 0✱ µ∗ = µIdy✳ ■0+*3* ")%$.3*✱
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"#$✳ ✷✳✻ ()*+,-./01. 23$,#1. *1*-2✐➝ 6#)-78✐196.11: ;/: )-:87+3,17➝ 1*7;17✲

-✐;17$,✐ )-# µH = µC = 0✳ ➹-.>✐+# ✭❛✮✱ ✭❜✮✱ ✭❝✮ 6✐;)76✐;.9,0 ;78✐EF✐ dx = 1✱

dy = 5 ,. E6#;+7$,:8 >/9+$71. v = 0.3 ✭❛✮❀ v = 0.7 ✭❜✮❀ v = 0.99 ✭❝✮✳ ➹-.>✐+#

✭❞✮✱ ✭❡✮✱ ✭❢✮ ✕ dx = 5✱ dy = 1 )-# v = 0.3❀ 0.7❀ 0.99 6✐;)76✐;17✳ ❮. ✭❣✮✱ ✭❤✮✱ ✭✐✮

O7P-.Q*17 6#).;7+ O dx = 5✱ dy = 5 ,. 6#R*6+.O.1#S E6#;+7$,:S✳

;78✐E+. O./#E.➵,0$: 6#,:213,79 6 1.)-:8+3 x✱ ./* $,.➵ 1*$+✐1U*117 ,71+79

6 1.)-:8+3 y✳
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"#$✳ ✷✳✼ ➬()(*+,( -#./01✐,3,( 3,3/)✐4 ✭,0/10-(,( ,(µ2I✮ 47 89,7:✐4 ;-#<70$=✐

8*>7$0,( µH = 0✱ µC/µI = 0.2✱ µC = 0.02✱ dy = 8 ✐ dx = 2 ✭7/#-( ✶✮✱ dx = 4

✭❝7/#-( ✷✮✱ dx = 6 ✭7/#-( ✸✮✱ ❛♥❞ dx = 10 ✭7/#-( ✹✮✳

➹9$=#,( -#./01✐,>-(,#G .*(H10,✐- - H(H,(I3,#G -#.(<7(G 1(➵ -#)*4<✿

E(qx, qy)
µ2∗

→

{

1−v2−µH
µI
+v2

µC
µI

1+µC

[

(ω − qxv)
2 + q2yv

2
]

+ 2µH

µI
(ω − vqx)

2

}2

(ω − qxv)2 + (v2 − 1)q2y
× ✭✷✳✸✳✸✸✮

× 1

2v6q2y
sin2

(

qydy
2

)

L❡❝❤

2

(

πω
√
1− v2

2v

)

, 47O0 dx → 0,

E(qx, qy)
µ2∗

→

{

1−v2−µH
µI
+v2

µC
µI

1+µC

[

(ω − qxv)
2 + q2yv

2
]

+ 2µH

µI
(ω − vqx)

2

}2

(ω − qxv)2 + (v2 − 1)q2y
× ✭✷✳✸✳✸✹✮

× 1

2v4

[

sin[dx(ω − qxv)/2v]

ω − qxv

]2

L❡❝❤

2

(

πω
√
1− v2

2v

)

, 47O0 dy → 0.

P :#G 13Q(G 10<9*4:✐➝ - q✲./0$=0/✐✱ -#7*#7(,✐ ✐,=3/83/3,:✐➵>✱ H,#7(>=+ -

qx ,(./4179 - 80/19*✐ ✭✷✳✸✳✸✸✮✱ =019 O0 <0-Q#,( <01✐;7# $=(➵ ,3$7✐,I3,,0

1(*0>✳ T0 =✐U Q3 ./#I#,✐ ,31(➵ ,✐47#G .3/3;70< .0 qy✱ 70*# dy → 0 9 </9✲

)✐U 80/19*✐ ✭✷✳✸✳✸✹✮✳ V7O0 47#U✲,3W9<+ H :#G *✐1✐=✐- ,(W*#Q(➵=+$4✱ =0 7✐*+7(
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"#$%&"'"✐) ) *#+,-./%0✐ E(v) *.&$#102✱ *#+&4#15& 0✐+2$& /6&. +/$#+2.&7

"#$%&"'"✳ ❒,-# 0/5$/)/➝ 6/"✐4$& ❬fI(x, y) = µIδ(x)δ(y)❪ ❬✸✾❪ "/-, >'0& +,?$/

6/%@?.'0# )✐6 AB@"/$'0./➝✱ %AB@"/)'15& ' C/B"'+#D ✭✷✳✸✳✸✸✮ ✐ ✭✷✳✸✳✸✹✮µC,H → 0

✐ dx → 0 #>/ dy → 0✱ 6, H, 6/H✐+2./✳ ✃/+& 6/"✐4$# %0&%$#➵02%@ ) 0/5$'✱ +/$#+2✲

.# *"✐.# 0/)L&.& ✐*/+115/?/ 4#B' ✐?./B'➵02%@✱ 0#$&" 5&./"✱ µC = µH = 0✳

❰0B&"#.# C/B"'+# *>✐?#➵02%@ * A/A,B,6.✐" B,*'+20#0/" ❬✸✾❪✳

✷✳✸✳✸ #$%✐'()*)+✐,-. -/)+-)%✐+-✐0$1

➬'A&.&"/%@ 6,0#+2.✐4, .# )&A#6$' %0B✐5$/A/6✐>./➝ .,/6./B✐6./%0✐✱ )&0@?.'✲

0/➝ ) .#AB@"$' y✱ 6+@ A/B✐).@..@ 7/?/ * AB@"/$'0./1 6/"✐4$/1 0# 6,"/.%0B#H✐➝

)A+&)' A#B#",0B✐) µC ✐ µH ✱ @$&"& *.,D0'➵"/ .# H,7 B#* ✭µC = µH = 0✮✱ .# *#✲

+,-.✐%02 )&AB/"✐.,./➝ ,.,B?✐➝ )✐6 4)&6$/%0✐ C+1$%/.#✳ ➘+@ 6/"✐4$& ' )&?+@6✐

%0B✐5$&✱ )&0@?.'0/➝ )*6/)- y "#➵"/✿

f(x, y) = µIδ(x)

[

θ

(

y +
d

2

)

+ θ

(

d

2
− y

)]

. ✭✷✳✸✳✸✺✮

➘+@ *.#D/6-,..@ ?'%0&.& )&AB/"✐.,./➝ ,.,B?✐➝ )&$/B&%0#➵"/ ",0/6✱ /A&%#✲

.&7 ) A#B#?B#C✐ ✷✳✸✳✶✳ S#$&" 5&./"✱ A/ #.#+/?✐➝ * )&A#6$/" AB@"/$'0./➝ 6/"✐✲

4$& *.#D/6&"/ )&B#* 6+@ ?'%0&.& )&AB/"✐.,./➝ ,.,B?✐➝ ) +#>/B#0/B.✐7 %&%0,"✐

$//B6&.#0✿

E(qx, qy) =
µ2I

2q2yv
6

(1− v2)2 sin2
(

qyd
2

)

❝♦V❤

2
[

πω
2v (1− v2)1/2

]

[

(ω − vqx)
2 + (vqy)

2
]2

(ω − vqx)
2 − (1− v2)q2y

. ✭✷✳✸✳✸✻✮

❼➝ C/B"# 6+@ B✐*.&D *.#5,.2 4)&6$/%0✐ C+1$%/.# */>B#-,.# .# Z&%✳ ✷✳✽✳ ➶✐6✲

*.#5&"/✱ L/ H@ *#+,-.✐%02 .,"#➵ -/6.&D %&.?'+@B./%0,7 6+@ )%✐D−∞ < qx,y <

+∞✱ 0/"' L/ ➝➝ *.#",..&$ *#)-6& 6/6#0.✐7✱ L/ "/-.# >#5&0& * B✐).@..@

✭✷✳✸✳✸✻✮✳ ❰%./).&7 A✐$ *#+,-./%0✐ E(qx, qy) +,-&02 .# /%✐ qy = 0 ➶ ?B#.&H✐ v → 0

*#+,-.✐%02 %0#➵ "#7-, ✐*/0B/A./1 ✐ %0B/?/ +/$#+✐*/)#./1 .#)$/+/ /%./)./?/

A✐$'✱ @$&7 B'D#➵02%@ 6/ A/5#0$' $//B6&.#0 AB& *",.4,..✐ v✳ ➬B/%0#..@ v )&✲

$+&$#➵ %0&%$#..@ A✐$' ) .#AB@"$' qy ✐ 7/?/ B/*0@?')#..@ )*6/)- qx✳ ❒#$%&"'"
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!"#✳ ✷✳✽ '()*✐,- ./#0"1" 212(.✐➝ E(qx, qy) ❬5"6 (✐617117 ✭✷✳✸✳✸✻✮❪ 5,7 d = 5 ✐

v = 0.3 ✭❛✮✱ v = 0.7 ✭❜✮✱ v = 0.99 ✭❝✮✳

E(qx, qy) (/AB➵0-#7 6 1BD(7EF/ 6✐5✬➵E1"A H1BI21- qx✳ ➘(/.)(751✐ D✐F"✱ K) ✐#1/✲

M0- I2(2H D("#/01✐#0- I,21/ sin 6 (✐61711✐ ✭✷✳✸✳✸✻✮✱ #0BM0- D)E✐01"E"✱ F),"

v → 1 ❬5"6✳ !"#✳ ✷✳✽ ✭❝✮❪✳ N/1FO✐)1B,-1B HB,2P1✐#0- */1FO✐➝ ./#0"1" 212(.✐➝

5,7 5)E✐QF"✲#0(✐IF" 6✐5(✐H17➵0-#7 6✐5 0✐➵➝ P HB,2P1)#0✐ 5,7 0)IF)6)➝ 5)E✐QF"

f(x, y) = µ∗δ(x)δ(y)✱ 6"6I21)➝ 6 ❬✸✾❪✱ ,"Q2 D("#/01✐#0M I,21/ sin2 (qyd/2)/q
2
y✳

'()02✱ O2S I,21 #/00➵6) HE✐1M➵ 6,B#0"6)#0✐ ()HD)5✐,/ 212(.✐➝✳ ❮BD("F,B5✱ 6

.(B1"O✐ v → 1 ✭1 − v2 ≪ 1✮ ./#0"1B 212(.✐➝ 5,7 0)IF)6)➝ 5)E✐QF" #0B➵ EBSP2

✐H)0()D1)M✱ )F(✐E 6/H-F).) ➽D()6B,/➾ ∼ (1 − v2)1/2 6H5)6P qx✳ ➶ 0)S P2 IB#✱

6 O✐S .(B1"O✐ */1FO✐7 ./#0"1" 212(.✐➝ 5,7 #0(✐IF)D)5✐X1)➝ 12)51)(✐51)#0✐ #0B➵

#0().) B1✐H)0()D1)M✳ Y2 (✐HF✐Q2 B1✐H)0()D✐7 */1FO✐➝ ./#0"1" 212(.✐➝ 6D,"6B➵

1B D)61/ 212(.✐M 6"D()E✐1M6B117✱ HB,2P1✐#0- 7F)➝ 6✐5 Q6"5F)#0✐ *,MF#)1B D)✲

FBHB1B 1B !"#✳ ✷✳✾✳ ❮B .(B*✐F/ ✭❛✮ D)FBHB1B HB,2P1✐#0- 1)(E)6B1)➝ 6"D()E✐121)➝

212(.✐➝ E/µ2I 6✐5 0)6K"1" 12)51)(✐51)#0✐ d✳ ➬B,2P1✐#0- EB➵ 5)X(2 6"H1BI21"S

EBF#"E/E ✐ D(7E/➵ 5) 1/,7 6 .(B1"I1"A 6"DB5FBA v → 0 ✐ v → 1✳ [ 6✐5D)✲

6✐51)E/ )51)6"E✐(1)E/ 6"DB5F/ H δ✲D)5✐X1)M 0)IF)6)M 5)E✐QF)M F("6B E(v)

➵ 7F✐#1) 0BF)M P ❬✻❪✳ ➪✐,-Q 0).)✱ ./#0"1B 212(.✐➝ 5,7 )51)6"E✐(1).) 6"DB5F/
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"#$✳ ✷✳✾ ➬)*+,-✐$/0 -12314)-1➝ 4#6213✐-+-1➝ +-+27✐➝ 4✐8 94#8:1$/✐ ;*<:$1-)✳

➹2);✐: ✭❛✮ 4✐8614✐8)➵ $/2✐B:1618✐C-✐D -+18-12✐8-1$/✐ E d = 1 ✭:2#4) ✶✮✱ d = 5

✭:2#4) ✷✮ ✐ d = 10 ✭:2#4) ✸✮✳ ➹2);✐: ✭❜✮ ✲ /1B:14✐D 813✐9K✐ f(x, y) = µ∗δ(x)δ(y)✳

➶$/)4:) 61:)EM➵ 8+/)*✐ 72)-#K✐ v → 1✳

❬✻❪ *+7:1 4✐8-14*<➵/0$Q✱ Q:R1 ;123)*0-1 61:*)$/# qy = 0 4 ✭✷✳✸✳✸✻✮✳ S 3+,✐

-M*0141➝ 94#8:1$/✐ ;*<:$1- -)C*#,)➵/0$Q 81 813✐9:# E -+$:✐-B+--1 3)*1<

:✐-+/#B-1< +-+27✐➵<✱ /):#3 B#-13✱ 4#6213✐-<4)-) +-+27✐Q 614#--) CM/# -+✲

$:✐-B+--1 3)*1<✳ ❒1,-) *+7:1 61:)E)/#✱ R1 4 0 < v ≪ 1 72)-#K✐ +-+27✐Q 21$/+

Q: E(v) ∼ exp(−π/v)✳ ➶ ✐-913M 4#6)8:M✱ 62# v → 1 9#2#-) ;*<:$1-) 62Q✲

3M➵ 81 -M*Q✱ /13M B)$ 4E)➵318✐➝ CM8+ 62Q3M4)/# 81 -M*Q /):1,✳ ➶ 2+EM*0/)/✐✱

4#6213✐-<4)-) +-+27✐Q 62Q3M➵ 81 -M*Q✳ U):#3 B#-13✱ 614#--) ✐$-M4)/# 94#8✲

:✐$/0 8*Q Q:171 +-+27✐Q 4#6213✐-<4)--Q 81$Q7)➵ 3):$#3)*0-171 E-)B+--Q✳ V1✲

*1,+--Q 3):$#3M3M E3+-9M➵/0$Q E✐ EC✐*09+--Q3 9#2#-# 813✐9:#✳ W+ 31,-)

61Q$-#/# /#3✱ R1 E✐/:-+--Q E 9#21:1< 813✐9:1< 4#:*#:)➵ C✐*09+ +-+27✐➝✱ R1
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"#$%&'✐)*➵,-./✳ 123#' 4#)&'✱ '6)72 3✐)6,#4)2 6)6%8✐/✱ ✐✱ &,96✱ '6)72 7"#:✲

3✐.,- )6&<=✐:)2 :>/ ,&8&✱ ?&< :&./8,# '23.#'2>-)&8& "#$%&'✐)*"2))/✳ @ '69✐

d → 0 '23.#'A' 3%#"&➝ E(v) .,2➵ '6)7 "#%296)#'✱ %A=2➵,-./ :& C)246))/

v = 1 ✭✐ " 3✐)E6"&'A $✐:.A'3A C)#32➵✱ 3&># d = 0✮✱ 2 C282>-)2 "#$%&'✐)*"2✲

)2 6)6%8✐/ $%/'A➵ :& )A>/✳ G6 $%#%&:)&✱ ,&'A ?& :&'✐732 .,2➵ )6.3✐)46))&

"AC-3&*✱ 2 ➝➝ 2'$>✐,A:2 C2>#72➵,-./ .3✐)46))&*✳ ➴)6%8✐/ .&>✐,&)2✱ &:)23✱ $%&✲

$&%E✐I)2 7#%#)✐ $6%6=&:A ✐ )6.3✐)46))& "6>#32 :>/ )6.3✐)46))&8& C%2C32✳

➘>/ ,&8&✱ ?&< "✐:)&"#,# "#$2:&3 ,&43&"&➝ :&'✐73#✱ 2'$>✐,A:2 :&'✐73# '2➵

$6%6$&C)24#,#./ /3 µ∗ = dµ✳ K3 %6CA>-,2,✱ 8%2)#E/ d → 0 LA)3E✐➝ ✭✷✳✸✳✸✺✮

$&"&:#,-./ /3 f(x, y) → µ∗δ(x)δ(y) ✐ LA)3E✐/ 8A.,#)# 6)6%8✐➝ ✭✷✳✸✳✸✻✮ $6%6,"&✲

%*➵,-./ " %✐")/))/ ✭✷✳✶✻✮ C ❬✸✾❪✳ T&")2 "#$%&'✐)6)2 6)6%8✐/ A %2C✐ ,&43&"&➝

)6&:)&%✐:)&.,✐ " C2>69)&.,✐ "✐: 7"#:3&.,✐ L>*3.&)2 $&32C2)2 )2 U#.✳ ✷✳✾ ✭❜✮✳

E(v) C2>69)✐.,- ➵ '&)&,&))& C%&.,2*4&* LA)3E✐➵*✱ /32 $%/'A➵ :& .3✐)46)✲

)&8& C)246))/✱ v → 1 ✭".,2"32✮✳ 123#' 4#)&'✱ &,%#'2)& 8%2)#4)#I "#$2:&3✱

3&># :&'✐732✲.,%✐432 .,2➵ :&'✐73&*✲,&43&*✱ '23.#'A' 6)6%86,#4)&➝ C2>69)&✲

.,✐ C'✐?A➵,-./ " <✐3 v = 1 ✐✱ " 3✐)E6"&'A $✐:.A'3A✱ C)#32➵ ✭d = 0✮✳

✷✳✸✳✹ $%&'✐)*+ *,%-*%.✐-*✐/01

16$6% %&C8>/)6'& :&'✐73A %&'<✐4)&➝ L&%'# C dx ✐ dy✱ ?& ➵ ➝➝ :&"9#)&* ✐

7#%#)&* "✐:$&"✐:)& ✿

Ω : |x| ≤ dx/2
⋂

|y| ≤ g(x) = dy(1/2− |x|/dx) . ✭✷✳✸✳✸✼✮

K3?& "✐.,%/ %&'<A $6%$6):#3A>/%)6 :& >✐)✐➝ L>*3.&)2✱ ,&✿

hH(x, y) = µH {[δ(x+ dx/2)− δ(x− dx/2)] [θ(y + g(x))− θ(y − g(x))] +

+ [θ(x+ dx/2)− θ(x− dx/2)] {δ[y − g(x)] + δ[y + g(x)]} g′(x), ✭✷✳✸✳✸✽✮

g′(x) = −dy
dx

Z✐❣♥(x) = −dy
dx

Z✐❣♥(ξ + vτ) . ✭✷✳✸✳✸✾✮



✹✼

"✐$%&'()*+,- ./012)- ✭✷✳✸✳✸✽✮ ✐ ✭✷✳✸✳✸✾✮ ( 0✐(:*::* ✭✷✳✸✳✶✼✮ ✐ ✭✷✳✸✳✶✽✮ /&0-1'➵1/

.2:=>✐+ (-?0/1✐:+('::* ( 02@)-(✐A %-%&B1✐ =//0$-:'&✿

B(qξ, qy) = i

{

(

1− v2 − µH
µI

+ v2
µC
µI

)

[ω̄2 − (1 + q2ξ )v
2]

1 + µC
+ 2

µH
µI
(1− v2)ω̄2

}

×

×2
√
2πµI
q2yv

3

dx
dy

cos
(

qydy
2

)

cos
(

ω̄
√
1−v2
2v dx

)

√

1 + q2ξ (1− v2)1/2
(

(dxdy ω̄)
2 1−v2
q2yv

2 − 1
)
D❡❝❤

[ π

2v
(qξv + ω̄)

]

, ✭✷✳✸✳✹✵✮

$B I'=/: $-%?B0%✐➝✿ ω̄ = ω̄(qξ, qy) ( 02@)-(✐A %-%&B1✐ I'$'➵&K%* 0✐(:*::*1 ✭✷✳✸✳✶✺✮✳

"B0B@✐$ ( )'M/0'&/0:2 %-%&B12 I$✐A%:+➵&K%* %&':$'0&:-1 N)*@/1 ✐✱ *= 0BI2)K✲

&'&✱ %?B=&0')K:' Q2%&-:' B:B0Q✐➝ ( )'M/0'&/0:✐A %-%&B1✐ (✐$)✐=2 (-0'R'➵&K%*

./012)/+✿

E(qx, qy) =
2µ2I
v2











cos(qydy/2)− cos[dx(ω − qxv)/2v]
(

dx
dy

)2
(ω − qxv)2 − v2q2y

D❡❝❤

(πω

2v

√

1− v2
)











2

×

×
(

dx
dy

)2

[

1−v2−µH
µI
+v2

µC
µI

(1+µC)

(

(ω − qxv)
2 + q2yv

2
)

+ 2µH

µI
(ω − vqx)

2

]2

(ω − qxv)2 + (v2 − 1)q2y
, ✭✷✳✸✳✹✶✮

$B I'=/: $-%?B0%✐➝ ω = ω(qx, qy) ( )'M/0'&/0:✐A %-%&B1✐ (✐$)✐=2 I'$'➵&K%*

✭✷✳✸✳✷✼✮✳ ❒/RB I$'('&-%*✱ T/ >* I')BR:✐%&K 1'➵ %-:Q2)*0:✐%&K✱ =/)- I'$/(/)K✲

:*➵&K%* 0✐(:*::*

(

dx
dy

)2
(ω − qxv)

2 = v2q2y ❰$:'=✱ I' $/?/1/Q/+ &0-Q/:/1B&0-✲

,:/➝ ./012)-✿ cos a− cos b = 2 sin[(a+ b)/2] sin[(b−a)/2]  !"#$ %&'$"$ ($#)*)&+✱
-$ .✐0($.✐01) '$*2✐31✐%&4 *1+#)➵✳ 7$.1) !1!'"✐8 .+('$9✐1:.)118 . *) !31$%&✐

.✐0 ;.+0#$%&✐ < :#%$1) ($#)*)1) 1) =+%✳ ✷✳✶✵✲✷✳✶✷✳ 7!';+B "')<✐# ✭=+%✳ ✷✳✶✵✮

<$#E%E➵&4%8 1) %+&E)F✐➝✱ #$ + .✐01$;!118 dy/dx ➵ <✐#%$.)1+9✱ ) ( $-)✱ ($#'+✲

&) 1!$01$'✐01✐%&:✱ *9✐1:➵&4%8✳ ❰%1$.1+B "')<✐# .✐0($.✐0)➵ 1!$01$'✐01$%&✐✱ -$

($.!'1E&) .E*4#+9 #✐1F!9 0$ 1)('89#E 'EIE < :#%$1) ✭dx/dy = 4✮✳ ➶%&).#)

✭)✮ $(+%E➵ ('$&+ !31E %+&E)F✐:✿ dy/dx = 4✳ ➶ F✐ $9E✱ *) !31✐%&4 E(v) *'$%&)➵

* v . "')1+F✐ v ≪ 1 ✐ '$*I$0+&4%8 1) v → 1 L!'!* ('+%E&1✐%&4 ()')9!&'✐. µC



✹✽

✐ µH ✭$ ✐%&'() $*+,-.)✱ 0.1' µC = µH = 0✱ 2' E(v)v→1 → 0✮✳ 5,., +'$6-✐%✲

., -)86 9:'8, %, $*+,-'. +;0('.)2%'➝ -'(✐&.*✱ 1' $*$=,>,90 $ +,;,?;,@✐

✷✳✸✳✷✳ C+'=,2.) ;'D?>0%6(' ;'(E✱ $*20?%)2*F $ %,+;0(.) +'&*;6%%0 @>G.9'✲

H*9✳ ✷✳✶✵ K'$%, $*+;'(✐%6%, 6%6;?✐0 ✭%';('$,%, %, µ2I✮ 0. @)%.L✐0 &$*-.'92✐

@>G.9'%, ->0 ;'(E✐=%'➝ -'(✐&.* D @✐.9'$,%*( 9+✐$$✐-%'&6%%0( dx/dy = 4✳

C)L✐>M%✐ >✐%✐➝ $✐-+'$✐-,G2M µC = µH = 0✱ dx = 4 ✭.;*$, ✶✮✱ dx = 8 ✭.;*$, ✷✮ ✐

dx = 12 ✭.;*$, ✸✮✳ K)%.2*;%'G >✐%✐➵G +'D%,=6%*F $*+,-'. dx = 12 ✐ µC = 0.01 ✐

µC/µI = 0.1✱ µC = 0.01✱ µH = 0✳ ➶92,$., ✭❛✮✿ $*+,-'. dx/dy = 1/4✱ µC = µH = 0

dx = 1 ✭.;*$, ✶✮✱ dx = 2 ✭.;*$, ✷✮ ✐ dx = 3 ✭.;*$, ✸✮ ✐ µC/µI = 0.1✱ µH = 0✱

dx = 3 ✭+)%.2;*%, .;*$,✮✳ ➶92,$., ✭❜✮ +'.,D)➵ -62,>✐ '9%'$%'?' ?;,@✐.)✳

%, ✭'9%'$%, =,92*%, H*9✳ ✷✳✶✵✮✳ ➬,)$,8*('✱ 1' $ ;,D✐ µC = µH = 0 ➵ '-*% =✐2.'

$92,%'$>6%*F (,.9*()( D,>68%'92✐ E(v)✱ 0.*F ;'D2,&'$,%*F -)86 E>*DM.' -'

D%,=6%%0 v = 1✳ ✃'>* 'E>,92M -'(✐&.* DE✐>M&)➵2M90✱ +✐. 6%6;?62*=%'➝ D,>68%'✲

92✐ 92,➵ E✐>M& ;✐D.*(✱ $ 2'F =,9 0. +'>'86%%0 (,.9*()() D9)$,➵2M90 -' 2'=.*



✹✾

v = 1✳ #$%& µC 6= 0✱ (&)&*+,- ./$0,.1. 2+,$/➵ 45652 +5&7.585+5 26&09/++:

5+56(59,4+&➝ 2/)58+&09✐✳ ➍ - ✐+>✐ ./$0,.1., E(v)✱ &?+/$ *&+, ?185 0)/7$✐ ✐

@&.✐9+✐ 9✐)A$, :$%& *✐?@&*✐?+,- ✐+956*/) 71?5 @565./0>9/7&*/+& ❬?,*✳ *09/*✲

$1 ✭❜✮❪✳ ✃&), @)&%/ ?&.✐>$, 2.5+>1➵9A0:✱ ?5:$✐ 2 I,J ./$0,.1.✐* 2+,$/K9A

❬@&6✐*+:-95 $6,*✐ ✸ ✐ ✷ +/ *09/*I✐ ✭❜✮❪✳

➶09/*$/ ✭/✮ +/ O,0✳ ✷✳✶✵ *✐?@&*✐?/➵ 0,91/I✐➝✱ $&), ?&.✐>$/ *,9:(+19/ * +/✲

@6:.$1 y 2 R✐$0&*/+,. *✐?+&>5++:. dx/dy = 1/4✳ S IA&.1 *,@/?$1 ➵ 9✐)A$,

&?,+ )&$/)A+,- ./$0,.1.✱ %& 2.5+>1➵9A0:✱ * 9&- 4/0 010✐?+✐- )&$/)A+,- .✐+✐✲

.1. 09/➵ 9/$&8 .5+>,.✱ $&), @)&%/ dxdy/2 2.5+>1➵9A0:✳ T5- *,@/?&$ :$✐0+&

7),2A$,- ?& (6/+,I✐ 096✐4$&@&?✐7+&➝ +5&?+&6✐?+&09✐ ❬✷✸❪✱ /)5 (6/+,I: ✭✷✳✸✳✸✸✮

+5 *✐?+&*)K➵9A0: ./95./9,4+&✳ ❒&8),*& 9/$&8 *6/J1*/9, (6/+,4+✐ *,@/?$,

+50$✐+45++& *12A$,J 096✐4&$✿ dx → 0 ✐ dy → 0✳ #$%& /.@)✐91?/ ?&.✐>$, @565✲

@&2+/45+/ :$ µ∗ = µIdx ✭/7& µ∗ = µIdy✮✱ 9& 0@5$96/)A+/ (109,+/ * I✐- (6/+,I✐

*,():?/9,.5✿

E(qx, qy)
µ2∗

→ 8

v6d2yq
4
y

{

1−v2−µH
µI
+v2

µC
µI

1+µC

[

(ω − qxv)
2 + q2yv

2
]

+ 2µH

µI
(ω − vqx)

2

}2

(ω − qxv)2 + (v2 − 1)q2y
×

× sin4
(

qydy
4

)

W❡❝❤

2

(

πω
√
1− v2

2v

)

, :$%& dx → 0, ✭✷✳✸✳✹✷✮

E(qx, qy)
µ2∗

→ 8

d2xv
2

{

1−v2−µH
µI
+v2

µC
µI

1+µC

[

(ω − qxv)
2 + q2yv

2
]

+ 2µH

µI
(ω − vqx)

2

}2

(ω − qxv)2 + (v2 − 1)q2y
×

×
{

sin[dx(ω − qxv)/4v]

ω − qxv

}4

W❡❝❤

2

(

πω
√
1− v2

2v

)

:$%& dy → 0. ✭✷✳✸✳✹✸✮

T✐ (6/+,4+✐ *,@/?$, E ➵ ?185 0J&8,., +/ /+/)&(✐4+✐ (6/+,I✐ ?): @6:.&$19+&➝

?&.✐>$, ✭✷✳✸✳✸✸✮✱ ✭✷✳✸✳✸✹✮✳ ➍?,+/ @6,+I,@&*/ *✐?.✐++✐09A ✲ I5 ✐+956R565+I✐-+✐

4)5+,✱ %& *✐?@&*✐?/)A+✐ 2/ &0I,):I✐➝ * +/@6:.$/J qx /7& qy✱ *&+, ./K9A 095@✐+A

4✱ / +5 2✱ :$ * 6✐*+:++✐ ✭✷✳✸✳✸✸✮✳



✺✵

➘#$✐ &'()*)+,-' ./#0. 1# (,2.#3✐➝✱ 6'$, 7,*,1# 1)'+1'*✐+1'(2✐dy 8✐6('/#1#✱

# ➝➝ +'/9,1# dx &-✐1:➵2<(=✳ ❮# @,(✳ ✷✳✶✶ ✭❛✮ F'G.+'/#1# &#$)91✐(2< $'6#$<1'0'

-#6(,-.-. ✭/,&1#H)1'0' / ✐12)*/#$✐ 0 ≤ v < 1✮ /,F*'-✐1)1'➝ )1)*0✐➝ =6 8.163✐=

6.2# *'-G# arctan(dy/dx)✳ I6J' µC = µH = 0✱ 2' &#$)91✐(2< maxv∈[0,1[E(v) /✐+

6.2# *'-G. ➵ (F#+#:H': 8.163✐➵: -#K9) /(:+, / ✐12)*/#$✐ [0, π/2]✳ ➶ 0*#1,3✐

dx →∞ -#6(,-.- E(v) &*'(2#➵ &✐ &*'(2#11=- &#0#$<1'➝ 6✐$<6'(2✐ /,F*'-✐1)1'➝

)1)*0✐➝✳ M✐$<6, / '6'$✐ 6.2# π/3 ✐(1.➵ ($#G' /,*#9)1,K $'6#$<1,K -#6(,-.-✳

I6J' µC 6= 0✱ 2' 2#6# &#$)91✐(2< 1) -'9) G.2, /,&1#H)1# +$= /(<'0' ✐12)*/#$.

[0, π/2] ✐ F'H,1#➵2<(= & +)=6'0' 6*,2,H1'0' &1#H)11= 6.2# ✭+,/,2,(= &#$)91'✲

(2✐✱ /✐+&1#H)1✐ 6/#+*#2#-, ✐ F)*)/)*1.2,-, 2*,6.21,6#-,✮ ✐ 2*,/#➵ +' &1#H)1✲

1= π/2✳ ❮,9H) 3<'0' 6*,2,H1'0' 6.2# 1)-#➵ $'6#$<1'0' -#6(,-.-.E(v)✱ 2'-.

J' &#$)91✐(2< (2#➵ (2*'0' -'1'2'11#✳ I6J' dy &-)17.➵2<(=✱ 2' &#$)91✐(2<

(2#➵ (2*'0' (F#+#:H': 8.163✐➵: ✭&'G*#9)1' ✭◦✮ 1# @,(✳ ✷✳✶✶✮✱ J' 'O'F$:➵ /)(<

✐12)*/#$ [0, π/2]✱ 1#/✐2< =6J' µC 6= 0✳ ❮# @,(✳ ✷✳✶✶ ✭❜✮ &#$)91✐(2< E(v) F'6#✲

&#1# / 0*#1,3✐ +.9) /.&<6'➝ *'-G✐H1'➝ +'-✐76,✳ I6J' µC > 0✱ 2' -#6(,-.-.

1)-#➵ ✐ 8.163✐= E(v) ➵ -'1'2'11' &*'(2#:H':✳ I6J' µC = 0✱ ✐(1.➵ 0'(2*,K

-#6(,-.- +.9) G$,&<6' +' v = 1 ✐ (6*✐&< 8.163✐= F'/'+,2<(= +.9) F'+✐G1' +'

/,F#+6. µC > 0✳ ❒'91# F'-✐2,2, 2'16. (2*.62.*. +)6✐$<6'O 2'H'6 F)*)0,1.✳

R✐ 2'H6, ➵ &#$,76#-, $'6#$<1,O -#6(,-.-✐/✱ =6✐ H✐26' /,+1' 1# /(2#/3✐ ✭❜✮

@,(✳✷✳✶✵✳ ✃✐$<6✐(2< 3,O 2'H'6 F)*)0,1. &*'(2#➵ &✐ &G✐$<7)11=- +'/9,1, *'-✲

G# dx✳ M.2 (F'(2)*✐0#➵-' &/✬=&'6 & /,F#+6'- F*=-'6.21'➝ 1)'+1'*✐+1'(2✐✱ *'&✲

0$=1.2'-. / F#*#0*#8✐ ✷✳✸✳✷✳ V 3<'-. /,F#+6. /✐+&1#H#$'(= &G✐$<7)11= H,($#

-#6(,-.-✐/ E(v) F*, &G✐$<7)11✐ dx✳ ➘$= *'-G# G#H,-' =6 -#6(,-.-, /,*'✲

+9.:2<(= / 2'H6, F)*)0,1.✳ ❒)9# dx → ∞ '&1#H#➵✱ J' +'-✐76# /,(2.F#➵ =6

+.9) /.&<6# 0'$6#✱ =6# 1) /,6$,6#➵ '('G$,/'0' /,F*'-✐1:/#11= 1# -#$,O ✐

()*)+1✐O 7/,+6'(2=O✳ ➬1#H1) &*'(2#11= /,F*'-✐1:/#11= /,=/$=➵2<(= 2✐$<6, /



✺✶

"#$✳ ✷✳✶✶ ✭❛✮ ➬+,-.++/ 012,03+141 5,2$##5656 maxv∈[0,1[E(v) 7#8915✐+.+1➝

.+.94✐➝ /2 <6+2=✐/ 26>, arctan(dy/dx) ?0/ 8,9,5.>9✐7 dy = 5✱ µC = 0.01✱

µC/µI = 0.1 ✭∇✮✱ µC = 0.005✱ µC/µI = 0.05 ✭�✮✱ µC = 0 ✭◦✮ ✐ dy = 1✱ µC = 0

✭⋄✮✳ ✭❜✮ ➬,0.B+✐$>3 7#8915✐+.+1➝ .+.94✐➝ /2 <6+2=✐/ C7#?21$>✐ <0D2$1+, ?0/

dx = 100✱ dy = 5✱ µC = 0.01✱ µC/µI = 0.1 ✭29#7, ✶✮ ✐ µC = 0 ✭29#7, ✷✮✱ µH = 0

$29✐E3✳



✺✷

"#$%&'(✐*&*+,-./ "#0'.✐ ✭1 − v2 ≪ 1✮✳ ➶50$'(- (✐67859'&'✱ ;- 8#.5➵ 9✐&,-➝
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"#$%&'()*# ✃✶➘ .#/%01 2)3)4✐. ➘6#$)78#(9✱ .# ';#%# 230;&9.)(01 $#/(✐✲

=(✐1 ()$9&)6(01 /✐. >98? 8@3?*✳ B; /6) $9$(9>9&#8'✱ #8(#/(#C .0(9*✐>(#C

$*✐((#C ➵ 3✐$(0E' 79$ θ2(x, y; t) − θ1(x, y; t) = φ(x, y; t) *9;3#8;#2✐>(04 4/0✲

&F#/04 7?(;E✐1 (9.23#/✐.(04 =93✐/✱ )/#&CE✐' / >98✐ ';#➝ #208?➵@F8' $H?3)(0*

3✐/('(('* 80(?8✲➹#3.#(9 /0.?✿

∂2φ

∂t2
−∆φ+ [1 + f(x, y)] sinφ = −α∂φ

∂t
− γ, ✭✸✳✷✳✶✮

.) ∆φ = ∂2φ
∂x2 +

∂2φ
∂y2 ✳ ➬#/(✐=(✐1 8@3?* γ (#3*#/9(01 (9 ;30@0>(01 .6#$)78#✲

(✐/8F;01 8@3?* ;#(@9;@? ✐ α ➵ H)$3#$*✐3(0* 2939*)@3#* .08029E✐➝✳ P?(;E✐'

f(x, y)✱ '; $9$(9>9&#8' / 2#2)3).(F#*? 3#$.✐&✐✱ #208?➵ 23#8@#3#/? ()#.(#3✐✲

.(✐8@F✳ Q EF#*? 3#$.✐&✐ 3#$%&'.9➵@F8' /2&0/ ()#.(#3✐.(#8@✐ &0=) (9 &#;9&F(?

$*✐(? ;30@0>(#%# 8@3?*?✱ 9 $*✐(9 *9%(✐@(#%# 2#&' @9 ➵*(#8@✐ () H)3?@F8' .#

?/9%0✱ @#*? (9.9&✐ 230 3#$394?(;? 2#3#%#/#%# 8@3?*? $9;3✐2&)((' 2#;&9.)*#

µH =µC = 0✳ ❐0=) *✐;3#$9;#3#@;0 ✭µI > 0✮✱ @#H@# /?$F;✐ 3)%✐#(0 $ &#;9&F(0*

2#80&)(('* ;30@0>(#➝ %?8@0(0 @?()&F(#%# (9.23#/✐.(#%# 8@3?*? H?.?@F 3#$✲
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f(x, y) =
N
∑

n=1

µIδ(x− an)δ(y − bn) . ✭✸✳✷✳✷✮

T?@ /394#/9(9 *#6&0/✐8@F 2308?@(#8@✐ N @#>;#/04 .#*✐=#; / ;#(@9;@✐✱ 3#$✲

@9=#/9(04 / @#>;94 x = an✱ y = bn✱ n = 1, 2, . . . , N ✳ T0* () *)(=✱ 3#$*✐3 ()✲

#.(#3✐.(#8@✐ / );82)30*)(@9&F(04 $39$;94 8;✐(>)((01 ❬✹✸✱ ✹✹✱ ✹✺❪✱ @#*? @9;#6

3#$%&'.9➵*# /029.#; 8@3✐>;0 =030(#C dy✱ 23#@'%(?@#➝ / (923'*;? y✿

f(x, y) = µIδ

(

x− L

2

)[

θ

(

y − w − dy
2

)

− θ

(

y − w + dy
2

)]
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f(x, y) = µI

[

θ

(

x− L− dx
2

)

− θ

(

x− L+ dx
2

)]

×

×
[

θ

(

y − w − dy
2

)

− θ

(

y − w + dy
2

)]
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∂φ

∂y

(

x,−w
2
, t
)

=
∂φ

∂y

(

x,
w

2
, t
)

= 0. ✭✸✳✷✳✺✮
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φ(x+ L, y; t) = φ(x, y; t) + 2π, ✭✸✳✷✳✻✮
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D317" B7.#"✱ )63.7B.✐ 4"#(7 $&8 2317> 1#.2312✐( (7)&8$3'20 .3-24<.7" B7✲
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∂φ

∂x

(

±L
2
, y, t

)

≈ 0,
∂φ

∂y

(

x,±w
2
, t
)

= ±γw
2
. ✭✸✳✷✳✼✮

➚ '() *+,-(*- . -(*+/ 01+)1-2✐➵/ +56'7➵-8'9 :✐;5+:✐;,6) .<721,6) 2✐:,9,✲

,9) '6,7'✲➹+2;+,✿

∂2φ
∂x2 +

∂2φ
∂y2 = sinφ + ∂2φ

∂t2 + α∂φ
∂t ✳ @2+-1✱ B10*+ 5+)✐-6-6✱ C+

9*C+ 521;'-(:6-6 :6*+26'-(,7 : ;(,✐D 2+<+-✐ ;E+.1F'+,✐:'8*7 F(.7 7 :60B9;✐

φ(x, y, t) = φ1(x, y, t) + φ2(y), φ2(y) ≪ 1✱ ;1 φ2(y) =
γy2

2 ✱ -+ 526 5✐;'-(,+:✲

G✐ 7 :6C1,(:1;1,1 2✐:,9,,9 +-26)(➵)+ 2✐:,9,,9 ✭✸✳✷✳✶✮ ,( F7,*G✐/ φ1(x, y, t)✳

I+)7 :6*+26'-(,( )+;1B8 .('-+'+:,( -(*+E ;+ ;E+.1F'+,✐:'8*6J 5121J+;✐: .

01+)1-2✐➵/ 5121*26--9✳
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F'+,✐:'8*( F(.( ✐ ➝➝ 5+J✐;,✐ ;6'*21-6.7/-8'9 ,('-75,6) L6,+)✿ φ(x, y; t) →
φ(mh, nh; t) ≡ φmn(t)✱ ∆φ ≃ h−2 (φm+1,n + φm,n+1 + φm−1,n + φm,n−1 − 4φmn)✳
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4wv2∞/N +O(v4∞) ➵ #✐%&'()%* &%&+,✐- ./0#12%*✳ ➶ %&+&/-'(5✐1'16#278 5(9*:✲

#8 ✭|v∞| ≪ 1✮ 2'+(7*➵72✿ γthr ≃ (α/π)
√

8µIN/w✳ ?29+*5#( 92+-:#8 O(α2)
72@8'6 A8'( 5+*B25*%✐ C* :29272,20 7&'2:8✱ +2C+2A/&%2,2 5 ❬✻❪✳ ❒2:(.✐#*I✐-

I62,2 7&'2:8 %* #5*C✐2:%25(7✐+%(J 5(9*:2# ➵ 9+21'20✱ '278 '8' 2A,252+(72

/(K& 21%25%✐ #+2#(✱ :&'*/6%(J +2C+*B8%2# 92+2,252,2 1'+878 C*#+✐9/&%%- %*✲

5&:&%(J 5 ➘2:*'#8 ➚✳ ?2#+*N&%& +✐5%-%%- A*/*%18 &%&+,✐➝ 1#/*:*➵'61- C &%&+✲

,✐➝ ./0#12%* 9+( X = −∞ ✐ ➝➝ 5'+*' )&+&C :(1(9*I✐0 ∆E✱ N2 925(%%✐ A8'(

%& 7&%K& C* 7*#1(7*/6%8 5(12'8 92'&%I✐*/6%2,2 A*+✬➵+8 U(X) :/- ✐1%85*%%-

72@/(521'✐ J2,2 92:2/*%%-✿

m
(πγ

2α

)2
+∆E = U(Xmax), ✭✸✳✸✳✾✮

:& Xmin✱ Xmax > Xmin ➵ &#1'+&787( 92'&%I✐*/8 U(X)✱ Xmin ≃ − ln(µI/γ)/2✱
Xmax ≃ −πγ/(2µI)✳ S✐5%-%%- ✭✸✳✸✳✾✮ 8%✐5&+1*/6%& ✐ A8:& 5(#2+(1'2585*'(1-

:/- 51✐B '(9✐5 :27✐K2#✳ ➶'+*'( &%&+,✐➝ )&+&C :(1(9*I✐0 :2+✐5%00'6✿ ∆E =

8αwN−1 ∫ Xmax

−∞ (v∞−Ẋ)dX ≈ 4α
N ln 2

√
2µIw✳ ?✐:1'*5/-0)( I&J #2+&#I✐J%(J )/&%

∆E 5 8'2)%&%& +✐5%-%%- A*/*%18 &%&+,✐➝ ✐ CA&+✐,*0)( )/&%( 92+-:#8 O(α2)✱
2'+(7*➵72 21'*'2)%(J 8'2)%&%(J 5(+*C :/- 1'+878 C*#+✐9/&%%-✿

γthr ≃
α

π

(

√

8µIN

w
− 4α ln 2

)

. ✭✸✳✸✳✶✵✮

UB2@&✱ N2 19✐55✐:%2K&%%- γthr(w) 2'+(7*%2 9+21'(7 :✐/&%%-7 *79/✐'8:( :2✲

7✐K#( %* #2&.✐I✐➵%' w/N ✱ #+✐7 '2,2✱ O(α2) 929+*5#* %& C*/&@('6 5✐: K(+(%(

#2%'*#'8 5C*,*/✐✳ ➬ I62,2 5(+*C8 72@%* -1%2 A*)('(✱ N2 -# '✐/6#( '&+7✐%O(α)
5+*B258➵'61-✱ 1'87 C*#+✐9/&%%- C%(#*➵ 9+( w →∞✱ '*#(7 )(%27✱ 5 %&1#✐%)&%✲

%2 K(+2#278 #2%'*#'✐ ./0#12% C*5@:( 9+2B2:('6 :27✐K#8✳ ➘+8,(J :2:*%2# 5

+✐5%-%%✐ ✭✸✳✸✳✶✵✮ %& C*/&@('6 5✐:w ✐✱ 2'@&✱ 72@& 9+(5&1'( :2 %&9+*5(/6%2,2 5(✲

1%25#8✱ N2 γthr %& 9+-78➵ :2 %8/- 9+(w →∞✳ W(7 %& 7&%K✱ 1/✐: C*C%*)('(✱ N2

I&J )/&% A85 2'+(7*%(J 8 9+(98N&%%✐✱ N2w 1#✐%)&%%*✳ X(1&/6%& 72:&/05*%%-
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"✐$%&'($)*➵ ,-.,&.' "(/"*0'..1 23,4, (,5$✐6*✿ -%(*8 59:(✐"6'..1 59%*;9➵ 5✐

5(,-%9..18 </(/./ :,.%9:%*✳ ❮9?6/)'./@ &/(95 ✭✸✳✸✳✶✵✮ &/1&61➵%3-1 & ;,(,✲

<,8* *54,$)'..✐ 5 F/-'63./8/ $9./8/ $61 896/; 5.9F'.3w✱ * %,@ F9- 1: $61

&'6/:/; w F/-'63.✐ %9 9.96✐%/F.✐ $9.✐ (,5;,$1%3-1 ✭"(,%'✱ *54,$)'..1 596/<9✲

➵%3-1 59$,&✐63./8✮✳ ➶-' 2' "('$-%9&6'., .9 I/-✳ ✸✳✻✱ $' 9.96✐%/F.✐ ('5*63%9%/

",$9.✐ -*2✐63./8/ 6✐.✐18/✱ 9 F/-'63.✐ $9.✐ ",:959.✐ 89(:'(98/✳

I/-✳ ✸✳✻ K,(,4,&/@ -%(*8 59:(✐"6'..1 1: L*.:2✐1 </(/./ :,.%9:%* w $61

α = 0.1✱ µI = 0.5✳ ➹(9L✐: ✭❛✮✿ &/"9$,: %,F:,&/; $,8✐<,: ✭✸✳✷✳✷✮✱ -*2✐63.✐ 6✐.✐➝

✐6Q-%(*Q%3 L,(8*6* ✭✸✳✸✳✶✵✮ 5 N = 1 ✭:(/&9 ✶✮✱ N = 2 ✭:(/&9 ✷✮ ✐ N = 3

✭:(/&9 ✸✮❀ 89(:'(/ ✕ F/-'63.✐ (,5(9;*.:98 5 N = 1 ✭•✮❀ N = 2 5 ay = 1 ✭+✮✱

ay = 2 ✭×✮✱ ay = 3 ✭◦✮✱ ay = 4 ✭�✮ ✐ ay = 7 ✭⋄✮❀ N = 3 5 ay = 1 ✭∆✮ ✐ ay = 2 ✭∇✮✳

➹(9L✐: ✭❜✮✿ &/"9$,: -%(✐F:,",$✐?.,➝ $,8✐<:/ ✭✹✳✸✳✼✮ 5 dy = 1 ✭✶ ✐ +✮ ✐ dy = 2 ✭✷

✐ ×✮✳ ➹,(/5,.%963.9 6✐.✐1 &✐$",&✐$9➵ -%(*8* 59:(✐"6'..1 .9 %,F:,&✐@ $,8✐<2✐ &

,$.,&/8✐(.,8* &/"9$:*✳

V (95✐ $&,; ✐ %(3,; $,8✐<,:✱ (,5%9<,&9./; *5$,&) 6✐.✐➝ & .9"(18:*y✱ -%(*8

59:(✐"6'..1 "(9:%/F., .' 596')/%3 &✐$ &✐$-%9.✐ ay 8✐) ./8/✳ ❮9"(/:69$✱ 89(✲
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"#$%✱ '"✐ )✐*+,)✐*-./0 ay = 2 ✭×✮✱ ay = 3 ✭◦✮✱ ay = 4 ✭�✮ +$% N = 2 ✐ w = 5

3-45# 6#)✐*$✐76'./08'✳

❒,56- $,7;<'6=/% #"8>#6/$%?6, $,73✐@#6✐ ✭/,A/,✱ @, <#5-/0 +,7- )✐88.

y = w/2✮ 6#,*6,$✐*6,8/✐✳ ✃✐6#3-/%?6# 6-A<%5#66' 6# )✐*$✐76'➵ *,3✐D"%✱ $,7✲

3✐@#6✐ ) $✐76%F +,7%>✐'F✳ G%8#<06✐ $,7$-F=6"% +,"-7=./0✱ @, $✐76%>' 3✐5 +,✲

$,;,)%3% 8/$=3-3% ) ,A,F )%+-*"-F ➵ *=5# 3-<,.✳ ❮-+$%"<-*✱ γthr = 0.03770

*<' >#6/$,)-6,➝ *,3✐D"%✱ a1 = L/2, b1 = w/2✱ w = 2 ❬✐6D✐ +-$-3#/$% /-"✐ 5✱

'" 6- K%8✳ ✸✳✶ ✭❛✮❪ ✐ γthr = 0.03776 *<' 6#,*6,$✐*6,8/✐ +$% a1 = L/2✱ b1 = w/4 ✳

 !"✐$%&'&(✐)*+ *,&(*&"✐(*✐-!.

P )%+-*"= +#$#D",*% = )%;<'*✐ 8/$✐?"% ✭✸✳✷✳✸✮ 7A#$✐;-➵/08' /,4 8-3%4 )%$-7

A-<-68= #6#$;✐➝✱ @, ✐ *<' /,?",),➝ 6#,*6,$✐*6,8/✐✱ -<# 3-8- Q<."8,6- +,)%66-

A=/% +#$#3-8D/-A,)-6-✿ m = 8w/dy✳ K#D/- $,7$-F=6"✐) *<' 8/$=3= 7-"$✐+<#✲

66' 8F,5- 7 )%+-*",3 /,?",),➝ *,3✐D"%✳ S$,#"/=.?% *%6-3✐"= >#6/$= 3-8

Q<."8,6- 6- )✐80 x✱ /-" 8-3, 76-F,*%3, )✐*+,)✐*6# $✐)6'66' $=F=✿

mẌ +mαẊ + ∂XU(X) = 0, ✭✸✳✸✳✶✶✮

U(X) = −2πγX + U0(X) = −2πγX +
2µI

cosh2X
,

S,/#6>✐-< U(X) 3-➵ 3✐6✐3=3 +$% Xmin ≃ − ln(µI/γ)/2 ✐ 3-"8%3=3 Xmax >

Xmin✱ Xmax ≃ −πγ/(2µI)✳ G#$#7 7,)6✐D6✐4 8/$=3 73✐@#66' γ +,/#6>✐-< -8%3#✲

/$%?6%4 +, )✐*6,D#66. *, 3✐6✐3=3= ✐ Q<."8,6 8+,)✐<06.➵/08' +$% 6-A<%5#6✲

6✐ *, 6#,*6,$✐*6,8/✐ ❬*%)✳ K%8✳ ✸✳✹ ✭❜✲❡✮❪✱ *# )✐6 )%/$-?-➵ A-;-/, ?-8= +,A<%7=

*,3✐D"% ) /,?>✐ x = L/2✱ -<# D)%*", +$%8",$.➵/08' 6-7-* *, $✐)6,)-56,➝

D)%*",8/✐✱ +$,F,*'?% ➝➝✳ ➶ 3#5-F +✐*F,*= ",<#"/%)6%F ",,$*%6-/ Q<."8,6

$,7;<'*-➵/08' '" -A8,<./6, 5,$8/"%4 ,A✬➵"/✱ @, 8",?=➵/08' )6%7 ) +,/#6>✐-<✐

U(X)✱ '"%4 6# 7-<#5%/0 )✐* D%$%6% 6#,*6,$✐*6,8/✐ d✳ ❰*6-"✱ <%D# >#6/$-<06-

?-8/%6- >0,;, 8/$%56' 7 −d/2 < y < d/2 )7-➵3,*✐➵ 7 *,3✐D",.✱ ) /,4 ?-8 '"

4,;, ➽F),8/%➾ d/2 < |y| < w/2 ✲ 6✐✳ \# A#$#/08' *, =)-;% +#$#3-8D/-A=)-6✲
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"#$ $%&'✿ m = 8w/d✳ ✃+,' "-+."+/✐."✐&12 /+31#4"51% 63.+67 6&2+4+ 8+"1%815✱

d = w✱ :/+;,-$% &1%➵ :+6"✐&1= "-3%,-7"+= 6✐. 8++/.'"%1' y ✐✱ #8 "%&,✐.+8✱ $%✲

&% .+/✐6"=➵ m = 8✳ ?-@ +:'& ➵ :/';,'3"'$✱ 1+$5 A+ 151 "-B15➵12&# 6'4'"%$'

&+,✐1+"% "% 4/%"'C#B .+$✐D8'✳ ❰17-✱ 6 8✐"-$%1'F"+$5 "%;,'7-""✐ &1/5$ 3%✲

8/✐:,-""# $+7- ;51' 3"%@.-"'$ #8 8+/✐"2 /✐6"#""# ;%,%"&5 -"-/4✐➝✿Ek = 2µI ✱

.- Ek = m[(1 − v2∞)
−1/2 − 1] ≃ 4wv2∞/d + O(v4∞)✲ 8✐"-1'F"% -"-/4✐# H,=8&+"%✳

➶ "-/-,#1'6✐&1&28+$5 6':%.85✿ γthr ≃ (α/π)
√

8µId/w✳ ❒+.'H✐8+6%"- /✐6"#""#

;%,%"&5 -"-/4✐➝✿

m
(πγ

2α

)2
+∆E = U(Xmax) . ✭✸✳✸✳✶✷✮

➶ /-35,21%1✐ .'&':%C✐➝ H,=8&+" 61/%F%➵ -"-/4✐=✿

∆E =
8αw

d

∫ Xmax

−∞
(v∞ − Ẋ)dX ≃ 4α ln 2 (2µIw/d)

1/2 , ✭✸✳✸✳✶✸✮

.- Ẋ(t) ≃ −(µId/2w)1/2(1+tanhX) ➵ :/';,'3"'$ /+36✬#38+$ /✐6"#""# ✭✸✳✸✳✶✶✮✳

P✐.&1%6,#=F' C-@ 8+/-8C✐@"'@ F,-"∆E 6 $+.'H✐8+6%"- /✐6"#""# ;%,%"&5 -"-/✲

4✐➝ ✐ 3;-/✐4%=F' F,-"' :+/#.85 O(α2) +1/'$%➵$+ +&1%1+F"'@ 6'/%3 .,# &1/5$5

3%8/✐:,-""# 5 6':%.85 .+$✐D8'✲&1/✐F8'✿

γthr =
α

π

(

√

8µIdy
w

− 4α ln 2

)

. ✭✸✳✸✳✶✹✮

➬ C2+4+ 6'/%35 6'."+✱ A+ #8 1✐,28' F,-" :+/#.85O(α) 6/%B+65➵12&#✱ 1+ &1/5$

3%8/✐:,-""# 3"'8%➵ #8 w → ∞✱ +17-✱ 6 "-&8✐"F-""+ D'/+8+$5 8+"1%81✐ H,=✲

8&+" 3%67.' :/+@.- .+$✐D85✳

S'&-,2"✐ /+3/%B5"8' :✐.16-/.75=12 3$-"D-""# :+/+4+6+4+ &1/5$5 3%8/✐✲

:,-""# 3 /+&1+$ D'/'"' 8+"1%815✱ #8 :+8%3%"+ "% T'&✳ ✸✳✻ ✭❜✮✳ ➶'/%3 ✭✸✳✸✳✶✹✮

.+;/- 534+.75➵12&# 3 F'&-,2"'$' .%"'$'✳ W8 ✐ .,# 1+F8+6+➝ .+$✐D8'✱ /+3;✐✲

7"✐&12 $✐7 %"%,✐1'F"'$' 1% F'&-,2"'$' /-35,21%1%$' 3/+&1%➵ .,# ;✐,2D'B

3"%F-"2 w✳ ➶ 4/%"'C✐ d/w → 1 ✶➘ 6':%.+8 6✐."+6,=➵12&#✱ 1+$5 A+ &1/✐F8+:+✲

.✐;"% "-+."+/✐."✐&12 /+31#45➵12&# F-/-3 6-&2 8+"1%81✳ ❰17-✱ :+/+4+6'@ &1/5$
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"#$%✐'()**+ ,-.+/#➵ "*#1)**+ γthr = α(
√
8µI − 4α ln 2)/π  !" # $#%&'✐)$#*#

+#!✐,#$- ❬/#0121$# ,#%+,#3 *#)&2#$,1!4$#3 !✐$✐➵3 $1 6&+✳ ✸✳✻ ✭❜✮❪✳ >10&' ?&✲

$#'✱ +/#+,B)✐*1➵'#✱ C# "0C# +,)✐?0#/# ✐D$1 $B# $#)✐ $✐+,4  #+"*1➵✱ $1/)&0!1 ✱

D!&240# 1/3 E&)&$& 0#$,10,-✱ +,)-' 210)✐/!B$$" /)&D!&2$# $1 40% 'B$E&F 21

%✐ /#%✐ $B # $#%&'✐)$B 2$1?B$$"✳

❒#H$1 +I#)'-!3%1,& $1+,-/$&F /)#+,&F 1)*-'B$,✱ C# /#"+$3➵ /)#J# HB✲

$$" I!30+#$1 ?B)B2 /B)BE0# - E&)&$& d % ✷➘ ➘✃✳ ❮B# $#)✐ $✐+,4 '#HB D-,&

#/&+1$1 "0 !#01!✐2#%1$&F /#,B$O✐1!4$&F D1)✬➵)✳ >✐!40& OB$,)1!4$1 ?1+,&$1

✭|y| & d/2✮ # $#)✐ $#*# % y $1/)"'0- I!30+#$1 DB)B -?1+,4 - /)#OB+✐ %21➵'#✲

 ✐➝✱ % ,#F ?1+ "0 % *)1$&?$&J )1F#$1J d/2 . |y| ≤ w/2 ✲ $✐✳ >10&' ?&$#'✱ "0C#

B$B)*✐" % ➽J%#+,1J➾  #+,1,$"✱ C#D /# #!1,& D1)✬➵) ✲ I!30+#$ /)#F B✳ T0C#

w →∞✱ B$B)*✐" $B%21➵'# ✐3?#➝ ?1+,&$& I!30+#$1 /)"'-➵  # $B+0✐$?B$$#+,✐ ✐✱

#,HB✱ %✐$ 2'#HB /# #!1,& D- 4✲"0- /B)BE0# -✳

 !"#$%&'() (*$+($!✐+(✐-'.

❮1)BE,✐✱ )#2*!"$B'# /)"'#0-,$- $B# $#)✐ $✐+,4 ✭✸✳✷✳✹✮✳ ➶ ,#?0#%#✲

?1+,&$0#%#'- #/&+✐ I!30+#$ ➽%✐ ?-%1➵➾  #'✐E0- "0 /#,B$O✐1! U0(X) =

2µI [tanh(X + dx/2) + tanh(dx/2 − X)] ❬✽❪✳ ➶ O4#'- %&/1 0-✱ D1!1$+ B$B)✲

*✐➝ '1➵ %&*!" ✿ 8w[(1 − v2∞)
−1/2 − 1] = 4µIdy tanh(dx/2)✱ 2%✐ 0& %&)12  !"

+,)-'- 210)✐/!B$$" '#HB D-,& !B*0# )#2)1J#%1$&F✳ ➘!" %B!&0&J dx %✐$ '#✲

HB D-,&  #/#%$B$&F /#/)1%0#3 O(α2)✱ #,)&'1$#3 % # $#%&'✐)$#'- %&/1 ✲

0- % ❬✽✱ ✾❪✳ ❒1+- I!30+#$1 /#,)✐D$# )B$#)'1!✐2-%1,& "0 8 → 8w/dy✳ ➶ O✐F

*)1$&O✐ %)1J#%-➵,4+"✱ C# $B# $#)✐ $✐+,4 +,%#)3➵ +J# &$0#/# ✐D$&F /#,B$O✐1!

U0(X) = 2µI [tanhX + 1]✱ "0&F '1➵ '✐$✐'-' /)& Xmin = −❛[❝]❡❝❤
√

πγ/µI ✐

'10+&'-' /)& Xmax = ❛[❝]❡❝❤

√

πγ/µI ✳ ➶,)1,& B$B)*✐➝ ?B)B2  &+&/1O✐3 ∆E =

8αwd−1y
∫ Xmax

−∞ (v∞ − Ẋ)dX ≃ 4
√

µIdyw−1α{ln[µI/(πγ)] +O(1)} /#,)✐D$# /✐ +,1✲
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"#$# " %✐"'(''( )*+*',- .'.%/✐➝ ✭✸✳✸✳✶✷✮✳ ✃✐'8."* *9%:;,#<*8✐= "#/+(>*➵✿

γthr =
α

π

√

dy
w

[

4
√

µI tanh(dx/2)− α ln

(

µI
α2
w

dy

)]

. ✭✸✳✸✳✶✺✮

➬".%'✐$B -"*/-✱ D: >+( $:E;:":➝ $* ,$%✐E;:9:>✐)':➝ '.:>':%✐>':,$.F >%-/* 9:✲

9%*";* H*+.I#$B ✐ "✐> J#%#'# ;:'$*;$- ✐ "✐> J#%#'# ,*<#K >:<✐J:;✳ ➶ /%*'#8✐

✶➘ ✭dy/w → 1✮✱ N:%<-+* ✭✸✳✸✳✶✺✮ H).%✐/*➵ N:%<-✱ H'*F>.'- " ❬✽✱ ✾❪✳ S <.I✐

w → ∞✱ >%-/#F E+.' 9%(<-➵ >: '-+(✱ *+. '*)*/*$: 9:"✐+B'✐J.✱ '✐I H*$-K*''(

O(w−1/2) 9.%J:/: E+.'-✳ ➶*%$: D. %*H H*H'*E#$#✱ D: >%-/#F E+.' ➵ 9%*"#+B'#<

'*)+#I.''(< +#J. >+( ,;✐'E.''#K H'*E.'Bw✳ ➶ 9%:$#+.I'✐F /%*'#8✐✱ dx → 0✱

<:I'* H*,$:,-"*$# '*,$-9'- *9%:;,#<*8✐=✿ tanh(X+dx/2)+tanh(dx/2−X) =
sinh dx/[cosh

2X+sinh2(dx/2)] ≃ dxT❡❝❤
2X+O(d2x)✳ ❰$I.✱ .N.;$#"'#F 9:$.'8✐*+

U(X) ➵ <*FI. $*;#< ,*<#<✱ (; ✐ >+( '.:>':%✐>':,$✐ ,$%✐E;# *I >: ;:.N✐8✐➵'✲
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;✐'8."#F ,$%-< H*;%✐9+.''( "#/+(>*$#<.✿

γthr =
α

π

[

4

√

µIdydx/2

w
− 4α ln 2

]
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>:"✐+B'. ,9✐"9*>✐''( H *'*+✐$#E'#< '*)+#I.''(< ✭✸✳✸✳✶✺✮✲✭✸✳✸✳✶✻✮✳ ➶✐>K#+.''(
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9.E#$# O(α2) 9:9%*";:=✱ D: :>'*;:": >:)%. 9%*8=➵ " :):K <.I*K dx → 0 ✐
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➵<:>✐➝ H '.:>':%✐>'✐,$= ".+#;:➝ 9+:D✐✳ ]+✐> H*H'*E#$#✱ D: '*"✐$B >+( dx & 3
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✕ -3-1✐(#E3- -0)8.$#+-6✐4 ✭✸✳✸✳✶✺✮ 914 dx = 1, 2, . . . , 5✱ A✐908A✐938✳ ➶$(-A.-

08.-,*➵ ,-12J3✐$(C 08)8K8A8K8 $()*+* ,-.)✐012334 A✐9dx 0)# dy = 1 ✭+✮✱ dy = 2

✭×✮ ✐ w = 3✳ ➘A✐ K8)#,83(-1C3✐ 1✐3✐➝ A✐908A✐9-B(C -3-1✐(#E3✐M -0)8.$#+-6✐➝

✭✸✳✸✳✶✺✮ 0)# dx → ∞ 914 dy = 1 ✐ dy = 2✱ (83.- .)#A- 08.-,*➵ 3-N1#J2334

✭✸✳✸✳✶✻✮ 0)# dy = 1✳
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!"#$%&$✐ ()*+% ➵ -."✐*/%&$%)%✱ 1* ✐ 2#34*3*+(+#5%36 + -*-."./$✐7 "*2/✐5#7✳

➘56 5✐$✐:$*!* ;*$4#;4( -."✐*/%&$✐ !"#$%&$✐ ()*+% -*4"✐<$* 2#)✐$%4% ()*+#)%

=*$ ❮.:)#$# ∂xφ(±L/2, y, t) = 0✳

?;1* =5@;3*$ "(7#➵4A36 +2/*+B ➘✃✱ +✐$ 34+*"@➵ -#/✐$$6 $#-"(!%✱ 6;. -✐✲

356 (3."./$.$$6 -"*46!*) +.5%;*!* &#3( /*"✐+$@➵ V = 2πv/L✱ /. v ✲ 3."./$6

E+%/;✐34A✳ ➬#!#5A$# -*4(B$✐34A ✭.$."!✐6 $# */%$%H@ &#3(✮✱ -"*/(;*+#$# 2*+$✐✲

E$✐) 34"()*) Ptot = V γLw -*+%$$# /*"✐+$@+#4% /%3%-#4%+$%) +4"#4#)Pdiss ✐

+4"#4#) $# +%-"*)✐$@+#$$6 Prad✿ Ptot = Pdiss+Prad✳ K*4(B$✐34A +%-"*)✐$@+#$✲

$6 <(5# "*2"#7*+#$# + ❬✺❪ /56 */$*+%)✐"$*!* ;*$4#;4(✱ # + ✷➘ +%-#/;( +*$# )#➵

+%!56/✿ Pdiss = 8αwv2/
√
1− v2✳ ➶4"#4% $# +%-"*)✐$@+#$$6 $# +.5%;%7 &#3#7

/*"✐+$@@4A✿ Prad = E(v)/T = E(v)v/L✱ /. T = L/v ➵ &#3*+%: ✐$4."+#5 )✐B /+*✲

)# H%;5#)% "*23✐6$$6 =5@;3*$# $# /*)✐EH✐✱ ✐ E(v) ✲ .$."!✐6 +%-"*)✐$@+#$$6✱

1* +%$%;5* +$#35✐/*; HA*!* "*23✐6$$6✳ Q(4 2"*<%)* /+# -"%-(1.$$6✳ K."E

2# +3.✱ +%-"*)✐$.$# .$."!✐6 <(5# +%2$#&.$# /56 $.3;✐$&.$$*!* ;*$4#;4(✳ ➘56

3;✐$&.$$*!* -.".7*/( ;*$4%$(#5A$%: 3-.;4" -*4"✐<$* 2#)✐$%4% $# /%3;".4$%:✳

❰/$#;✱ 6;1* ;*$4#;4 /*34#4$A* +.5%;%:✱ H%) )*B$# 2$.74(+#4%✳ K*✲/"(!.✱ H6

.$."!✐6 <(5# 2$#:/.$# /56 <.2/%3%-#4%+$*!* +%-#/;( ✭α = 0✮✳ Q%) $. ).$E.✱

<✐5AE# &#34%$# .$."!✐➝ +%-"*)✐$@➵4A36 -"*46!*) 3;✐$&.$$*!* &#3( +2#➵)*/✐➝ ✐

6;1* α≪ 1✱ 4* /%3%-#H✐6 +%-"*)✐$.$%7 7+%5A /(B. )#5#✳ ❰3*<5%+* H. 3-"#+.✲

/5%+*✱ ;*5% v $. )#5# ✐ &#3 +2#➵)*/✐➝ ➵ -*"6/;(O(v−1)✳ ➶ ".2(5A4#4✐ *4"%)(➵)*

"✐+$6$$6 <#5#$3( -*4(B$*34.:✿

γ =
1

2π







4αLV

π

[

1−
(

LV

2π

)2
]−1/2

+
E(LV/2π)

Lw







, ✭✸✳✹✳✶✼✮

/. V = 2πv/L 3."./$➵ -#/✐$$6 $#-"(!% + ;*$4#;4✐✳ W.: +%"#2 +%2$#&.$%: +

✐$4."+#5✐ γthr < γ < ∞ /. γthr 2#/#➵4A36 =*")(5*@ ✭✸✳✸✳✶✵✮✳ ➬#2$#&%)*✱ 1* +

".#5A$%7 .;3-."%).$4#7 */$# 2✐ 2)✐$$%7 γ #<* V ;*$4"*5@➵4A36✱ # ✐$E# +%)✐✲
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✸✳✹✳✶ $%&✐()*+*,✐-./ .0*,.*&✐,.✐1%2

❮+ ,-'✳ ✸✳✽ /01"+2340 ➶➚7 89( :04%+:%; /✐ '%"✐=:0>08✐140# 80?✐@:0# A

4&0?;✳ ➶-(A9(➵%&'(✱ C0 D✐ :"-A✐ '%"0E0 /+932+%& A✐8 >+"+?3%"✐A :04%+:%;✳ F04✲

:+ 43>"04;?3"0A+4+ 9✐4✐( >0/4+=+➵ >"0'%0"0A0✲0840"✐84-H :04%+:% ✭µI = 0✮✱

C0 0>-';➵%&'( "✐A4(44(? ✭✸✳✹✳✶✼✮✱ :09- A✐8';%4✐H 8";E-H =934✳ ➶ D&0?; A->+8✲

:; "✐A40A+24+ @A-8:✐'%& '09✐%04+ v∞ >"0'%0 A✐840A9#➵%&'(✳ ➶->"0?✐4#A+44(

'%A0"#➵ /4+=4✐ A✐8M-9344( A✐8 0840"✐840E0 A->+8:; ; ➶➚7✳ N✐ A✐8M-9344( >0✲

?✐%4✐ 89( '3"384✐M /4+=34& 4+>";E- ✭@A-8:0'%✐ O9#:'04+✮✱ +93 /?34@;#%&'( A
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E"+O✐: ✭❜✮ ✲ >+"+?3%"+? d = 5✱ α = 0.1 ✭:"-A+ ✶✮✱ α = 0.01 ✭:"-A+ ✷✮ ✐ α = 0.001

✭:"-A+ ✸✮✳ F04:✐ 43>"04;?3"0A+4✐ :"-A✐ ✐9#'%";#%& 0840"✐84-H A->+80:µ = 0

89( A✐8>0A✐84-M /4+=34& α✳
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8✐36166✐ ✭✹✳✷✳✸✮ 6#8(.➵,0+1 3 #2'6'<1L ω−1J ✱ α ➵ "%8%(-,8 2'+'"%<✐➝✱ L ✲ <-

✐62.7,'36✐+,0 7#(✐8#7✱ γ ✲ $-;8#;(✐86'5 ;#36✐>6✐5 +,8.( ;(✐*-661✱ 6#8(#3%✲

6'5 6% Ic✳ V%8%(-,8 η 3'(✐8=➵ %+'(-,8✐= ❮✃➶■❮ ✐ ➵ 3✐26#>-661( 78','&6'L

+,8.(✐3 7#6,%7,✐3 +"8%3% ✐ ;A✐3%✳

➘3✐ (-?✐ 8✐361661 ✭✹✳✷✳✺✮ (%=,0 3%?A'3- ;6%&-661✳ X7*# η = 0✱ #,8'(.➵(#

2'+78-,6'5 +'6.+✲➹#82#6% ✭➘Y➹✮ ; &A-6#( sin(φn/2)✱ % 17*# η →∞✱ ,# 3✐26#3✲

A=➵,0+1 8✐361661 ➘Y➹✱ %A- ; ,-8(✐6#( sinφn✳ V-8>'5 3'"%2#7 M✐;'&6# #;6%&%➵✱

*# I
(r)
c → ∞✱ ,%7'( &'6#(✱ A✐3% +,#8#6% ❮✃➶■❮ -M-7,'36# ;6'7%➵✳ ❰+,%66✐5

3'"%2#7 #;6%&%➵✱ *# I
(l)
c → ∞ ✐ ,- ? +%(- 3✐2$.3%➵,0+1 3 "8%3✐5 +,#8#6✐✳ ➶

#$#L 3'"%27%L -A-(-6,%86% 7#(✐87% (%+'3. +,%➵ +'(-,8'&6#=✳ ➪.2- 8#;@A16.✲

,'5 78.@#3'5 (%+'3✱ ,%7'( &'6#(✱ @8%6'&6✐ .(#3' φn = φn+N + 4πQ ✱ 2- Q ➵

"#36'5 ,#"#A#@✐&6'5 ;%812✱ ,#$,#✱ ;%@%A06- &'+A# MA=7+#6#3 ✐ %6,'MA=7+#6✐3

✭; .8%L.3%661( ;6%7.✮✱ ;%L#"A-6'L 3 7✐A0<-✳ ❮%2%A✐ 8#;@A12%,'(-,0+1 3'"%2#7

#26#@# MA=7+#6. 3 (%+'3✐✱ #,?-✱ Q = 1✳
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36/*.✐169 %,1/*2 ❮✃➶■❮ ?.(-62*,.&✱ *✐'@&*✐'.& '& +(?2)86,6✐* +&A&6/ ❬✽✾❪✳

F3G& *.26+✐0.✐ ✐.'236/*.&16✐ *+,-&*296814✱ 6& '/.,%✐3, 'H&?(I1&.✐*183&➝

I,?/ @&*/.., A26/ &@/1,., .( +✐*.4..4% ➘LM➹ ✭✹✳✷✳✺✮✱ , ?, I&+%2)&9 ✭✶✮
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./- 7)(.✐*✳ ➶ 6&$ 7,1 43 2 +✐*.4..✐ ✭✹✳✷✳✺✮ ?*✬4?&3 ➵ )/0( %✐H .,$A)/H7/%/

121✐'.✐%/ 'H&?(I1&.✐*183/%/ I,?,%/✱ */@,'&3 ?✐ *?,➵%.&9 ✐.'236/*.✐169 *+,✲

-&*2➵ ?*✬4?&3 *1✐- 'H&?(I1&.✐*183/- I,? %,1/*2✳

✹✳✸ ➹$%✐'()*+✐,-(.$ /0$+123

➘/.,%✐32 I)931&., * +(,)8.&%2 %,1/*✐ ❮✃➶■❮ %&H., ?+&?2%✐6/ 3+,G(✱

43G& 2 @(+02 7(+X2 +&?X)4.26/ X,%✐)86&.✐*1832 X+,./"9 ✭α = 0✮ ✐ 6,3&H @+/

γ = 0✳ ➶ +(?2)86,6✐✱ +✐*.4..4 ✭✹✳✷✳✺✮ %&H., +&?X)4',6/ 43 +✐*.4..4 +2-2 +(0✐✲

63/ ? I2.3"✐➵9 ➹,%✐)86&.,✿

H =
N
∑

n=1

[

1

2

(

dφn
dt

)2

+
κ

2
(φn+1 − φn)

2 + V (φn)

]

, ✭✹✳✸✳✼✮

'( @&6(."✐,) V (φ) */+,H,➵6814 43

V (φ) = V0

[

η(1− cosφ) + 2

(

1− cos
φ

2

)]

, V0 =
2

1 + 2η
. ✭✹✳✸✳✽✮

➬%✐..2 φn %&H., +&?X)4',6/ 43 3&&+'/.,6/ *✐'@&*✐'.&➝ 7,16/.3/ +(0✐63/✳ ]&+✲

%, @&6(."✐,)2 ✭✹✳✸✳✽✮ ?&A+,H(., ., ^/1✳ ✹✳✸✳ ➘&A+( */'.&✱ G& @,+,%(6+η ✐16&6.&

?%✐.9➵ I&+%2 @&6(."✐,)2✳ F3G& η = 0✱ &6+/%,➵%& @&6(."✐,) 1/.21✲➹&+'&., ?

@+&16&+&*/% @(+✐&'&% 4π✳ ➘)4 %,)/- ?.,7(.8 η @&6(."✐,)8./$ A,+✬➵+ ?./H2➵✲

6814 ✐✱ 43G& η > 1/2✱ ?✬4*)4➵6814 .&*/$ )&3,)8./$ %✐.✐%2% @+/ φ = 2(2n+1)π✱

n ∈ Z✳ ! %(H✐ η →∞ ?.&*2 &6+/%2➵6814 @&6(."✐,) 1/.21✲➹&+'&.,✱ &'.,3✱ 6(@(+
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"#$✳ ✹✳✸ ()*+,-✐/0 ✭✹✳✸✳✽✮ 304 5✐6,#7 6,/8+,9 :/5/;+*5 /,✐6)*5):✐➝✿η = 0 ✭>5#?/

✶✮✱ η = 0.1 ✭>5#?/ ✷✮✱ η = 0.4 ✭>5#?/ ✸✮✱ η = 0.6 ✭>5#?/ ✹✮ ✐ η = 4 ✭>5#?/ ✺✮✳

D)E) :+5✐)3 $*/,)?#*9 2π✳ (0)$>✐ 7?#0✐ ✭:0/6;),# ➘G)6+H$),/✮ ;)GI*9 JI*#

)*5#;/,✐ 6/ 3):);)E)K 0✐,+/5#6/-✐➝ 5✐?,4,,4 5I7I ,/?>)0) ;✐,✐;I;I :)*+,-✐/✲

0I ✭✹✳✸✳✽✮✳ ❰*5#;/,✐ 6/>),# 3#$:+5$✐➝ ;/K*9 ?#E043✿

ω0(q) =

√

1 + 4κ sin2
q

2
, ✭✹✳✸✳✾✮

ωπ(q) =

√

2η − 1

2η + 1
+ 4κ sin2

q

2
. ✭✹✳✸✳✶✵✮

(+5O#D 6/>), 3#$:+5$✐➝ ?✐3:)?✐3/➵ 6/ ;/0✐ >)0#?/,,4 ,/?>)0) E0)J/09,)E)

;✐,✐;I;I✱ ? *)D 8/$ 4> 35IE#D 6/>), ;/➵ $+,$ *✐09># *)3✐✱ >)0#η > 1/2 ✐ ?✐3:)?✐3✲

/➵ 6/ ;/0✐ >)0#?/,,4 ,/?>)0) ;+*/$*/J✐09,)E) $*/,I✳ Q+5+6 $>✐,8+,,✐$*9 ;/$#?I

7?#09)?+ 8#$0) q ∈ [0, 2π) ,/JI?/➵ *✐09># 3#$>5+*,#D 543 6,/8+,9 qm = 2πm/N ✱

m = ±1, . . . ,±N ✳ ➬/>), 3#$:+5$✐➝ ✭✹✳✸✳✾✮ ,+ 6/0+G#*9 ?✐3 :/5/;+*5I /$#;+*5✐➝

η✳

✹✳✸✳✶ ✃%&'(&)*+,&* -.*&(/0
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"#$% κ ≫ 1 &'(')')*&+ ,'-+ ,%-' ./01 2+30%3%*+&+ ✐ )✐*&5&&5 ✭✹✳✷✳✺✮

2*%<10=35 <% (%<*✐>&%?% 31&/3✲➹%)<%&+✿

∂2φ

∂t2
− ∂2φ

∂x2
+

2

1 + 2η

(

η sinφ+ sin
φ

2

)

+ α
∂φ

∂t
= γ . ✭✹✳✸✳✶✶✮

E' )✐*&5&&5 ,+➵ *'G1#/ #✐G=#✐30= 2+30%3/*+&= ❬✾✵✱ ✾✶❪✱ * 0%,/ K13G✐ * <%*?1L

<-%2'M3%&✐*3=#1L #%&0+#0+L 2 <)/?%N ?+),%&✐#%N * 30)/,✲M+2%*✐> 2+G'-&%30✐

❬✾✷❪✳ O✐*&5&&5 (%<*✐>&1> 31&/3✲➹%)<%&+ ,+➵ 0%(%G%?✐K&✐ 3%G✐0%&&✐ )%2*✬52#1✱ 5#✐

2✬➵<&/N0= <*+ 3/3✐<&✐ ?G%.+G=&✐ ,✐&✐,/,1 ✭φ = 0 ✐ φ = 4π✮ ✐ * ?+,✐G=0%&✐*3=#✐>

?)+&1Q✐ ✭α = γ = 0✮ Q'> )%2*✬52%# *1?G5<+➵ ❬✾✵✱ ✾✶✱ ✽✽❪✿

φ(x, t) = 2π + 4 arctan

[

1√
1 + 2η

sinh

(

x− vt√
1− v2

)]

. ✭✹✳✸✳✶✷✮

"#$% η = 1/2 3%G✐0%&&1> )%2*✬52%# *✐<K/*+➵ 0%K#/ (')'?1&/ * >%?% Q'&0)✐ ✐ <G5

*'G1#1L 2&+K'&= η <*+ 2π 3%G✐0%&1✱ 5#✐ 3#G+<+N0= )%2*✬52%# ✭✹✳✸✳✶✷✮✱ 30+N0=

<%.)' )%2<✐G'&1,1✳

✹✳✸✳✷ ➪%&'()*+,✐./'012.(3 *45 6(78*%9.(5 7+1✐9+.✐'✳ :*+&+*✐

;'(68+79✐

➘1&+,✐#+ 0%(%G%?✐K&1L /3+,✐0&'&1L L*1G= * )'T✐0#+L #G+3/✱ $% %(13/➵✲

0=35 ?+,✐G=0%&✐+&%, ✭✹✳✸✳✼✮ ✭K+30% 2?+</➵0=35 5# &'G✐&✐>&' <13#)'0&' )✐*&5&&5

✃G'>&+✲➹%)<%&+✮ ./G+ <%.)' *1*K'&+ ✭<1*10135 %?G5<1 ❬✺✶✱ ✺✷❪ ✐ (%31G+&&5 *

&1L✮✳ ➹%G%*&+ )✐2&1Q5 * <1&+,✐Q✐ 3%G✐0%&+ ,✐- &'(')')*&%N ,%<'GGN ✃G'>&+✲

➹%)<%&+ ✐ ➝➝ <13#)'0&1, +&+G%?%, (%G5?+➵ * 0%,/✱ $% <13#)'0&✐30= 2&+K&% /3#G+✲

<&N➵ *✐G=&' (%T1)'&&5 3%G✐0%&+✳ "#$% T/#+01 )%2*✬52%# / *1?G5<✐  ✐"#$%➝

'()*✐ φn(t) = φ(n − vt) ≡ φ(z)✱ $% 2+<%*%G=&5➵ &'G✐&✐>&' <13#)'0&' )✐*&5&&5

✃G'>&+✲➹%)<%&+✱ 0% )✐*&5&&5 )/L/ &+./*+➵ *1?G5</ ❬✺✸❪✿

v2
d2φ(z)

dz2
− κ [φ(z + 1) + φ(z − 1)− 2φ(z)]− ∂V [φ(z)]

∂φ
= 0 . ✭✹✳✸✳✶✸✮

➶ )'2/G=0+0✐ 2&+L%<1,%✱ 5# ()+*1G% 3%G✐0%&1✱ 5#✐ /0*%)NN0= 2*✬52+&1> 30+&

2 ,+G%+,(G✐0/<&%N L*1G'N✱ 5#1> )/L+➵0=35 2 0✐➵N - T*1<#✐30N v✳ Y #%&01✲
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"#$✳ ✹✳✹ '()*)(✐ ,-#./)$0✐ 1/ 234/5✐1 η .61 κ = 1 ✭/(#-8 1✮✱ κ = 0.5 ✭/(#-8

2✮ ✐ κ = 0.25 ✭/(#-8 3✮✳

-;6#/#< *48=;4> η ✭48-✐0> η ≪ 1✱ *8 3?)-# κ & 1✮ ✐$43➵ A(#48B?4✐ ).48 A()✲
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/✐-✱ 8G .)

∂4φ
∂x4 ✱ (3<6#-#B $)6✐0)4 ✐$43➵ *4)-3 0✐6>/# .61 )O(84)H) 48O)(3 A()✲
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✭❝✱❞✮ ✱ 1. ❮■❮ /)D,(+.,)E 1A" α = 0.05✱ ( E%5% `)6),( DG✐Aa`U➵'aV" D✐ D6%✲

V'(,,"* η ✐ D✐ D*.,`.,,"* α✳ ➬%#6.*(✱ /✐1D,(+)*%✱ $% ✐V,U➵ *.,`. 5✐A%# 1A"

V̄ ,)C+. ❮■❮ ✭V̄ < V −IV I✮✱ "#$% α D*.,`U➵'aV"✳ ➘%/C),( -)9 5✐A%# UD1%/C

%V✐ γ D*.,`U➵'aV"✳ f%6✐/,"➵*%✱ ,(06)#A(1✱ 1(,✐ ,( [)V✳ ✹✳✻ ✭❞✮✱ 1. '✐Aa#) %1,(

5✐A#( ,)C+. ❮■❮ /)C)/(➵✱ "#$% 0(6(*.'6 1)V)0(-✐➝ D*.,`U➵'aV" Dα = 0.05 1%

α = 0.02✳ g#$% α / 0%1(Aa`%*U D*.,`U➵'aV" 1% α = 0.01✱ ,.*(➵ ,✐"#)9 ✐,`)9

5✐A%# ➶➚4 ,)C+. ❮■❮✱ '%G'% V −IV I = 0✳ ➘/( ➶➚4 1A" *.,`%5% D,(+.,," 0(6(✲

*.'6U 1)V#6.',%V'✐ ✭κ = 0.25✮ 1A" η = 0.3 ✭,.*(➵ 06%D%6%➝ `/)1#%V'✐✮ ✐ η = 0.6

✭%1,( 06%D%6( `/)1#✐V'a v1 = 0.162871✮ D%G6(C.,✐ ,( [)V✳ ✹✳✼✳ _U' ❮■❮ +✐'#%

/)1,% 1A" η = 0.6 ✐ 0%/.1✐,#( E%5% #6(➝/ '(#( C✱ "# ,( [)V✳ ✹✳✻✿ V +
IV I → 4πv1/N
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!"#✳ ✹✳✼ ➶()*+✲-./012- 3-1-4+01"#+"4- 5)6 κ = 0.25✱ α = 0.05✱ η = 0.6 ✭9(12✐

�✮ ✐ η = 0.3 ✭901<(2✐ ◦✮✳ ➶#+-<4- /(4-=>➵ 50+-)✐ ➶➚A /(B)"=> /1(=(1"3 C<"5✲

4(#+0D 5)6 η = 0.6✱ α = 0.05 ✭9(12✐ �✮✱ α = 0.02 ✭901<(2✐ ◦✮ α = 0.01 ✭#"2✐

×✮ ✐ α = 0.0075 ✭=0)02✐ +✮✳ E01<(2- <01+"4-)*2- C<"54✐#+* /(=2-9-➵ /-5✐2✲

26 2-/1>F"✱ G( <✐5/(<✐5-➵ <✐5/(<✐52✐D /1(=(1✐D C<"54(#+✐ < F-.✐)*+(2✐<#*4✐D

F1-2"H✐✳

= α → 0 ✭5"<✳ <#+-<4>✮✱ /(4" V −IV I = 0✳ ➶01326 .0I- ❮■❮ ✭V +
IV I✮ 1(=+-C(<-2-

B)"=*4( 5( =2-90226 4πv1/N ✱ 50 v1 ✲ <✐5/(<✐52- /1(=(1- C<"54✐#+*✳ ➶"=2-9-L9"

/-1-.0+1 50+L2✐2F>✿

ν =

∣

∣

∣

∣

V +
IV I −

4π

N
v1

∣

∣

∣

∣

, ✭✹✳✹✳✶✽✮

✐ /105#+-<)6L9" D(F( < P-B)"H✐ ✹✳✶✱ 50.(2#+1>➵.(✱ G( ❮■❮ /16.( -#(H✐L➵+*#6

= /1(=(1(L C<"54✐#+L 1✐<26226 ➘RS➹ < F-.✐)*+(2✐<#*4✐D F1-2"H✐✳

➘✐D#2(✱ /-1-.0+1 50+L2✐2F> =.02C>➵+*#6✱ 4()" η =1(#+-➵ /1" α → 0✳ U✐ 10✲
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α\η ✵✳✻ ✶ ✶✳✺

✵✳✵✺ ✵✳✵✵✼✺ ✵✳✵✵✶✼ ✵✳✵✵✶✸

✵✳✵✷ ✵✳✵✵✼✵ ✵✳✵✵✶✹ ✵✳✵✵✶✸

✵✳✵✶ ✵✳✵✵✺✵ ✵✳✵✵✶✹ ✵✳✵✵✶✷

✵✳✵✵✺ ✵✳✵✵✹✶ ✵✳✵✵✶✵ ✵✳✵✵✶✶

)*+,-./ ✹✳✶

0*1*2341 53467✐79: ν ❬5-<✳ 1✐<7/77/ ✭✹✳✹✳✶✽✮❪ 5,/ κ = 0.5 /A B:7A.✐/ α ✐ η✳

C:,D4*4- 2EF:4D 2*4- 7*G4:H7: 2*432*4-I7: ✐7431H134*.✐6✳ JAKE 9*2✐,D4E7E✲

<* G-G432* 2*➵ H1ECE1: N<-5A✐G4D v✱ 4E 7*<✐4D 73<3,-A3 C+:1377/ 5E5*<*77/2

737:,DE<-P α ✐ γ G4<E16➵ *441*A4E1✱ KE <✐5HE<✐5*➵ 1:P: B,6AGE7* C✐ N<-5A✐✲

G46✱ +,-CDAE6 5E v ✭❬✶✵✵❪✮✳ )*A-2 I-7E2✱ H1- 2*,-P α 2- GHEG431✐9*➵2E✱ KE✱

AE,- γ → 0✱ 4E B,6AGE7 1:P*➵4DG/ C✐ N<-5A✐G46✱ +,-CDAE6 5E v✳ JAKE 732*➵

H1ECE1E➝ N<-5AEG4✐ 5,/ 4-P F3 C7*I37D α ✐ γ B,6AGE7 *+E 1:P*➵4DG/ C 5:F3

2*,E6 N<-5A✐G46✱ +,-CDAE6 5E 0✱ *+E H1EG4E :41-2:➵4DG/ 5-GA1347✐G46✳ R/

G-4:*.✐/ 5E+13 <-57* 7* S-G✳ ✹✳✻ ✭❛✮ 4* S-G✳ ✹✳✼✱ 53 ➶➚W H✐5PE5-4D +,-CDAE 5E

HEI*4A: AEE15-7*4✱ *,3 7✐AE,- 73 5EG/9*➵ XE9E✳ )*A-2 I-7E2✱ H1E ✐G7:<*77/

<A,*537-P GE,✐4E7✐< G<✐5I-4D 2EF,-<✐G4D 1:P: H1- 5:F3 2*,-Pγ C✐ N<-5AEG4/✲

2-✱ KE 73 H1/2:64D 5E 0✳

✹✳✹✳✷✳✷ #$%&'()'* $+% ,-./01,)'* ,-2'3' ,/4/

YHEG4313F377/ 9✐,EA ➶➚W 7* S-G✳ ✹✳✻✲✹✳✼ HEA*C:➵✱ KE +✐,DN✐G4D C .-P 9✐,EA

H1*A4-I7E <314-A*,D7✐ ,✐7✐➝✳ )✐,DA- 7* 7-F7✐P A✐7./P .✐ 9✐,A- 7*P-,/64DG/ <

+✐A +✐,DN 7-CDA-P 7*H1:9✳ ➹✐,A- HE1/5 C ❮■❮ 2*XF3 9E1-CE74*,D7✐ C 73<3,-A-2-

<314-A*,D7-2- I*G4-7*2-✳ )-2 73 237N✱ ➵ 53/A✐ EA132✐ 9✐,A-✱ /A✐ <-H*5*64D

C✐ C<-I*X7E➝ A*14-7-✳ ❮*H1-A,*5✱ 7* S-G✳ ✹✳✻ ✭❝✮ ➵ 9✐,A* 41EP- 7-FI3 C* ❮■❮ C✐
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"#$%& '&()#&* +,-(./&* 0$"1).&* ✐ 3$45, +,-1)6$#/.&* .)5./&* 0$"1).&*✳

✃-✐3 1&9&✱ .$ ;)"✳ ✹✳✻ ✭❞✮ '-) α = 0.02 ✐".A*1/ ✐B&#/&+$.✐ ✐ ")#/.✐C, .$()#,.✐

9✐#6)✱ -&B1$C&+$.✐ 1-&() .)50, ❮■❮✳ F$6)3 0).&3✱ "#✐G B&",-,G)1) A+$9A .$

($-$61,-✐ G).$3✐6)✱ H6✐4 '✐G6&-H➵1/"H J#*6"&. '-) '-&(&G5,..✐ 3$")+A✳ ➘#H

1&9&✱ L&% +)-✐C)1) M, ')1$..H %A+ &%0)"#,.)4 .$4%✐#/C)4 '&6$B.)6 ❐H'A.&+$

✭❮O❐✮ λ ✭B$ G&'&3&9&* $#9&-)13A ➪,.,11✐.$ ❬✶✵✶❪✮ G#H 1-/&( 9✐#&6 ➶➚U B ;)"✳

✹✳✻ ✭❝✮ '-) α = 0.05✳ ➶✐B/3,3& .$4%#)50✐ G& ❮■❮ 9✐#6)✱ &G.A .$G .)3 B✐ B3✐.&*

.$'-A9) + G✐$'$B&.✐ 0.16 . V̄ . 0.18✱ ✐ G+✐ '✐G .)3 B G✐$'$B&.&3 0.074 . V̄ . 0.1

✐ 0.043 . V̄ . 0.05✳ ➶✐G'&+✐G.✐ B$#,5.&"1✐ λ(γ) B&%-$5,.& #✐.✐H3) ✶ ✭0&-.$✮✱ ✷

✭").H✮ ✐ ✸ ✭0,-+&.$✮ .$ ;)"✳ ✹✳✽ ✭❛✮✳ ➬$A+$5)3&✱ L& λ = 0 G#H #✐.✐➝ ✶ ✭0&-.$✮ ✐

MH #✐.✐H +✐G'&+✐G$➵ 9✐#M✐ ➶➚U✱ L& 1-&() +)L, ❮■❮✳ ➘#H .,&%3,5,.)( 1-$➵61&✲

-✐➝ + $+1&.&3.✐4 ")"1,3✐ B$+5G) ➵ .A#/&+)4 '&6$B.)6 ❐H'A.&+$✱ 1$6)3 0).&3✱

G).$3✐6$ + M✐4 9✐#M✐ -,9A#H-.$✳ ^ 6-)+✐4 ✷ ✭").H✮ B.$0,..H ❮O❐ '&B)1)+., +

✐.1,-+$#✐ 0.077 . γ . 0.088✱ L& '-)%#)B.& +✐G'&+✐G$➵ +,-(.✐4 0$"1).✐ 9✐#6) ✐

'-H3A➵ G& .A#H + ✐.1,-+$#✐ 0.062 . γ . 0.077 ✕ .)5.✐4 0$"1).✐ 9✐#6)✳ ➬ +✐G✲

'&+✐G.&➝ ➶➚U ❬;)"✳ ✹✳✻ ✭❝✮❪ 3&5.$ +)B.$0)1)✱ L& G).$3✐6$ ➵ ($&1)0.&*✱ 6&#)

9✐#6$ ")#/.& .$()#,.$ ✐ -,9A#H-.&*✱ 6&#) ➶➚U 3$45, +,-1)6$#/.$✳

❮$-,C1✐✱ B$#,5.✐"1/ 3 G#H .$4.)50&➝ ✭.$4%#)50$ G& '&0$16A 6&&-G).$1✮

9✐#6) '&6$BA➵✱ L& G).$3✐6$ -,9A#H-.$ A +,-(.✐4 0$"1).✐ 9✐#6) ✐ ($&1)0.$ B✐ B3,.✲

C,..H3 γ✳ F$6&5 3&5.$ "'&"1,-✐9$1) 6✐#/6$ ',-,3)6$./ B ($&1)0.&9& "1$.A G&

-,9A#H-.&9& -A(A ✐ .$B$G✳ `',61- '&1A5.&"1✐ dφN/2/dt✱ +)B.$0,.)4 ✐ .$+,G,.)4

.$ ;)"✳ ✹✳✾✳

I(Ω) =

∣

∣

∣

∣

∫ +∞

−∞

dφN/2(t)

dt
e−iΩtdt

∣

∣

∣

∣

2

, ✭✹✳✹✳✶✾✮

➶✐. %A+ &%0)"#,.)4 G#H G,6✐#/6&( B.$0,./ γ .$ 9✐#6$( ➶➚U✱ -&B9#H.A1)( +

'&',-,G./&3A 'A.61✐✳ `'&0$16A -&B9#H.,3& 9✐#6A +)L, ❮■❮ ✭V̄ > V +
IV I✮✱ G#H

H6&➝ ❮O❐ B$+5G) G&-✐+.*➵ .A#* ✭#✐.✐H ✶ .$ ;)"✳ ✹✳✽✮✳ b6 3&5.$ '&%$0)1) B ;)"✳
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#$%✳ ✹✳✽ ❮*+,✐./0$+ 123*45$3 ❐718529* 73 :853;✐7 4295✐05/2<2 %=>8?8 @.7

=>/2A <✐.23 ➶➚D✱ 42,>*FG5$A 5* #$% ✳✹✳✻ ✭❝✮✳ L*>*?G=>$✿ κ = 0.5✱ α = 0.05 ✐

η = 0.6✳ #✐45✐ .✐5✐➝ 9✐@129✐@*O=/ >✐45$? <✐.3*? ➶➚D✳

✹✳✾ ✭❛✮✱ %1G3=> %3.*@*➵=/%7 4 >✐9529✐@@*.G5$A 1✐3✐9✱ >24=*029*5$A 5*Ω = nV̄ /2✱

n = 1, 2, . . .✳ S*3$? T$52?✱ =>*G3=2>✐7 ➵ <>*5$T5$? ;$3.2? 4 T*%=2=2O V̄ /2✳

UG 245*T*➵✱ V2 :.O3%25 9✐@529.O➵ %92O :2>?8 1295✐%=O 1✐%.7 1>2A2@FG557

5*932.2 ?*%$98 @9* >*4$✳ ➶✐@129✐@5G 12.2FG557 5* ➶➚D ❬@$9✳ #$%✳ ✹✳✻ ✭❝✮❪ ?*➵

45*TG557 γ = 0.11✱ V̄ = 0.1789✳ ➘*.✐ 49G>5G?2 89*<8 5* @>8<8 <✐.38 ➶➚D✱ V2

.GF$=/ =>2A$ 5$FTG ❮■❮✳ ❮* %.*,212A$.✐+ T*%=$5✐ <✐.3$ ✭γ = 0.08✮ @$5*?✐3*

➵ A*2=$T52O✱ 73 ,8.2 9$@52 4 ❮L❐ 4*.GF52%=✐ ✭.✐5✐7 ✷ 5* #$%✳ ✹✳✽✮✳ [1G3=>

12=8F52%=✐ %3.*@*➵=/%7 4 0$>232➝ %?8<$ ❬@$9✳ #$%✳ ✹✳✾ ✭❜✮❪ ✐ 3✐./32A 1✐3✐9 9Ω ∼
V̄ /2, V̄ , 3V̄ /2✳ [G>G@5➵ 1*@✐557 5*1>8<$ =8= V̄ = 0.0825✳ ■50* =2T3* 5* ;✐+ %*?✐+
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#✐%&✐ '✐()*'✐(+➵ ➝➝ './012+%34✐5 6+7014✐ ✭γ = 0.075✮✳ ➘14+<✐2+ 0=0 /.#=%>/4+✱

)✐21 ❬(1'✳ A17✳ ✹✳✾ ✭❝✮❪ 4+ Ω = nV̄ /2✱ n = 1, 2, . . . <*F=03 G=01 %.#2* '1>'%.4✐ '

*G%+70✐ 41H321I 6+70*0✳ ■74=K03 ✐ ✐4L✐ )✐21✱ )*'✬>H+4✐ H (.>21<1 6+70*0+<1✱ N*

H4+64* 41F6✐✱ 4✐F V̄ ✳ ❰0F.✱ '✐()*'✐(4✐ 0/+➵20*/✐➝ ➵ 2'+H✐)./✐*(1641<1✳

A17✳ ✹✳✾ P).20/ )*0=F4*70✐ H<✐44*➝ dφN/2/dt (%> /✐H41I H4+6.43 H*'4✐L43*#*

70/=<= ✭❛✮ γ = 0.11✱ V̄ = 0.1789❀ ✭❜✮ γ = 0.08✱ V̄ = 0.08241❀ ✭❝✮ γ = 0.075✱

V̄ = 0.07585❀ ✭❞✮ γ = 0.045✱ V̄ = 0.04825✳

❮+/.L0✐✱ G%1F6. (* )./L*➝ '✐( )*6+02= 2**/(14+0 #✐%21 ➶➚X 4+ γ = 0.045

7)*70./✐#+➵037> I+*0164+ (14+<✐2+ ✭(1'✳ %✐4✐K ✸ 4+ A17✳ ✹✳✽✮✳ Z. )✐(0'./(F=➵✲

037> (+%✐ 7).20/*< )*0=F4*70✐✱ )*2+H+41< 4+ A17✳ ✹✳✾ ✭❞✮✳ \1< 4. <.4L✱ )✐21

)/1 Ω = nV̄ /2✱ n = 1, 2, . . . <*F=03 G=01 '1>'%.4✐ 4+G+#+0* 2/+N. ' )*/✐'4>44✐

H ✐4L1< I+*01641< '1)+(2*<✱ )*2+H+41< 4+ #/+]✐2= ✭❜✮✳ \+2*F G=%+ )./.'✐/.✲
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#$ %&#$'✐)$ ✐*+,-+.$#+➝ 0✐,)&✱ *+23$45#+➝ #$ 6&7✳ ✹✳✻ ✭❞✮ =3&α = 0.02✳ ❰2&%.$

3+*3$?@#)& ❮B❐ ✐ 7=5)D3$,-#&E $#$,✐* =+)$*@FD-✱ G+ %&#$'✐)$ ➵ ?$+D&I#+F ✐

7=5)D3 =+D@4#+7D✐ $#$,+0✐I#&E 7=5)D3@ #$ 6&7✳ ✹✳✾ ✭❜✮✳

✹✳✹✳✷✳✸ ✃%&'&()&* +'%,- .✐0%&.,

65D5,-#5 %+7,✐%45##L ➶➚O %5'+#7D3@➵ #5'+#+D+##@ *$,54#✐7D- )3&D&I#+✲

0+ 7D3@'@ .✐%3&.@ γc .✐% =$3$'5D3$ $7&'5D3✐➝ η✳ ✃3&D&I#&E 7D3@' .✐%3&.@ ➵

'✐#✐'$,-#&' 7D3@'+'✱ L)&E '+45 .&D3&'$D& R,F)7+#✱ *$,&S$FI&7- . *$)3✐✲

=,5#+'@ 7D$#✐ ✭V̄ = 0 #$ ➶➚O✮✳ ➘✐E7#+✱ L) .&%#+ * 6&7✳ ✹✳✼✱ )3&D&I#&E 7D3@'

.✐%3&.@ %+3✐.#F➵ γc = 0.0695 %,L η = 0.3 ✐ γc = 0.267 %,L η = 0.6✳ ❮$ =53✲

S&E =+0,L% V5 *%$➵D-7L %&.#&' ✐ #$.✐D- '+4#$ =3&=@7D&D&✱ G+ *$)3✐=,5##L

R,F)7+#$ .&*#$I$➵D-7L .&7+D+F =+D5#V✐$,-#+0+ 2$3✬➵3@ =+D5#V✐$,@ =+%.✐E#+✲

0+ 7&#@7✲➹+3%+#$ V (φ) ✭✹✳✸✳✽✮✳ [5 =3&=@G5##L +I5.&%#+ #5 =3$VF➵✱ +7)✐,-)&
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=6*-/% ✐ 5%0✐>%) 6✐-)%60E➵ 56%E #%;2>/%6? 4%$&?✳ ➶.0*;*)2 -.4%$&2B✐➝ >2✲

/%( 320.()2 6✐- $%3&✐$✐6 #$%5>%$%6%➝ ).%-)%$✐-)%5>✐✱ 9/✐ 6#0*62E>1 )2 ;25 ✐

#0%@? 632➵&%-✐➝ 3 5%0✐>%)%&✳

• H%8?-%62)% 6%01>✲2&#.$)✐ +2$2/>.$*5>*/* /%)>2/>✐6 3 #$%5>%$%6*&* ).✲

%-)%$✐-)%5>9&* $✐3)%➝ 4%$&*✱ 9/✐ 5?>>➵6% 3&✐)EE>159 6 #%$✐6)9))✐ 3 %-)%$✐✲

-)*& 6*#2-/%&✳ ➶)250✐-%/ #$%5>%$%6%➝ ).%-)%$✐-)%5>✐ 6*)*/2➵ 6✐-+*0.))9 6✐-

➶➚M %-)%$✐-)%7% /%)>2/>?✳ ❒%(?>1 6*)*/2>* &2/5*&?&* ✐ &✐)✐&?&* #2-✐))9

)2#$?7*✱ /✐01/✐5>1 ✐ 6.0*;*)2 9/*+ >2/ 52&% #%6✬932)2 3 $%3&✐$2&* >2 4%$&%E

-%&✐=/*✱ 2 ➝➝ 2&#0✐>?-2 0*=. 9/✐5)% 6#0*62➵ )2 6✐-+*0.))9 /$*6%➝ 6✐- ).%-)%✲

$✐-)%5>✐✳

• ➶ 25*&.>$*;)%&? &25*6✐ >%;/%6*+ -(%3.45%)✐651/*+ /%)>2/>✐6✱ 9/*I

%#*5?➵>159 -*5/$.>)*& #%-6✐I)*& $✐6)9))9& 5*)?5✲➹%$-%)2✱ &%(?>1 ✐5)?62>*

➽6/02-.)✐➾ 5%0✐>%)*✱ @% $?+2E>159 8.3 6*#$%&✐)E62))9 -09 #.6)%7% -*5/$.✲

>)%7% )28%$? ➽#$%3%$*+➾ =6*-/%5>.I✳ ❰3)2/* B*+ =6*-/%5>.I #%&✐>)✐ )2 ➶➚M

&25*6?✱ -. ✐5)?➵ ).-%#?5>*&*I ✐)>.$620 )2#$?7✱ 6.0*;*)2 9/%7% 320.(*>1 6✐-

#2$2&.>$? 25*&.>$✐➝ #%>.)B✐20? >2 -*5*#2B✐➝ 6 5.$.-%6*@✐✳ J. >2/%( 56✐-;*>1
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"#$ %✐'()*+✐(*, #)-./%$(*✐ 0.12($+3 '.4 "5%+/- ✐+*5#%3.✐% 6%/'2$(*57✳ ➘.4

"$4%/ +5'$(*)"+$:$ ✐+*5#%3.) +5$;-✐'+5 ✐(+)%3++4 -$<3 ; $'+✐➵➝ "#$?$#$➝ 6%/'✲

2$(*✐ % :3A✐.,*$+✐%(,2✐7 :#3+/B✐ #✐%+4++4 ➘CD➹✳ ➚+3.✐? "✐'*%5#'/% A$G./%✐(*,

"5#✐$'/<+$:$ #)-) 0.12($+3 +3%2$.$ A3(/%) +3 ?+3<5++4- +3"#):✱ 42✐ .5G3*,

+37;./G<5 '$ ?+3<5++4✱ I$ %✐'"$%✐'3➵ "#$?$#✐7 6%/'2$(*✐ % :3A✐.,*$+✐%(,2✐7

:#3+/B✐✳

• C$23?3+$✱ I$ 2#/*/<+/7 (*#)A %✐'#/%) 0.12($+3 % 3(/A5*#/<+$A) A3✲

(/%✐ *$<2$%/- 'G$?50($+✐%(,2/- "5#5-$'✐% ?3.5G/*, %✐' "3#3A5*#) 3(/A5*#✐➝

"5#5-$') *32/A G5 </+$A✱ 42 ✐ "$*5+B✐3. C375#.(3✲❮3;3##$✱ 42/7 *32$G %/2$✲

#/(*$%)➵*,(4 '.4 $"/() #)-) ($.✐*$+3 % '/(2#5*+$A) (5#5'$%/I✐✳



✶✶✶

➘❰➘➚#✃➮

➘&'()&* ➚✳ ,&-.(/01&* 2&.&3&4&3& 5).060 -(*.✐28911:

❰"#$%&' (%)*+,-✐$% "/'0%1 /'2/*34-54 "'/'6'7'6' 1)/4&4 2*5/✐"+%--8

9+:51'-* -* -%'(-'/✐(-'1)83 /✐2-'➝ 6%'&%)/#<-'➝ 9'/&#✳ ➶ '1-'7✐ /'2/*34-✲

5✐7 +%@#), &%)'( A*+*-14 %-%/6✐➝✱ 7#5'/#1)*-#C ✐ '"#1*-#C 7 ❬✻❪ )* ❬✾❪✳ ❰1-'7-*

✐(%8 &%)'(4 "'+86*➵ 7 )'&4✱ I' 7 -*C"/'1)✐$'&4 -*A+#@%--✐ (+8 ✐1-47*--8

&✐-✐&*+,-'➝ &'@+#7'1)✐ "/'3'(@%--8 9+:51'-* <%/%2 -%'(-'/✐(-✐1), C'6' 5✐✲

-%)#<-* %-%/6✐8 "'7#--* A4)# /✐7-': &*51#&4&4 "')%-0✐*+,-'6' A*/✬➵/4✱ I'

1)7'/:➵ ('&✐$5*✱ )'A)' Ek = Umax✱ !"#$% #&'#(') *%$) !#+,-)➵ ( /')0#12%''✐

!#!")(#4 1# 56#-# "✐(','', $) ( 7#-# !#4")8%''✐✳

❐%-4# ;)<=$=✱ 8# !✐1&$)(=(>= ( #;%/"#/*✐"%'% "✐(','', ?➹ ')&$A!'=7 )'/)5✿

φ0(x, y; t) = 4 arctan exp{[x−X(y, t)] /
√
1− v2}✱ 1% X(y, t)✕ 4##"1=')$) 5%'$"A

*)& D+E4&#')✱ ,4) &+);# /*✐'E➵$6&, ( ')!",*4A y✱ #$"=*)➵*# '6E$#'✐(&64%

"✐(','', "A0A ') 4##"1=')$A 5%'$"A *)&✱ 8# /)+%2=$6 +=>% (✐1 <)&A

m
d2X

dt2
+mα

dX

dt
+
∂U(X)

∂X
= 0, U(X) = −2πγX + U0(X) , ✭❆✳✶✮

1% U0 ➵ 1%,4=7 %D%4$=('=7 !#$%'5✐)+✱ 8# &$(#"E➵ !"#&$#"#() '%#1'#"✐1'✐&$6✳

J)4=* <='#*✱ D+E4&#' *#2') "#/-+,1)$= ,4 <)&$='4A✱ 8# "A0)➵$6&, ( !#+✐

1%,4#-# !#$%'5✐)+A !✐1 1✐➵E /#('✐>'6#-# &$"A*A✳ ➘#*'#2=*# 5% "✐(','', ')

dX
dt

$) /)/')<=*#✱ 8# md2X
dt2

dX
dt = dEk

dt ✳ L"#✐'$%-"A➵*# #$"=*)'% "✐(','', !# (&6#*A

✐'$%"()+A <)&A (✐1 t = −∞ 1# /A!='4= &#+✐$#'A ') (%">='✐ !#$%'5✐)+A U(X)✱

(")0#(AE<= 8# ( !#<)$4#(=7 *#*%'$ <)&A &#+✐$#' *)( "✐('#()2'A >(=14✐&$6✳ ➶

"%/A+6$)$✐✱ !%"%0#1=*# (✐1 ✐'$%-"A()'', !# <)&A 1# ✐'$%-"A()'', !# 4##"1=')$✐
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"#$%&' ()*✿

−mv
2
∞
2
=

∫ Xmax

−∞

(

2πγ −mα
dX

dt

)

dX − U0(Xmax), ✭❆✳✷✮

0# v∞ =
[

1 + (4α/(πγ))2
]−1/2

➵ &✐3$43)5$) 63708✐*%9 :;<8*4$)✱ >8?4v∞ ≪ 1✱

%4 v∞ ≈ πγ
4α ✱ ) m = 8 3 40$437(✐&$4(' 37@)08'✳ ➶)&%4 %)845 B)B$)C7%7✱ ?4

0);#84 3✐0 04(✐687 8✐$#%7C$) #$#&D✐> :;<8*4$) ➵✿ ❊k = m
[

(1− v2∞)
−1/2 − 1

]

.

E#@#& (45$) B&4F7%7 37*$4348✱ ?4 040)$48 @✐0 ✐$%#D&);4( 4@7*'➵ B(✐$'

#$#&D✐➝ 3$)*;✐048 07*7@)"✐➝ ✐ ➵ @4@&)384< 04 &✐3$>$$> F);)$*' #$#&D✐➝✳ ❰%5#✱

3%&)%) #$#&D✐➝ C#&#B 07*7@)"✐< 4@7*'➵%9*> B)D);9$7( 37&)B4(✿

∆E = mα

∫ Xmax

−∞
(v∞ − Ẋ)dX, ✭❆✳✸✮

J48&)?#$# &✐3$>$$> F);)$*' #$#&D✐➝✱ >8# ➵ 4*$43$7( 3 "94(' &4B&)K'$8'✱

B)@76#%9*> ' 37D;>0✐✿

Ek(X = −∞) + ∆E = U(Xmax) ✭❆✳✹✮

J4%#$"✐);✱ >87M *%34&<➵ 04(✐68) (45# F'%7 B$)M0#$7M B) 04@4(4D4< &#✲

B';9%)%✐3 *4;✐%4$$4➝ %#4&✐➝ BF'&#$9✱ &4B&4F;#$4➝ ❒)8;):;✐$7( ✐ P84%4( 3 ❬✺❪✱

0# 4%&7()$✐ &✐3$>$$> 07$)(✐87 *4;✐%4$)✳

E#@#& @#&#M0#(4 04 F#B@4*#&#0$94D4 &4B&)K'$8' @4&4D434D4 *%&'(' B)8&✐✲

@;#$$> B) 04@4(4D4< (407:✐843)$4D4 &✐3$>$$> F);)$*' #$#&D✐➝✳

 !"#!$% &'!(&!)✐(&✐+,-✳ T4BD;>$#(4 N ✐0#$%7C$7K %4C8437K $#40$4&✐✲

0$4*%#M✱ &4B%)643)$7K 3B0435 @&>(4➝ ;✐$✐➝ $) 40$)843✐M 3✐0*%)$✐ 40$) 3✐0

40$4➝✳ U✐ 04(✐687 4@7*'<%9*> :'$8"✐➵< f(x, y) =
∑N

n=1 µIδ(x − an)δ(y − bn)✱

0# an = L/2✱ bn = w/2✱ n = 1, 2, ..., N ✳ J&)"<3)%7(#(4 ;76# B 84#:✐"✐➵$✲

%4( µI ✱ %4(' $)0);✐ ✐$0#8* I $# *%)37%9*> 0;> *84&4C#$$> 8✐;984*%✐ *7(34✲

;✐3 3 &4B&)K'$8)K✳ ✃45$) 48&#() $#40$4&✐0$✐*%9 *%34&<➵ @4%#$"✐); 37D;>0'✿

U(X) = 2µW❡❝❤2X − 2πγX✳ [8 3✐04(4✱ 3 40$437(✐&$4(' 37@)08' ()*) :;<✲

8*4$) m = 8✱ >8?4 5 (7 &4BD;>0)➵(4 03437(✐&$7M 84$%)8%✱ %4 ()*' $#4FK✐0$4



✶✶✸

"#$#%&'()&*+,&)- ./ m = 8w/N ✳ ➶,#2#%3 43,✐ "364&7#44.✿ µ = µN
w )& γ = γN

w ✳

➬ +$&:+,&44.% ;<3=3 $✐,4.44. ❆✳✹ 4&*+,&➵ ,-=A.2+✿

Ek +∆E = 2µB❡❝❤2Xmax − 2πγXmax. ✭❆✳✺✮

➬& +%3,-✱ J3 γ ≪ α ≪ µ✱ /✐4#)-74& #4#$=✐. KAL/'34& 6&"-(#)<'. ./

Ek = 4v2∞ ≈
(

πγ
2α

)2
✳ ➶ "#$(3%+ 4&*A-M#44✐ "3$3=3,-N ')$+% %3M4& ,-64&✲

7-)- "$-$✐,4.,(- /✐4#)-74+ #4#$=✐L KAL/'34& 23 %&/'-%&A<43➝ ,-'3)- "3)#4✲

;✐&A<43=3 *&$✬➵$+✿ 4v2∞ = 2µ✱ γ = 2α
√
2µ/π✳ ➬ ✐4(3=3 *3/+✱ /✐4#)-74& #4#$=✐.

KAL/'34& "✐'A. "323A&44. 4#3243$✐243')✐✿ 4
(

dX
dt

)2
= 4v2∞ − U✭❳✮✱ 6,✐2/-✱ "✐2✲

')&,A.L7- .,4-N ,-=A.2 "3)#4;✐&A+ U(X) 64&:32-%3✿
(

dX

dt

)2

=
(πγ

2α

)2
− µ

2
B❡❝❤

2X +
π

2
γX ≈ µ

2
tanh2X ✭❆✳✻✮

➶-/3$-')3,+L7- ,-$&6 ❆✳✻✱ 3)$-%+➵%3 ,-=A.2 "3"$&,/-✱ J3 3"-'+➵ ,)$&)-

#4#$=✐➝ '3A✐)34& ,4&'A✐23/ 2-'-"&;✐➝✿

∆E = 8αwN−1
∫ Xmax

−∞

(

v∞ −
dX

dt

)

dX ≈ ✭❆✳✼✮

≈ 8α

√

µ

2

∫ Xmax

Xmin

tanhXdX ≈ 4α ln 2
√

2µN/w,

2# Xmin ≃ − ln(µ/γ)/2✱ Xmax ≃ −πγ/(2µ) ➵ ,✐2"3,✐243 %✐4✐%+%3% ✐ %&/'-%+✲

%3% "3)#4;✐&A+ U(X)✳ U+) )&/3M ,-/3$-')&4& +%3,& %&A3')✐ "&$&%#)$+ γ/µ✱

,4&'A✐23/ 73=3 %3M4& $36/A&')- , $.2✿ ln cosh πγ
2µ ≈ ln

(

1 + 1
2
πγ
2µ

2
)

≈ 1
2

(

πγ
2µ

)2
✳

V✐2')&,A.L7- ✭❆✳✼✮ , ✭❆✳✺✮✱ %3M#%3 6&"-'&)- %32-K✐/3,&4# $✐,4.44. *&A&4'+

#4#$=✐➝✿

(πγ

2α

)2
+ 8α

√

µ

2
ln 2 = 2µB❡❝❤2

πγ

2µ
+
(πγ)2

µ
. ✭❆✳✽✮

➶$&:+➵%3✱ J3 B❡❝❤

2(πγ2µ) ≈ 1− 1
2

(

πγ
2µ

)2
✱ ,,#2#%3 4&')+"4✐ "364&7#44.✿

G =
πγ

2µ
, Γ = α

√

2

µ
, η =

√

N

w
, ✭❆✳✾✮
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"# $#%&'#()& )%*+& ,*-'./. ,.-0123 4#%.5"✐✱ -✐8+0++0 ❆✳✽ ,*-*,&'*"<50 3

8&/%01✐✿

(

G

Γ

)2

+ 2ηΓ ln 2 = η2. ✭❆✳✶✵✮

➶#-". $#38#B&"&✱ C. 8 ,*-'.43 +#D%&B*++✐ ,.-./.8&E 5"-34 4.B* D3"&

."-&4#+&E +*F"38#++04 1-3/./. 1.1#+23 8 ✭❆✳✶✵✮✱ 02&E 8&+&2#➵ 8+#5%✐1.2 8-#✲

F38#++0 1&5&,#"&8+&F 8"-#" *+*-/✐➝✱ ".1✐ 4#➵4.✿ G = ηΓ✳ ❮#'# B $#1#)# ,.✲

%0/#➵ 8 $+#F.1B*++✐ +#5"3,+.➝ ,.,-#82& 1. 2.*K✐L✐➵+"3 5"-343✱ 1%0 L<./. $#✲

,&'*4. E./. 02✿ G = η(Γ +∆Γ), ∆Γ≪ Γ✳ M✐15"#8%0()& L*E 8&-#$ 8 -✐8+0++0

✭❆✳✶✵✮ "# +*F"3()& )%*+#4& 8&C&F ,.-012✐8✱ .1*-B&4.✿

G = Γ− Γ2

η
ln 2. ✭❆✳✶✶✮

➬#,&53()& 1#+* -✐8+0++0 8 ,.)#"2.8&F ,.$+#)*++0F✱ ."-&43➵4. $ +<./. .5"#✲

".)+&E 3".)+*+&E 8&-#$ 1%0 5"-343 $#2-✐,%*++0 K%(25.+# +#N ".)2.8&F +*✲

.1+.-✐1+.5"0F 8 1.8/.43 18.8&4✐-+.43 1B.$*K5.+✐85<2.43 ,*-*F.1✐✿

γthr =
α

π

(

√

8µN

w
− 4α ln 2

)

. ✭❆✳✶✷✮

 !"✐$%&'&(✐)*+ *,&(*&"✐(*✐-!.✳ ➶✐14✐++✐5"( 8&,#123 5"-✐)2.,.1✐D+.➝

+*.1+.-✐1+.5"✐ ➵ +*.DF✐1+✐5"< ,*-*4#5'"#D38#++0 4#5&✱ #4,%✐"31& 1.4✐'2& "#

5"-343 +#5"3,+&4 )&+.4✿ m = 8w/dy✱ µ =
µdy
w ✱ γ =

γdy
w ✳ P.1✐ -✐8+0++0 D#%#+✲

53 *+*-/✐➝ 8 L&F ,.$+#)*++0F 4#➵ ".E 5#4&E 8&/%01✱ C. ✐ 3 8&,#123 ".)2.8.➝

+*.1+.-✐1+.5"✐ ✭❆✳✺✮✳ R 88*1*+&F -#+✐'* ,.$+#)*++0F✿ G = πγ
2µ , Γ = α

√

2
µ -✐8✲

+0++0 D#%#+53 *+*-/✐➝ $ 3-#F38#++04 1.1#+2✐8 %&'* ,*-'./. ,.-0123 4#%.5"✐

,-&E4#➵ 8&/%01✿

(

G

Γ

)2

+ 2ηΓ ln 2 = η2, η =

√

dy
w
, η ≪ 1. ✭❆✳✶✸✮

➶-#F.83()& +#5"3,+3 ,.,-#823 1%0 5"-343✿ G = η(Γ + ∆Γ)✱ ."-&4#➵4. 8&✲

-#$ 1%0 2.*K✐L✐➵+"3 5"-343✿ G = ηΓ − Γ2 ln 2✳ P*,*- %*/2. $+#E"& $+#)*++0
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"#$#%#&#%# '($)*) +,-$✐"/0112 3/4-'#1, 1, '($✐5-#"#6✐71✐8 10#61#$✐61#'(✐✿

γthr =
α

π

(

√

8µdy
w

− 4α ln 2

)

. ✭❆✳✶✹✮

 !"#$%&'() (*$+($!✐+(✐-'.✳?/4-'#1 ➽&✐65)&,➵➾ "$2*#-)(1) 10#61#$✐✲

61✐'(D ) &E%/26✐ "#(01F✐,/)✿ U(X) = 2µ[tanh(X + dx/2) + tanh(dx/2 − X)] −
2πγX✳ ➶ "0$H#*) 1,7/EI011✐ $✐&12112 7,/,1') 010$%✐➝ +,"EH0(D'2 ) &E%/26✐✿

mv2∞/2 = 4µ tanh(dx/2)✳ ➶$,K#&)45E✱ M# *,', 3/4-'#1, ) FD#*) &E",6-) ➵

m = 8w
dy
✱ (# '($)* +,-$✐"/0112 *,➵ &E%/26✿ γ = 4απ

√

µdy
w tanh(dx/2)✳ ➬1,860*#

(0"0$ "#"$,&-) 6# FD#%# &E$,+)✱ &$,K)&,&HE &($,(E 010$%✐➝ 50$0+ 6E'E",F✐4✳

O- ✐ & "#"0$061✐K &E",6-,K "#+1,5E*#✿ µ =
µdy
w ✱ γ =

γdy
w ✳

P$E &0/E-EK +1,50112K dx 6#*✐H-, '(&#$4➵ 'K#6E1-#"#6✐71E8 "#(01F✐✲

,/ &E%/26) U(X) = 2µ(tanhX + 1) − 2πγX ✱ 2-E8 *,➵ *,-'E*)* Xmax =

arcsech
√

πγ/µ (, *✐1✐*)* Xmin = − arcsech
√

πγ/µ✳ O- ✐ $,1✐H0✱ +,/EH,(E✲

*0*# /EH0 6#6,1-E "0$H#%# "#$26-) *,/#'(✐✱ &$,K#&)45E✿ γ ≪ α ≪ µ✳ Q#6✐

❳max = ln
(

2
√

µ
πγ

)

, tanh(Xmax) ≈ 1✳ ✃✐10(E51, 010$%✐2 3/4-'#1, "✐'/2 "#6#✲

/,112 10#61#$✐61#'(✐✿

4
w

dy

(

dX

dt

)2

= 4
w

dy
v2∞ − U(X). ✭❆✳✶✺✮

➶'()'* +,+(-✐➝ 0+(+1 2*3*4)5✐6✿

∆E = 8α

∫ Xmax

Xmin

(

v∞ −
√

v2∞ −
1

4
U(X)

)

dX = ✭❆✳✶✻✮

≈ 8αµ
[

2Xmax − (arcsinh eXmax − arcsinh e−Xmax)
]

≈ 4α
√

µ ln

(

µ

πγ

)

.

➶9+2+:; 4;1,)0+,,<✿ G = πγ
4µ ✱ Γ = α√

µ ✱ η =
√

dy
w ') 1)4*>+:; (✐9,<,,< ?)@),3A

+,+(-✐➝ ✭❆✳✹✮✱ <C+ 9 2),;:A 9*4)2CA :)➵ 9*-@<2✿

(

G

Γ

)2

− ηΓ ln 4G− η2G lnG = η2. ✭❆✳✶✼✮
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"#$#% &'()*#+, '(-./$'/ $,$%(01/ *, 1,#2✐4✐➵'./ -.%/+/✱ $%#*-.(07087 ),9,

/ 079:;*✐✿ G = η(Γ + ∆Γ✮ .( $✐*-.(07087 0 %✐0';''; ✭❆✳✶✼✮ & /%(B/0('';+

*,*('1✐0 $,%;*1/ O(Γ) ,.%7+(➵+,✿

2η
∆Γ

Γ
≈ Γ ln 4 + [(1 + η)Γ + η∆Γ] ln

[

ηΓ

(

1 +
∆Γ

Γ

)]

✭❆✳✶✽✮

➶%(B/➵+,✱ E,

∆Γ
Γ ≪ 1 ≪ ln(ηΓ) .( %,&1:(*#+, 0 %;* ln

(

1 + ∆Γ
Γ

)

≈ ∆Γ
Γ ✱ .,*✐

+(➵+,✿

2∆Γ ≈ Γ2(1 + η) ln(ηΓ) + Γ ln 4. ✭❆✳✶✾✮

"(1,G -:✐* &(&'(H7.7✱ E, Γη ≪ Γ .( ln(ηΓ)≫ ln 4✱ $%7 4I,+/ ,-.(.,H', ,.%7✲

+(➵+, ∆Γ ≈ Γ2

2 ln(ηΓ)✳ ➬ /%(B/0('';+ 4✐➵➝ $,$%(017 &'(B,*7+, 07%(& *:; -.%/✲

+/ &(1%✐$:#''; 2:M1-,'( '( $%;+,1/.'✐) '#,*',%✐*',-.✐ 0#:71,➝ *,0G7'7 dx

0 *,09,+/ *G,&#2-,'✐0-I1,+/ $#%#B,*✐ 87%7'7 w✿

γthr =
α

π

√

dy
w

[

4
√

µ tanh dx/2− α ln

(

µw

dyα2

)]

. ✭❆✳✷✵✮

"#$#% %,&9:;'#+, 07$(*,1 *,+✐817 +(:,➝ *,0G7'7 ✭dx → 0✮✳ ➶ 4✐) 9%('74✐

+,G'( 071,%7-.(.7 '(-./$'# '(P:7G#'';✿

U(X) = 2µ[tanh(X + dx/2) + tanh(dx/2−X)]− 2πγX = ✭❆✳✷✶✮

=
2µ sinh dx

(

cosh2X + sinh2(dx/2)
) − 2πγX ≈ 2µdxQ❡❝❤

2X − 2πγX +O(d2x).

❐#91, P(H7.7✱ E, 4#) $,.#'4✐(: ➵ ('(:,9✐H'7+ $,.#'4✐(:/✱ ;17) -.0,%M➵ -.%✐✲

H1,$,*✐P'( '#,*',%✐*'✐-.I✱ ( ➵*7'( 0✐*+✐''✐-.I $,:;9(➵ / $%7-/.',-.✐ 1,#2✐✲

4✐➵'.( dx $#%#* $#%87+ *,*('1,+✳ ",+/ 0#-I %,&%(B/',1 $,%,9,0,9, -.%/+/

&(1%✐$:#''; +,G'( $%,0#-.7 ('(:,9✐H',✳ "/. 0.%(.7 #'#%9✐➝ '( *7-7$(4✐M -.(✲

',0:;.I✿ ∆E = 8α
√

µdxdy
2w ln 2✳ V✐0';''; P(:('-/ #'#%9✐➝ / %('✐8# 00#*#'7B

&+✐''7B G✱ Γ .( 1,#2✐4✐➵'.✐ η =
√

dxdy
w &($7-/➵.I-; / 0G# &'(),+,+/ 079:;*✐✿

(G/Γ)2+ 2ηΓ ln 2 = η2✳ ➶71,'/MH7 ,$7-('✐ 07E# ,$#%(4✐➝ &'(B,*7+, $,%,9,07)
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"#$%& '()$✐+,-../ 0,1)"2.( .( +$/&2)%#.✐3 .-24.2$✐4.2"#✐ &(,2➝ 42678.8dx

6 42692&% 472'-0"2.✐6":)2&% +-$-;24✐ <8$8.8 w✿

γthr =
α

π

[
√

8µdxdy
w

− 4α ln 2

]

. ✭❆✳✷✷✮

➘!"#$!% ➪✳ ()*+"!),*%$-#./012 3*$!"

■".%➵ +$2E,-&( $2'6✬/'(../ .-,✐.✐3.8; 480-$-.G✐(,:.8; $✐6./.: ✐' '(#$8&✲

)21 ✐ 68+-$-47-../& #8+% ✭➪✳✶✮ #( '.(;247-../ $2'6✬/')✐6 % 689,/4✐ E✐7%J2➝

;68,✐ 6 .-,✐.✐3.✐3 9$(#G✐✳ ❮( 7(,:✱ .-&(➵ J✐#)2➝ (.(,✐#8J.2➝ #-;.✐)8 '.(;247-✲

../ $2'6✬/')✐6 #()8; $✐6./.:✱ #2&% 426248#:"/ 68)2$8"#26%6(#8 J8"-,:.✐ &-#2✲

48✳ ❰48. ' &-#24✐6 '.(;247-../ "2,✐#2..8; $2'6✬/')✐6 $✐6./.: #()292 689,/4%

E%6 $2'$2E,-.83 6 $2E2#(; ❬✾✸❪✱ ❬✾✹❪✱ ❬✾✺❪ ✐ E('%➵#:"/ .( &-#24✐ ➹(,:2$)✐.(✳ U-3

&-#24 &27- 68)2$8"#26%6(#8"/ /) 4,/ ,2)(,✐'26(.8; "2,✐#2.✐6✱ #() ✐ 4,/ +-$✐2✲

48J.8; ;68,:✳ ➬ 3292 42+2&2921 &27.( 2#$8&(#8 +2#$✐E.✐ "2,✐#2..✐ $2'6✬/')8

$2'9,/.%#292 6 +($(9$(0✐ ✹✳✸✳✷ 480-$-.G✐(,:.292 $✐6./../ 689,/4%✿

v2
d2φ(z)

dz2
− κ [φ(z + 1) + φ(z − 1)− 2φ(z)]− ∂V [φ(z)]

∂φ
= 0 . ✭➪✳✶✮

W%)(➵&2 "2,✐#2..83 $2'6✬/'2)✱ /)83 '(4262,:./➵ 9$(.8J.8& %&26(&✿

φ(−∞) = a1, φ(+∞) = a2 , ✭➪✳✷✮

4- a1 ✐ a2 ✲ G- '.(J-../ 462; "%"✐4.✐; ,2)(,:.8; &✐.✐&%&✐6 +2#-.G✐(,% V (φ)✳

❰".26.( ✐4-/ &-#24% +2,/9(➵ 6 #2&%✱ X2E <%)(#8 $2'6✬/'2) $✐6./../ ✭➪✳✶✮ %

689,/4✐ $/4% Y%$✬➵✿

φ(z) ≃ φ0(z) +
k

∑

p=1

cpφp(z) , ✭➪✳✸✮

4- φp(z) ➵ E('8".8&8 0%.)G✐/&8✱ /)✐ &27%#: E%#8 "8.%"(&8 (E2 )2"8.%"(&8 6 '(✲

,-7.2"#✐ 6✐4 "8&-#$✐➝ $2'6✬/')%✳ U-3 $2'),(4 '(+8"%➵#:"/ 4,/ 4-/)292 42"#(#.:2
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"#$%&'(' )✐$'(' k✱ , &'#-✐)✐➵/0% cp✱ p = 1, . . . , N 1,203 "%4/,5,0%67✳ 9:0 φ0(z)

➵ /:$3'"# /,;$%<#//7✱ 7&# 0,&'< ='4"'$7➵ "%&'>%60,0% 6%/:6✲@#>#0"'>#//7

A:>✬➵✱ 0'1: C' 1'</, 4>';%0% 4,$%D'& /#"✐='1'➝ -:/&)✐➝ ,6%1#0>%5/%1✳

❮,=,$✐ @>'60' D:&,➵1' @#>✐'=%5/%G >'4"✬74'& φ(z) 4 4,=,/%1 @#>✐'='1 L /,

✐/0#>",$✐ z ∈ [−L/2, L/2 ]✱ 0'=✐ L ➵ ='"<%/'2 H"%$✐✳ I "%@,=&: :6,1✐0/#/'➝

H"%$✐ @>%@:6&,➵0367✱ C' )7 -:/&)✐7 @#>✐'=%5/, @' z 4 =:<# "#$%&%1 @#>✐'='1

L✱ 0,& C' "@$%" (>,/%)3 ;:=# /#4/,5/%1✳ ❰0<#✱ ;,4%6/✐ -:/&)✐➝ φp(z) ';%>,✲

20367 0,&%1% <✱ 7& ✐ " 6%/:6✲@#>#0"'>#//✐ A:>✬➵✱ 0';0'✱ φp(z) = sin(2πpz/L)✳

K'5,0&'"# /,;$%<#//7 φ0(z) =$7 4,(,$3/'(' '=/'6'$✐0'//'(' >'4"✬74&: @>#=✲

60,"$7➵0367 : "%($7=✐✿

φ0(z) =
a1 + a2

2
+
a1 − a2

2
tanh (µz) , ✭➪✳✹✮

=# µ ➵ @>';/%1 @,>,1#0>'1✱ C' '@%6:➵ D%>%/: '=/'(' 6'$✐0'/, ✐ ;:=# "%4/,✲

5,0%67 /,=,$✐ =$7 &'</'➝ '&>#1'➝ ✐0#>,)✐➝ 4, ='@'1'('2 "%&'>%60,//7 >✐4/'✲

1,/✐0/%H 1#0'=✐" 1✐/✐1✐4,)✐➝✳ ➶✐=60,/3 D 1✐< ="'1, 6:6✐=/✐1% 1✐/✐1:1,1% @'✲

0#/)✐,$: V (φ) 0,&'< 1'</, @>#=60,"%0% " 0#>1✐/,H 0'@'$'(✐5/'(' 4,>7=: Q

/,60:@/%1 5%/'1✿ D = |(a2 − a1)/Q|✳
K✐=60,"$7➵1' ,/4,) ✭➪✳✸✮ " @'5,0&'"# =%-#>#/)✐,$3/# >✐"/7//7 ✐ >'4=✐$%✲

1' ✐/0#>",$ [−L/2, L/2] /, k 0'5'& &'$'&,)✐➝ ✭4,4"%5,G D:&,/✐ >'4"✬74&% ➵

6%1#0>%5/%1%✱ 0'1: 1'</, ';1#<#0%67 ✐/0#>",$'1 [0, L/2]✮✿

zi =
iL

2(k + 1)
. ✭➪✳✺✮

K✐6$7 5'(' '0>%1:➵1' 6%60#1: k /#$✐/✐G/%H ,$(#;>,➝5/%H >✐"/7/3 /, /#"✐='1✐

&'#-✐)✐➵/0%✱ 7&✐ 1'<:03 ;:0% >'4"✬74,/✐ 4, ='@'1'('2 >✐4/%H 1'=%-✐&,)✐G 1#✲

0'=: ❮320'/,✳ K✐6$7 4/,H'=<#//7 &'#-✐)✐➵/0✐" cp "✐=/'"$2➵1' -'>1: -:/&)✐➝

φ(z)✳ T&C' )✐&,"%0%63 $%D# 1'/'0'//%1% >'4"✬74&,1%✱ 0' @'0>✐;/' "✐=&%=,0%

>'4"✬74&%✱ 7&✐ 6:@>'"'=<:20367 '6)%$225%1% H"'60,1%✳ ➘$7 )3'(' >'4>,H'":✲
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➵#$%& '()*+✐&✿

ε =

∫ L/2

L/2−ξ
|φ(z)− a1|dz, ✭➪✳✻✮

&*3 456✐78➵ 369:✐#(;( <%+5:88=<>< ?4<%#3 4 9734✐@ =3%#5)✐ ✐)#A743:( ξ✳ ➘<4✲

D5)3 +$<>< ✐)#A743:( E(:3 <E73)3 ξ = L/8✳ ➘:& 6<)<#<))5? ✭EAF<%+5:&#<7✲

)5?✮ 7<F4✬&F*✐4 '()*+✐& ✭➪✳✶✮ 9<45))3 E(#5 ;(DA E:5F$*<8 ;< )(:& ✐ 4 >73)5+✐

L→∞ +& '()*+✐& 97&6(➵ ;< )(:&✳ H4<%#5 %<:✐#<)( %93;38#$ ;<%5#$ 9<4✐:$)<✱

#<6(✱ J<E 49A4)A#5%&✱ J< '()*+✐& φ(z) ➵ ;<%#3#)$< ➽><75F<)#3:$)<8➾✱ <E573✲

➵6< L 7✐4)<8 975E:5F)< 10φ′(0)|a1 − a2|✳ M5%A:$)< F)3@;A)<✱ J< ;:& EAF<%+5✲

:&#<7)<>< %<:✐#<))<>< 7<F4✬&F*( ε 63@DA )A 4✐;7✐F)&➵#$%& 4✐; 63N5))<>< )(:&✳

❒✐)✐6✐F(8=5 ➝➝ ;:& *<D)<>< F)3=A))& 93736A#7✐4 %5%#A65✱ F)3@;A6< )A<E?✐;)A

F)3=A))& N45;*<%#✐ v ✐ 4✐;9<4✐;)5@ 6<)<#<))5@ 97<'✐:$✱ 4 #<@ DA =3% '()*+✐&

✭➪✳✻✮ ;<%&>3➵ 6✐)✐6(6(✱ &*5@ #3*<D 63@DA ;<7✐4)8➵ )(:8✳
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