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Ĥ(t) = Ĥ(t) Ĥ(t), > 6 6S@

D $0P"'90-03 (#0-03 Ĥ(0) = 1̂6 T9U0 #"'1*23 4-0%32&5 D,"F)4,0. #* #0C4#0
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,<,; > 6 6?@ )%< D,"B0)C4,,< "#$%&'()C± #0C," D-4+'* )0 )-0B ,4D"%4C,*B

)*V414,2&F,*B 1&-,<,; )1(G0G0 $01<)9( D& D#&,,*#* 904V&2&:,'"#*I

d2C±
dt2

− dΩ∓
dt

1

Ω∓

dC±
dt

+

(
Ω2

3 + |Ω−|2 − ıΩ3
dΩ−
dt

1

Ω−

)
= 0, > 6 6W@

)4 --4)4,0 $0D,"P4,,< B1(t)± ıB2(t) ≡ Ω±(t)6

7 -*$")9( )0-&%;,0G0 $0%< Ω−(t) 1&-,<,,< > 6 6W@ : 1&-,<,,<# D"G"%;,0G0

$0%0C4,,<6 Q*/&1 '0G0 P* &,80G0 $0'4,2&"%( $0-,&+'3 -*D,"P": ,"8& #0C%*E

-0+'& U0)0 D,"B0)C4,,< F0G0 10D-X<D9&-6 Y*CP4 - 2;0#( Z0D)&%& #* 10DG%<E

,4#0 -&)0#& - %&'41"'(1& $0%<. )%< <9*B )"," D")"P" : '0P,0 10D-X<D,03. "
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;6,5/*-' 05,*%5 &(3 */+('6"& <6*-"2 *=$ 1(1/1-6'0 /*6,5>' 10$(?>': -*@A

%,"8-'B1 '-61,+,16"0*65 " 61,/'-*C $8'4"0*-5C %-*81-7 0'& +,$14>'@ <+'-$A

0$D$ E*=$ +<10&$<+'-$0$D$F /$/1-6") ;<6*--' /$G-* 05,*%565 34

Si(t) = 〈Ψ(t)|σ̂i|Ψ(t)〉 = 〈Ψ(0)| Ĥ−1(t) σ̂i Ĥ(t)|Ψ(0)〉. EI)I)JF

K5,*% EI)I)JF 05%-*8*. &'@<-5@ 0146$, S(t)2 345@ -*%50*.67<3  !"#$%$& '($)

*+) L$D$ 10$(?>'3 0'&="0*.67<3 -* <M1,'

S2
1 + S2

2 + S2
3 = 1,

34* -*%50*.67<3 ,-!%$. '($*+) L$D$ 10$(?>'3 05%-*8*.67<3 $,6$D$-*(7-$?

/*6,5>1?2 6*4 N$ Si(t) = Oij(t) Sj(0), &1 Ô(t) ∈ PQ(3)) R093%$4 /'G /*A

6,5>3/5 Ô 6* Ĥ ,1*('%". 0'&$/5@ D$/$/$,M'%/ % D,"+5 PS(2) 0 PQ(3)2 6$/"

R̂ = R̂(Ĥ))

T*@='(7B1 -*< ="&1 >'4*0565 &5-*/'4* 6,167$: 4$/+$-1-65 0146$,* U($C*2

$<4'(745 0$-* . &"G1 -*$8-$?2 * 6$/" 4$,5<-$? &(3 +$&*(7B$: M'%58-$:

'-61,+,16*>':) V4N$ %*&*8* EI)I) F2 *=$ EI)I)WF ,$%093%*-*2S3(t) /$G-* %-*@65

" 61,/'-*C */+('6"& <6*-"X

S3(t) = (|C+|2 − |C−|2)P3(0), EI)I)YF

*=$ " 61,/'-*C 1(1/1-6'0 /*6,5>' 10$(?>': %D'&-$ % 05,*%$/

S3(t) = (αβ∗ + α∗β)S1(0) + ı(αβ∗ − α∗β)S2(0) + (|α|2 − |β|2)S3(0), EI)I)ZF

&1 Si(0) [ +$8*64$0* "/$0* &(3 0146$,* U($C*)
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"#$%&' ( )*+,-. (/#/0 #-$/1%2- #34+%3$*345 6-67*1- 3 (43$%,$8419 )4:%;

<4 (/:*=-78 3%# 0/69; >9:/ 6/1* (/#/0/ ?/>% @!A; !B; !CDE F4$/ & 2:/6-0$-1

)+-2:/#41 % >/(4' #:G >/H/784. )4#/:8,-. 9(/H/:8$*$8E

"7=*; +4(H:G$*14 (/#/09 #-$/1%2- 6)%$9 1/2 3 (/:*=$419 3%# 0/69 1/H$%7I

$419 )4:% 3-#9

~BR(t) = (a cos νt, a sin νt, ω0), J!E!E!KL

G2* $/(-3/&786G )4:*1 ?/>%E

M*+90- #4 93/H- H/1%:874$%/$ 6-67*1- J!E!E!L #:G #/$4H4 3->4+9 )4:G;

47+-19&14 6-67*19 +%3$G$8 $/ /1):%79#- N±(t)O

ı
∂

∂t


 N+(t)

N−(t)


 =


 ω0 ae−ıνt

aeıνt −ω0




 N+(t)

N−(t)


 . J!E!E!!L

P/#/0/ #-$/1%2- 6)%$9 1/2 )%# #%&' 241>%$/Q%5 4>*+7434H4 )4:G 3 ):4<-$%

X − Y % 67/:4H4 )4:G 3(#43= 7+*7845 46% >9:/ +4(3RG(/$/ S'7%$H*+41 @!BD %

)%($%,* 9(/H/:8$*$/ ?/>% @!AD $/ 3-)/#42 )4:G; <4 4>*+7/&786G $/324:4 46%ZE

T 7*+1%$/. 1/7+-Q% *34:'Q%5 +4(3RG(42 (/#/0% J!E!E!!L 1/& 3-H:G#O

αR(t) =
1

2ΩR
[(ΩR +∆)e

ı
2
(ΩR−∆)t + (ΩR −∆)e−

ı
2
(ΩR+∆)t],

βR(t) =
a

2ΩR
(e−

ı
2
(ΩR+∆)t − e

ı
2
(ΩR−∆)t), J!E!E! L

#* ΩR =
√
∆2 + 4a2 U 0/6747/ ?/>%; ∆ = ν − ω0E

V+*7G 241)4$*$7/ 3*274+/ M:4./ (#%W6$'& 46Q-:GQ%5; G2% $/(-3/'786G

 !"#$%"&%'# ()*& J#-3E ?-6E !E!L 7/ & #4>+* 3%#41-1- 3 7*4+%G. 1/H$%7$4H4 %
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S
(R)
3 (t) =

1

Ω2
R

[∆2 + 4a2 cosΩRt]S3(0), /0101023

4) S3(0) = ±15 678! ,$,#)9+ "!%$&+: );!<=>?!&-;+#$ * ;<+,&!'! ,#+&-1 @6

,$#-+>?6 ;?4"!;?4+: &-#+>?A "!;&!'! ;)7#!(+ B<!C+ &+ ,D)(? B<!C+1
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#! "!;&!'! ")();!(!#- #()#J!A 7!9"!&)&#$ ;)7#!(+ B<!C+ /∆ = 031 K-&7#$(&+

7($;+ ;?4"!;?4+: ∆ = 0.8121

L7 ;$4&! * E$,1 0105 ()*!&+&, ; #+7?M ,$,#)9? ;?4G-;+:#J,65 7!<$ ∆ = 01

N ()+<J&?M )7,")($9)&#+<J&?M ,$#-+>?A "!<) : &) !G)(#!;$95 + <?&?M&! "!<6I

($*!;+&$91 K!"($ >)5 "($ 4!,#+#&J! 9+<$C *&+%)&&6C +9"<?#-4$ !G)(#!;!'!

"!<65 ; #+7 *;+&!9- &+G<$O)&&? PC;$<?5 8! !G)(#+:#J,6Q5 *+4+%+ E+G? 4+: 4!I

,$#J #!%&$M !"$, ()+<J&!A ,$#-+>?A1 K($ >J!9- -9!;+ ()*!&+&,- *9?&=:#J,65
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>$?#@ #A1%,*@ B#,15BC7$+ ) ('(D7$$- (&%)/#B5E F#6787$*$'2 #G*'D$'2

5/G.1+,5( & F(%$*#('/' ,',*7/%/'= H%&78' &B%*$5 G8#B.F.(%*' F#$*8#1+#3

(%$5 5$*7$,'($5 .1+*8%3F#8#*F5 #G*'D$5 5/G.1+,'I % ,G7J5%15&#(%$5 *72$#1#65E

B#&(#1-@*+ ,*(#8@(%*' 85&$5 K#8/' J'2 5/G.1+,5(=

L78?'/ *#D$# 8#&(M-&$'/ G8'F1%B#/ &$%2#BC7$$- 7(#1@J5E B(#85($7('2

,',*7/ G8' B5E $% $'2 5/G.1+,5( A.( ,#15*#$$'N 5/G.1+, O#&7$%345$78% 9:P<Q

~B(t) = (RSTUνt cosωt, RSTUνt sinωt, 0).

4%6%1+$'N 8#&(M-&#F B1- %/G15*.B ( J+#/. ('G%BF. #*8'/.)*+,- ( *78/5$%2

65G7867#/7*8'D$#E K.$FJ5E V(5BG#(5B$. B'$%/5F. &#A8%C7$# $% O',= := W= X-

&%B%D% /%) (%C1'('N K5&'D$'N $%,15B#F Y -('"7 ,%/#5$B.F#(%$#E G8#&#8#,*5

9:Z<= 46#B#/ EE A.1# .&%6%1+$7$# $% F1%, $7,'/7*8'D$'2 5/G.1+,5( 9 [<I D%,*F#3

('/ ('G%BF#/ -F#6# ) ,'/7*8'D$'N 5/G.1+, O#&7$%345$78%= \#B5 85($-$$- *7C

&(#B'*+,- B# 65G7867#/7*8'D$#6# 5 *#/. /#C7 A.*' 8#&(M-&%$'/ -($#= ]A'B(5

J5 &%B%D5 ) 68%$'D$'/' ('G%BF%/' &%B%D5I 8#&(M-&%$#E G5&$5?7 ( 9 :<I B7 G#17

) *%F'/I "# G8'&(#B'*+ B# 85($-$$- #̂N$% 9  I  !<= \%F#C ( 15*78%*.85 B73
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9 dI  eI  f<=

X5F%(# &%&$%D'*'I "# ( .,52 J'2 G8'F1%B%2 G#17 $7 #A'8%1#,+ $7&%17C$#I %
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 -2(0 8'.(9,' :%;< %=> .8?(@ A6)( 9(B5)-46.( 1()-< C( 19!B'(2-.7 2(

9(B'D-B?,' 6 ./90,48E F64?+,G H(G48 :%%< %I># J89.( B86'8@!.!< C( E(K8 +,
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~B(t) = (ν, 0, f0 + f1 sinωt)

B828K8 2!480,?! 2'(9,'4/'(L "!"./0! 3 .(K4( 9(B'D-B4(*# N,")- '28)(L B80,O

4! B0,44!E 9,'4-44- 48 801),.626 ".846 ' .8?(06 1(), B'(2!.7"- 2( 9,'4-44-
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TN
C = Symm(R×R . . .×R︸ ︷︷ ︸

N

) = Jac(R),

R D $/+2-#.2 '#.*$7-=; ?# ./<'#./<2> 230*4$256-/C &$(./C $#<1N, Jac(R) =

C
g/ (Zg +BZ

g) D =&#4/2- $/+2-#.#5 '#.*$7-/R @ +2%$(E*F G/+2-2 B, HIB >

0, '#41<#.2-/C '# bJ'*$/#<2+ R.

K3= EA#0# -2 &$(./C; ?# ./<'#./<2> <2-/C +#<*3/; ..#<(%A,=N @+/--(7 λi

L24# '# #<-/C @+/--/C -2 &#:-/C &#'/5 RM %2 N &2-#-/6-# <# -(7 ,'$=:*-(7
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:*--=

A : SgR → Jac(R),
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∫ Pk

P0

ωj = zj, i = 1 . . . , g.
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,
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U/<#+2 -2,%1'-2 %*#$*+2 RSS; SV; SWT8 X*72C ~z = (z1, . . . , zg) D %2&(C .*&%#$;
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∏
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i $"3:(0 68.&#:8( -):&/&86:2; iA>$ )2$<)* S±i O E$>$ '3A

"$/;83E <$<&82* $"&#)2$#3 a, a+ .6'<$.6')42; &/&,2#$<)>8628$<( "$A
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′(t)5 .0Q4/ 2,7/8,?, #*#.#4?, α′(t) ) β′(t) ./?7,G) û′(t),
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′ + βRα
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C−(t) = −[(αRβ
′ + βRα

′∗)]∗C+(0) + [(αRα
′ − βRβ

′∗)]∗C−(0), ;B=<=< ?

*0. $3.'45+4 3 C*A+ 3$7).#* D'.8*9 67-E ,- ,./$,. 1.2*)- & 3-F'62+

S3(t) = S
(R)
3 (t) (|α′|2 − |β′|2)− 4GH(αRβRα

′β′)S3(0), ;B=<=<>?

2$ S3(0) = ±19 αR(t), βR(t) )* S
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3 (t) 3-%:*C$:+ 3-#*%*,- ;<=<=<B? )* ;<=<=< ?9

3+21.3+2:.=
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(
1 + cosωt− cosΩRt−

− 1

2ω
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.
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S3(t) = S
(R)
3 (t) + f0S
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3 (t) + f 2
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(2)
3 (t), 456!6!78
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k, 0 ≤ k ≤ 1 T  7 UVW5

X20'$903 -+ @%$+ 4"8 -'$31 ?:, @"?"4+*?'/7 /%#% >";+>@+()8 #"2*)@#31

#";'? ='>3(#3I 23*)"-'15

P5 H?3 ,%/'$9#3I @"?"4+*?"I 1%&% 4%J#" //"J"*3 #+$'#'1#%. 4%,3='A

0"-'8. @%$: G";'7 :0F% ?%>)4'*3 @', -34 #":/#'2*9 #+$'#'1#%D =)#A



 !
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constQR #A ./2A > 6 ,/B1/+,$ 2$1$01/ ./2?<5(/6)1/D @)<*/1$B1/D S652AD9

M)"/= $+13> 1)825=A1) @<)15#?R ()+,/+/61) .<5 4/+,),1-/ *)25S (1)H

BA11?S */432?<1/@/ .)<)*A,<) k, "/25 &'(νt, k) ≈ cos( π
2K(k)νt), 4A K(k)

T ./6150 A2$.,5B150 $1,A@<)2 .A<U/@/ </439 V+"$2-"5 .A<$/4 C31"#$%

"1/%4 4/<$61D> 4K(k), ,/ (@$41/ ( 65(1)BA11?* B)+,/,5 *5 /,<5*)>*/

Ω = νπ/[2K(k)] ?" WACA",5613 B)+,/,3X "1/%4)2-1/@/ ./2?9 Y 65OA ()H

(1)BA1/@/ 65.256)>R O/ ?"O/ .$+2? (1)S/4=A11? 451)*$"5 6 ./2$ P:9:9:ZQ

./"2)+,5 ω = 0 $ </(@2?13,5 4$).)(/1 4/+,),1-/ *)25S kR ,/ *5 /,<5*)H

>*/ $( ()@)2-1/@/ </(6[?("3 ,)"/= $ </(6[?(/" ()4)B$ 451)*$"5 3 2$1$01/

./2?<5(/6)1/*3 @)<*/1$B1/*3 ./2$ {cosΩt, 0, ω0}.

N"O/ *5 /8<)25 ./2A P:9:9:ZQR Ω−(t) ≡ B1(t)− ıB2(t) P/451 $( "/AC$#$>1,$6

451)*$B1/@/ <$61?11? 1) )*.2$,345 +,)13 46/<$61A6/% +5+,A*5 PZ9Z9!QQ *)>

65@2?4

Ω−(t) = Nkν&'(νt, k)eıωt. P:9:9::Q

V+/8256$+,D /8<)1/@/ ./2? > ,AR O/ ,)") "/*8$1)#$? 0/@/ .</A"#$0 .<5N = 1
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" #$%&'(%)$* +,-./0$1.#1$2$3 14501061$2$ #0&1(11( 7#480124#. 9:;7<

Ω′′− + 2ıΩ′− + 2|Ω|2Ω− −
[
ω2 + ν2(2k2 − 1)

]
Ω− = 0,

. =#> N±2 ? &>@>A 6$2$ .1.5$20&B C,)05D)> %&>E.614 #0&1(11( 7#480124#. "

501061$F %.8.E4F 85( :;7G -$ 0% %.2.5D1>A *0#)H&.1D &08$*$G @$ =$,-.&541.

1.*> %.8.E. =$&>11. *.-> -$E10 #$%&'(%)>B

 ! ! "#$%&'()*++, -*.*/0

I2081$ % &>)5.841>* & =08#$%8050 JBJBJ -. K4#HE> 8$ H&.2> &>25(8 2.*05DL

-$10.1H 9JBJBJ< 85( 8.1$2$ &>K$#H =$50&G *."*$ ,>,-4*H #0&1(1D 1. .*=50-H8>

C̃±(t)M

∂

∂t


 C̃+(t)

C̃−(t)


 =

1

2ı


 ω0 a(t)e−ıωt

a(t)eıωt −ω0




 C̃+(t)

C̃−(t)


 . 9NBNBNO<

P>K4#4*$ =$E.-)$&0 H*$&> 1.,-H=1>* E>1$*M

C̃+(0) = 1, C̃−(0) = 0, 9NBNBN <

@$ &08=$&08." ,>-H./0QG )$5> 4&$5F/0( ,>,-4*> =$E>1."-D,( % QQ &5.,1$2$ ,-.1H

|+〉B

 ! !1 234%* 5#+67$&()*++, $#-)8,-50)

R0,5( &&48411( 1$&>A %*011>A C±(t) = S

±ıω0t/2C̃±(t) ,>,-4*H #0&1(1D

9NBNBNO< *$T1. %&4,-> 8$ 8&$A 14%.54T1>A 8>U4#41/061>A #0&1(1D 8#H2$2$

=$#(8)HB P -4#*01.A $K4%#$%*0#41>A %*011>A &$1> 1.KH&.F-D 1.,-H=1$2$ &>L

25(8H

d2C±
dτ 2

+

[
VWτ XWτ

YWτ
± ı∆

]
dC±
dτ

+N 2k2YW2τ C± = 0, 9NBNBNZ<
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"# $%τ, &%τ, '%τ ( #)*+,-./* 01/23*4 5267* 8 96"1)#9 k: τ = νt ,; ∆ =

(ω0 − ω)/ν ( 7#8<689*</; <*8/-3= .;>,6, ?"#,@/*/ABC D*>)= 8;9*/- 89*//-E

s = $%(τ, k) <*F/=//= ?GCGCGHB /;71F;@,I F-A)="1

d2C±
ds2

−
[

k2s

1− k2s2
± ı∆√

w2

]
dC±
ds

+
N 2k2

1− k2s2
C± = 0, ?GCGCGJB

,691 4E 96K/; 2);>-0*21F;,- =2 <*F/=//= ,-+1 L12>; MNOP /; <*9;/6F*Q +6R

F#<E/*: =2; F*"+6F*";S ;)A#7<;4./*Q 2<-F*Q w2 = (1− s2)(1− k2s2) M  PC

T68A)=/#96 "F; 6.#F-"/* A<;/-./* F-+;"2-U ∆ = 0 * k = 1: =2* 9;@,I

0*8-./-Q >#/> ,; +<-F6"=,I "6 >+<6V#//= <*F/=/I ?GCGCGJB "6 <*F/=/I A*+#<R

A#69#,<-./6A6 ,-+1: V6 96K/; )#A26 <68FW=8;,-C

X F-+;"21 ∆ = 0, <*F/=//= ?GCGCGJB >+<6V1S,I>= "6 <*F/=//= A*+#<A#69#R

,<-./6A6 ,-+1: <68FW=82- =26A6 9;@,I F-A)="U

C+ = YN(−ks), C− = −ı
√
1− k2s2ZN−1(−ks) ?GCGCGNB

"# YN(x) ,; ZN(x) ( +6)*/69- [#7-\#F; +#<\6A6 ,; "<1A6A6 <6"1: F*"+6F*"/6C

]9+)*,1"- 8;"6F6)I/=@,I +6,<*7/* +6.;,26F* 196F- ;F,69;,-./6C

^/\1 >-,1;3*@ 96K/; 6,<-9;,-: +62);";@.- k = 1: ,;2 V6 +6.;,26F#

+6)# <#"121S,I>= "6 67#<,6F6A6 +6)= 8 N R>6)*,6//6@ 6A-/;@.6@ a(t, k = 1).

T*F/=//= F 3I691 F-+;"21 ,#K >,;@,I A*+#<A#69#,<-./6A6 ,-+1 * <68FW=82;9-

S

C+ = P
(a,b)
N (s), ?GCGCG!B

"# P
(a,b)
N ( +6)*/69 5267* 8 269+)#2>/-9- +;<;9#,<;9- a = −(1 − ı∆)/2,

b = −(1+ı∆)/2C _1, F;K)-F6 8;1F;K-,-: V6 +6.;,26F1 196F1 ,<#7; 8;9*/-,-

/; C+(−∞) = 1, C−(−∞) = 0, 6>2*)I2- F 3*Q A<;/-3* +6)# S /#+#<*6"-./-9

* Q6A6 "*= +6.-/;S,I>= +<- t = −∞.
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"#$%&' (#)*+, -'./01.') -2/31331 45656578 $91 *&:92+#$, C+ # /,;91$2

f+ = exp

[∫ s

0

(
R0(s

′) + ı
R1(s

′)√
w2

)
ds′

]
, 456565!8

$% R0(s) +* R1(s) < -*=2'3*9>3,&, ?#3)=21&, /2$ s. @ -%.#9>+*+2 :'A*+)'/%

-2/31331 45656578 :%-%B'$,+> # C,C+%&# -2/313> +,:# D2)*++2

R′0 +R2
0 − k2s

1−k2s2R0 +
(∆R1−R2

1)
w2 + N2k2

1−k2s2 = 0, 45656EFG8

R′1 +R1(2R0 − s
s2−1)−∆R0 = 0. 45656EFH8

IA%/,$3'J K' R0(s) / +%-&23*B &'$#91 *&:92+#$, &*< /,;91$

R0(s) =
1

2

d

ds
ln |f+|2. 45656EL8

IC)29>), -'./01.), / 'M'B ;-*3,A3,B /,:*$)*B $*N+>J K' |C+| < :'923'&'&J

C:-'M#<&' (#)*+, f+ # ?'-&2

|f+|2 = P2N(s, ei) =
N∏

i=1

(s2 − e2i ),

$% P2N < :'923'&'& 5N O;' :'-1$)# . )'-%31&, ei. P'$2 /2$:'/2$3' $' 45656EL8

R0(s) &'Q3* 9%;)' 'M-*B#/*+,6 D'./01.') $91 45656EFH8:-, /2$'&'&# R0(s)

'+-,&#<+>C1 2. /,-*.#

R1(s) = ∆

∫ s

0
e−

∫ s

y [2R0(x)− x

x2−1
]dxR0(y)Ry.

D2/31331 45656EFG8 C9#Q,+> #&'/'N C#&2C3'C+2 2 /,.3*A*< )'-%32 ei. S* /2$'O

&,&, R0(s) +* R1(s) &'Q3* '+-,&*+, /,-*. $91 f+ /2$:'/2$3' $' *3.*=#

456565!86 T3*9';2A3' &'Q3* .3*U+, -'./01.') f−J 1),U /2$:'/2$*< *&:92+#$2

C− # -2/31331B 456565786 V2C91 =>';' 3%'MB2$3' /,M-*+, $/* 9232U3' 3%.*9%O

Q3,B -'./01.), -2/313> 45656578 2 C?'-&#/*+, +*)2 WB 9232U32 )'&M23*=2WJ 1)2

M#$#+> .*$'/'9>31+, 'M-*3,& :'A*+)'/,& #&'/*& +* 456565 86
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"#$%&#'(%)*+,# -+ './0*1 0# 0%2/0% 3456(# &%3)783$# 9:8N = 1;

<+ = ε1

√
s2 + e21 =

−ıϕ1 + ε2

√
−s2 − e22 =

−ıϕ2, >?@?@A?BC

<− = −ıε2
√
s2 + e21 =

ıϕ1 + ıε1

√
−s2 − e22 =

ıϕ2, >?@?@A?DC

9/ e21,2 =

[(
∆2 − 1

)
±

√
(∆2 − 1)2 + 4k2∆2

]
/(2k2),

εi =
√
(−1)i+1e2i/(e

2
1 − e22), i = 1, 2.

 !"#$%! &'( )!*+ ,!-!

ϕi = ∆
[
τ − (1 + e2i )(e

2
i )
−1 Π

(
−(e2i )−1; ./(τ, k), k

)]

&0-%!)!123*4 & 2#56'%!7 %#89&%9:9 #"'820)%9:9 '%2#:5!"+ 25#239:9 59(+

Π(n; ./(τ, k), k) =

∫ s

0
[(1− nx2)

√
(1− x2)(1− k2x2)]−1dx,

(# ./(τ, k) ; !68"'2+(%! ,+%<='4 ><9?' @AABC

 59*2!%%4 N D 4<# ,'-0)%9 &'(89&'(!1 -59*2!%%E !68"'2+(0 89"4D 850-&9F

(023 (9 +*<"!(%#%%4 59-5!7+%<'& 2! *!607 &05!-'& ("4 !68"'2+( *2!%+D !"#

%# -6'%E1 G7 *25+<2+50C

H!850<"!(D 4&%' 59-&I4-<0 850 N = 2 6!E23 %!*2+8%0J &0:"4(K

L+(τ) = εa

√
(−s2 + e1)(s2 − e2)M

ıϕ(e1,e2)

+ εb

√
(−s2 + e3)(−s2 + e4)M

ıϕ(e3,e4), NOCOCPP.Q

L−(τ) = ıεb

√
(−s2 + e1)(s2 − e2)M

−ıϕ(e1,e2)

− ıεa

√
(−s2 + e3)(−s2 + e4)M

−ıϕ(e3,e4), NOCOCPPRQ

(#

ei =
[
−4(∆2 − 9) + (−1)i+1

√
2A±

]
/(36k2), i = 1, 4,



 !

εa =
√−e1e2

(e3e4−e1e2) , εb =
√
e3e4

(e3e4−e1e2) ,

A± =
[
9
(
9±

√
d
)
+ 54

(
1− 2k2

)
∆2 − 7∆4

]1/2
,

"#$% &'()*+ ,-.'/,-.$0 %/12#34 e1,2 - "#$% &4-#5*+ 6 e3,4,

d =
[(
∆2 − 9

) (
∆2 − 1

)
+ 12(∆k)2

]2
+

(
∆2 − 9 + 48k2

)2
(4∆k)2

7$ 8$"$

ϕ(el, en) = ∆ [2τ/3− γlΠl + γnΠn] ,

γl(n) = (el(n)−1)(−4+el(n)+3en(l))/
[
3el(n)(e1 − e2)

]
, .2 (l, n) ,-.'/,-.$0 '$1$4

(1, 2) - (3, 4), 7$ Πl = Π
(
e−1l ; 9:(τ), k

)
.

 ! !" #$%&' ()*%+,+-.

;%</ $4'(-75.= *7$#-, C± ,-./4-> 7/ 4/?#$ (2@%/ '/1$A5,$7= /B-%5,$#-

"#$B2##3 '1/2%C-D *'-#/,/@/ 4/42#75 E.=,F E!F!FGHHF I/#= ,-.'/,-.$)7J ,2%7/K

15 L(/A$ S(t)> 7127) %/4'/#2#75 3%/@/ 6 S3(t), %/1=*#5 .(3 8-"=B#/M -#721K

'127$C-M> 4/?#$ "#$D7=> "#$)B= $4'(-75.= *7$#-,> %/1=*75)B=*J ,=1$"/4

N3(t) = |C̃+(t)|2 − |C̃−(t)|2, EOFOFPQH

.2 ,1$A/,$#/ '/B$7%/,- 54/,= EOFOFOQHF

R214-# & !"#$%$&+ 4= S5.24/ "$*7/*/,5,$7= ./ *=75$C-M> %/(= "$ #$3,#/*7-

*'2C-$(J#=A *'-,,-.#/T2#J 4-? A$1$%721#=4= B$*7/7$4= "$.$B-> *=*724$ 2,/K

()C-/#50 ,-. *7$#5 |+〉 ./ *7$#5 |−〉> 7/S7/ ,='$.%5> %/(= S3(τ = τ0) ./1-,#)0

−1, .2 τ0 6 .23%=D 4/42#7 B$*5F

U$@$.$04/> </ "$.$B$ .=#$4-%= .,/1-,#2,/M *=*724= , '/(- V$S-BR, 3%2 0

#$S(=?2##34 ./ 12$(J#/@/ (-#-D#/ '/(31="/,$#/@/ @$14/#-B#/@/ '/(3> %/(=
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"#$%&'()" *+'",,-*.* / #"%*0 & 1"+'*'2 / 3%24-52#2 )* 674*,",+( 8'*3'* 4"9

+'*+*:,2# / ,"3%2;7,,< =:2%&> ?* *376'"/'-+<@> #*;7 3('2 %7.5* 6*4:A<4","

8)2:B $&)6*4)&% CBCBD@B E67'< 5*#$*,7,'" :75'*6" F%*=" *+G2%0/ :&)$*:&),*

)* :26"4( 8CBCBCD@ 4 ="6"5'76,*0 1"+'*'*0 ΩR =
√
∆̃2 + 4a2> <5" ,"42:"/9

'-+< 1"+'*'*0 H"3&B I&)=2%7,,< :&) 674*,",+( ="6"5'7624(/'-+< $"6"#7'6*#

∆̃ = ω − ω0B E"5& *+G2%<G&J #"0'- ,"4:( *+G2%<G&K H"3&B L';7>  !"# $%&# BR

/)2,*0 (#*:*0 674*,",+( / ω = ω0> '*)& +2+'7#" 4)&K+,0/ *+G2%<G&J #&; +'"9

,"#2 4 $76&*)*# TR = π/aB M2'("G&0> 5*%2 ="6"5'76,2# $76&*)*# )2,"#&52

/ TR, #2 3()7#* ,"42:"'2 '()!*%*+!, $%&#B

I *("#*#-*! ,!./"0!1%*!,/  !"# $%&#

B = (NkνNO(νt, k) cosωt,NkνNO(νt, k) sinωt, ω0)

*),&/J %2P7 (#*:2

ω = ω0

,7)*+'"',-* )%< :25*,",,< S3(τ0) = −1. I25*62+'*:(012 <:,& :26"42 )%<

"#$%&'() 8!B!B!Q@> #2 *'62#(/#*

S3(τ) = 2RN(−kSOτ)2 − 1.

E*#(

RN(−kres)2 = 0

/ )*)"'5*:*0 (#*:*0 674*,",+( : '"5*#( $*%& 8)2:B H2+B !BD@B

T :2$")5( 23+!"#4!**!5! #, /"0+/

B = (NνSUNVνt cosωt,NνSUNVνt sinωt, ω0)
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KHkL 2KHkL 3KHkL 4KHkL
Τ

-1

1

S3HΤL

HaL

KHkL 2KHkL 3KHkL 4KHkL
Τ

-1

1

S3HΤL

HbL

"#$% &%! "'()*+*$ , *'-.*./*) 0)12-3),+*)02 4)-. "+5.% 678N = 2, kres = 0.7,

698 N = 3, kres = 0.89.

:1#*); 20),); <'()*+*$2 :

ν = ω0.

 ! !" #$%&'( )*$%+',* - &'$'.$/ 0/&12*(/-%$/+3 0/&'

= ,#4+1>2 1,)<.,*',)? $#$@'0#A B>+ (*+C)1#@3$B 4.1 1.:; 4)-B BLP (τ),

S3(τ) 0)D*+ )5<+C2,+@# 4<# N = 1, 2A ,#>)<#$@),2;E# B,*. ,#<+(# 6&%&%!&8F

6&%&%!!8% G+H. +*+-.@#E*. <'(2-3@+@# E21),) 2(I)1D2;@3$B ( E#$'-3*#0#

)5<+C2*>+0# 1-B -.*./*) 4)-B<#(),+*)? I+<0)*.E*)? C,#-. , H#<)>)02 1.F

+4+()*. 4+<+0'@<., 61#,% "#$% &%J8% K$>.-3># 4)-'BLP (τ) 0+: 1,. C+<+>@'<*.

E+$@)@#L ω0 @+ Ω, )E.>2,+*); 20),); <'()*+*$2 :

ω0 =
π

2K(k)
ν. 6&%&%! 8

M-B 0+-#C k )$@+**./ ,#<+( 0)D*+ <)(>-+$@# , <B1

ω0 = ν(1− k2

4
− 5k4

64
− ...). 6&%&%!N8
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1
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HbL

 !"# $#% &'()*+,++, -'.+'/' (01234-5-2 6(! N = 2 7+060(0(*+5 3)+),8 2

6'3) BLP (τ) 1 .!"034+!9 )+-0/(2*5++,9 7:'358 15;5.) 1 3)+)<+' 6'3,(!1'*5=

+!9 /5(9'+).+!9 6'309 {2a cos τ, 0, ω0}, a = 2k. >2- k = 0.25, a = 0.5, 7?8

∆ = 0.4, 7@8 ∆ = 12.

&(! N = 1 65(590-( k *);)/(5A ('34 6'"-)<+'B 5963)-2;! a 2 *);6'*);+'92

6'3) BR, -'92 7$#$#CD8 "6)*65;5A 1 *!(51'9 ;3, 1"2*2 E3'F5=G)/0(-5 HIJK J$L#
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.;C λi . ?9/D-,2=-C4 '9325?901N ./-,,1N" K9.0M).;431 EE@ 95(1/;C/9F

(Sz
i − ıSy

i ) = −g
∏

k(εi − λk)∏
k 6=i(εi − εk)

.  !"#"O%

P1?9(17590;431 (-0,),,) µi = a(λi)@ /1 95(1/;C/9 01(2. B<) ./-,,9E Sx
i F

Sx
i = −

∏
k(εi − λk)∏
k 6=i(εi − εk)

∑

j

∏
k 6=i(λj − εk)∏
k 6=j(λj − λk)

µj.  !"#"Q%

R7?-<6?1 C 0M).6 S2
i = const@ 59 <18+ B0- . 5(69N ./-,,1N  B<) ?9*,9:9 7'-,;%

C ,+.2<+*,1/1"

S2/-<659,-2,1 /9*,2 01(2.151 0 5+(/-,2N ./-,,1N (9.B-<+,,)@ (9.0M).;4I

31  !"#"!% 0-B,97,9 HkF

Hi = −
∏

k(εi − λk)∏
k 6=i(εi − εk)

∑

j

∏
k 6=i(λj − εk)∏
k 6=j(λj − λk)

Mj,  !"#"T%



 !

"# Mj = µ2
j − g2 −∑N

k=1
S2
k

(λj−εk)2 .

$%&'( )(*%+( ",- )./0 "(1%2/'1(0 +2/11(0 3% 4%2/,5361/%1/) 7 3#*2/1%0

+2/11(0 *6+"/,#11-8 2( 269#26 :*6;)%137)%3( <#13*%,51646 .:/17 =26"#,5

>6"#1%?@

 !" #$%&'($ &')*(+ ,+)*'%+%- .%/01( 2%/0*)

 !"!# $%&'&()&* +,%&-.,%&&/ +0%12)&'3 4'5*0( 6'5*&%

A.;/,5;( 2( 2%B26 1%C/* ;%161/'16 .:*-9#1(0 +2/11(0 =D@E@F? +*7'16 )(G

;6*(.3%3( ",- ;)%137)%11- 26"#,/ >6"#1% .0#27 ;%161/'1646 ;)%137)%11-@

H61% :#*#"C%'%B 1%.37:1(I *#<#:3 :#*#06"7 )/" ;,%.('16J "6 ;)%136)6J ;%*G

3(1(K

{λi,−ıµj} = δij →
[
λ̂i,−ıµ̂j

]
= ı~δij 1̂.

H :6"%,5L627 :6;,%"%B26 ~ = 1@

A"1(2 /+ 269,()(0 L,-0/) *#%,/+%</J </BJ 726)( B )(C/* 6"1646 + 6:#G

*%36*/) -; 6:#*%36*% 2169#11-@ M; 1%.,/"6;8 :*6.3/* :*#".3%),#11- .3%B

:*6.36*62 N71;</I8 O6 +%,#9%35 )/" )/":6)/"16J +2/116J@ P6"/ Q.:*-9#1(IR

=)/"16.16 ;6273%</I1646 .:/))/"16L#11-? 6:#*%36* :6)(1#1 C73( :60/"16& :6

</I +2/11/I =+ 36'1/.3& "6 :6.3/I1646 21691(;%?K

λ̂iΨ(λ1, λ2, . . . , λN) = λiΨ(λ1, λ2, . . . , λN),

µ̂iΨ(λ1, λ2, . . . , λN) =
∂

∂λi
Ψ(λ1, λ2, . . . , λN).

P%;(I )(C/* 1%+()%B35.- ;%*3(16& S*#"/14#*%@



 !

"# $%&'()%&''* %+,-.%+,&/ -0#,1(&%2#''3 &24#506 40)-6 167#(0+8 9&:.;

%.4. -0.1(.0) '& 2&40&'<#%.7) -+,7'.4.%6,+= "#N ;%67+0'68 ,69#0#'>+8.%;

'68 -+,7'.4.%6, 9&:.%.4. -0.1(.0)? (&$68? @. :.%'+A'* 9.07&? *$& %6:'&B&/

167-2#$(6B') 1(0)$()0)? :&')2*/(C1* '& 'C.7) DE!F= G (#07+'&H .54.%.0#'.;

4. %6@# '&5.0) $&'.'+B'6H $..0,6'&( -+,7'.4.%6,? *$68 -&0&7#(06:)/(C1*

-.2.%6'.3 : '6H I:.$0#7&? {λi}J? / 2&40&'<#%67 -+,7'.4.%6,.7=

G 0#:)2C(&(+ 76 7.<#7. -.5),)%&(6 -0#,1(&%2#''* 1-+'.%6H .-#0&(.0+%

% (#07+'&H :7+''6H 0.:,+2#''*= K0&%62& %-.0*,$)%&''* %1(&'.%233(C1* '&

.1'.%+ -06'>6-) %+,-.%+,'.1(+ 7+< ,)<$.3 K)&1.'& IL=M=LNJ (& $.7)(&(.0&76

7+< #2#7#'(&76 2.$&2C'6H sl(2) &24#50= G+,-.%+,'. ,. %6@#:&:'&B#'.O 0#&2+;

:&>+O .-#0&(.0+% λ̂i, µ̂i + 5#0)B6 ,. )%&46 %60&:6 I!=L=NJ;I!=L= J? 76 .(067)/7.?

@. .-#0&(.0

(
Ŝz
i − ıŜy

i

)
= −g

∏
k(εi − λk)∏
k 6=i(εi − εk)

I!=M=EJ

/ .-#0&(.0.7 7'.<#''*? &

Ŝx
i = −

∏
k(εi − λk)∏
k 6=i(εi − εk)

∑

j

∏
k 6=i(λj − εk)∏
k 6=j(λj − λk)

∂

∂λj
I!=M=PJ

/ ,69#0#'>+8'67 .-#0&(.0.7 -#0A.4. -.0*,$)= Q1$+2C$6 %60&: ,2* .-#;

0&(.0&

(
Ŝz
i + ıŜy

i

)
.(067)/(C1* +: %6$.061(&''*7 $%&,0&(6B'.O %R*:+ Ŝ2

i =

ji(ji + 1)1̂? %+' %6*%2*/(C1* ,69#0#'>+8'67 .-#0&(.0.7 ,0)4.4. -.0*,$)=

K.5),.%&'# -0#,1(&%2#''* 7&/ ,%+ %6:'&B&2C'+ %2&1(6%.1(+S -.;-#0A#? %1+

:7+''+ %H.,*(C ,. .-#0&(.0+% 167#(06B'.? -.;,0)4#? $.<#' .-#0&(.0 :&2#<6(C

%+, -.%'.4. '&5.0) :7+''6H 0.:,+2#''*=

T.<'& -#0#-61&(6 >+ .-#0&(.06 % 5+2CA -0.1(+8 (& :%6B'+8 9.07+= U$@.



 !

"# $$%&%"' ()*+,-(#. '-%/)+'/ "('0%((1

X̂iΨ(λ1, . . . , λN) = −g
∏

k(εi − λk)∏
k 6=i(εi − εk)

Ψ(λ1, . . . , λN)

≡ XiΨ(λ1, . . . , λN), 23454678

*-9('$9 '-%/)+'/# :,&,+; ")+# $#<=1&

(
Ŝz
i − ıŜy

i

)
= Xi, 23454668

(
Ŝz
i + ıŜy

i

)
=

1

Xi

[
X2

i

∂2

∂X2
i

− ji(ji + 1)

]
, 23454658

Ŝx
i = Xi

∂

∂Xi
. 23454638

>-%/)+'/#? @)&)(9 $#/)@)"# 23454668A23454638? B'/",C+; -/%&*+)$=%((1 sl(2)A

+/9.D# &=1 iA<' *-9(,4

E)"9=;+'(9)(# E'&%() $ +%/"9()F @"9((#F /'@&9=%((1 $#/)0)C+;*1 ()*+,A

-(#" G#('"

Ĥi = −
∏

k(εi − λk)∏
k 6=i(εi − εk)

∑

j

∏
k 6=i(λj − εk)∏
k 6=j(λj − λk)

M̂j,

&% M̂j =
[

∂2

∂λ2
j

− g2 −∑N
k=1

Ŝ2
k

(λj−εk)2
]
):'? %D$9$)=%(+('? $ +%/"9()F '-%/)+'/9$

Xi?

Ĥi =
g

Xi

[
−X2

i +X2
i

∂2

∂X2
i

− ji(ji + 1)

]
+ 234546!8

+
∑

k

XiXk

εi − εk

[
∂2

∂X2
i

+ 2
∂2

∂Xi∂Xk
+

∂2

∂X2
k

− ji(ji + 1)

X2
i

− jk(jk + 1)

X2
k

]
.

 !"!" #$%&'()%*+,%-. *%/*' 0121
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"#$#% &' &()#&( *+(%&,-./01' *$#21%0-34, 50607,8 920 $#%#6:070;

%(5/<950449 *10=>(40%4(?( %>/49449 @%#6>4?#%0

ĤiΨ{h1,h2,...,hN} ({λk}) = hiΨ{h1,h2,...,hN}({λk}),

1(:1( 540A(6)#449 A/'-3(/(B +,42=>B 10 6(5/(-#4'A 5407#43 #4#%?>B hiC D7#E

/'64(8 F( =9 506070 #2/>/0-#4140 50607> 40 /-0*4> 5407#449 6-9 ?#4#%,.7(B

+,42=>B µ̂8 %(5/<950449 92(B (54070; (64(70*4# 540A(6)#449 /-0*4'A 5407#43

10 /-0*4'A +,42=>G ,*>A ?0&>-31(4>04>/H

µ̂2
iΨ({λk}) =

[
g2 +

N∑

k=1

S2
k

(λi − εk)
2 +

N∑

k=1

Ĥk

(λi − εk)

]
Ψ({λk}) . IJCKCL!M

N2 =# /'$-'/0; 5 (*10443(B +(%&,-' 5&>44> 6>G*4( %(56>-9.13*9 > &' &(E

)#&( $%#6*10/'1' A/'-3(/, +,42=>. *'*1#&' 92 6(:,1(2 O(64(70*1'42(/'AP

A/'-3(/'A +,42=>GH

Ψ{h1,h2,...,hN}({λk}) =
N∏

k=1

ϕ(λk).

"(6> O(64(70*1'42(/#P %>/49449 I>46#2* ($,*20;&(M

[
∂2

∂λ2
− g2 −

∑

k

jk(jk + 1)

(λ− εk)2

]
ϕ(λ) =

∑

k

hk

(λ− εk)
ϕ(λ) IJCKCL M

; %>/49449& 1'$, Q,2*0C R40->5 $(/#6>42' / (2(-> *'4?,-9%4'A 1(7(2 %>/49E

449 6(5/(-9; $%#6*10/'1' %(5/<95(2 , 40*1,$4(&, /'?-96>

ϕ(λ) = C
∏

l

(λ− εl)
−jle−gλF (λ), IJCKCLSM

6# F (λ) ; ?(-(&(%+4(. +,42=>;.8C T 2(4*10410C U>6*104(/20 0450=, IJCKCLSM

/ IJCKCL M 60; %>/49449 40 4#/>6(&, +,42=>.H

F ′′ −
[
2g +

∑

k

2jk
(λ− εk)

]
F ′ −

∑

k

ak
(λ− εk)

F = 0,



  

!" ak = hk − 2gjk − 2
∑

k 6=m jkjm/(εk − εm)# $"%&' (")"*+),-,. /' 0" )+*12112

345 ('6+1'3+4671,8 )'9*:29'&

F (λ) =
M∏

α=1

(λ− ηα),

2&/' &')"1+ 07'%' ('6+1'3; 94!'*'6712<-7 =,=-"3+ 46%">)4?@1,A )+*1217

N∑

k=1

jk
(ηα − εk)

−
M∑

β=1

1

ηα − ηβ
+ g = 0. BC#D#EFG

HA 149,*4<-7 )+*121123, I"-"# J4*+-7 ; *,(4!&; M = 1. &'6, =,=-"34 )+*K

1217 BC#D#EFG *,)'!L;5-7=2 * '!1" 46%">)4?@1" )+*12112 N K'? =-"("1+. 2&"

!'=,-7 =&64!1' =&64!1' )'9*:294-, MCDN# O'3; 4146+-,@1+ *,)49, !62 &')"1+*

I"-" 3'L14 9148-, 6,P" * !"2&,A !;L" =("0+4671,A *,(4!&4A MFQ. FRN. -'!+

2& ; >+67P'=-+ )'>+- 02 94!4@4 )'9*:29;5-7=2 @,="671' MF . FSN#

T&/' )'9*:29&, )+*1217 BC#D#EFG U &')"1+ I"-" U 9148!"1'. =("&-) *,)4L4K

5-7=2 2&

hk = 2gjk + 2jk

N∑

m=1,m6=k

[
jm

εk − εm
−

M∑

α=1

1

ηα − εk

]
,

!" @,=6' M +1-")()"-;5-7=2 2& &+67&+=-7 9>;!L"17# T&/' M = 0 =(+1'*4

=,=-"34 914A'!,-7=2 * '=1'*1'3; BV*4&;;31'3;WG =-41+ 9 34&=,34671,3 914K

@"1123 "1")%+?. -'!+ 2& *,(4!'& M ≥ 1 *+!('*+!45 =(+1'*,3 &'1X+%;)40+23 9

1,L@'< "1")%+5<#

Y"8 (+!A+! !' 3'!"6+ Z'!"14. 2&,8 149,*45-7=2  !"#$%&"'()"*+ '",'$&+

-./.. >;* *(")P" 94()'('1'*41,8 [# \&621+1,3 ; )'>'-+ MS]N#



 !

 ! "#$%& &'()*+%, &-#)(+ . -/01()#, '*2()*1(+

345/00#

 ! !" #$%&'$ ()* +,&-./ 0%$ N = 1

"#$%&'# ( )*+#,-&%#.# )*/0,12 #,%#.# 3/4%2 5N = 167 8#,4 )(09'#,4:

)4,32;%: 4 .0'4<=;#%40% 3*3;&'* /+#/#+>4?%*? Ŝz
1

Ĥ1 = 2gŜz
1 .

8#'2 (0,0$0 %0 )<03%4 (%0$&%%: .0'4<=;#%40%2 @#,&%0 2 )*/0,12A 1#<*N = 1A

()#,*;=3: ,# +#()B:(0%%: +4)%:%%:

Ĥ1Ψ
[j1]
m = 2g(j1 −m)Ψ[j1]

m . 5C7C7DE6

F( 3/4))4,%#G&%= 5C7H7DD6 ;0 5C7H7DH6 <&.1# I0$*;*A J# #/&+0;#+ Ŝz
i 9 ,*K&L

+&%>4?%*' #/&+0;#+#' ,+2.#.# /#+:,12

Ŝz
i =

1

2

[
Xi

∂2

∂X2
i

−Xi −
ji(ji + 1)

Xi

]
.

M )*/0,12 N = 1 9 <*G& #,%0 ('4%%0 +#(,4<&%%:A ;#'2 X1 = g(λ1 − ε1).

N4)%:%%: 5C7C7DE6 9 1#%K<O&%;%*' .4/&+.&#'&;+*$%*' +4)%:%%:'A :1& '#-%0

+#()B:(0;* 2 ;&+'4%0P K2%1>4? M4;;&1&+0 QRRS7

T4,/#)4,%# ,# 5C7C7DE6 )0122'%*? 3;0%A :1*? )4,/#)4,09m = 0A '09 )*.<:,

Ψ
[j1]
0 (X1) = e−X1 (2X1)

−j1 .

U&? )*+0( 2(.#,-29;=3: ( 5C7H7D!6A #314<=1*M = 07

F( )+0P2)0%%:' ;#.#A J# j1 9 %0/4)>4<*' 50I# >4<*'6A ,#)4<=%*? 3;0% 3*L

3;&'* ( N = 1 (0,09;=3: %03;2/%*' )*+0(#'

Ψ[j1]
m (X1) = (−1)j1−mL(α)

m (2X1)Ψ
[j1]
0 (X1),



 !

"# L(α)
m (2X1) $ %&'(')*+#+,- ./)0+/-/- 12(#33' 4!!56 α = −(2j1 + 1)7 8,

9,:/3,;<'$-/ =#> 3#&%)*<'< 2: (0./<#&% .3/ ;<3%:<%3% ;<'+09N ?;.0+/9/@ ;,?

;<#-,7

 ! !" #$%& $'(&)('* &)+,-. /01 /(.-02,(3( N

A':%%-+,> ;<'+ B9)';+,> ;<'+ ('-0)*</+0'+% C/"#+'6 2:,> -'$ -':;,-')*?

+% #+#3(0DE ")2 "/90)*+/@ :0)*:/;<0 ;.0+09 $ "/F%<:/- G/"+/H';<,+:/9,IJ 9'?

:%%-+,I ;<'+09K

Ψ
[j]
0 = C1 exp

[
−g

N∑

i=1

(λi − εi)

]
∏

i,k

(λi − εk)
−jk = C1

N∏

i=1

e−XiX−ji
i . BL7L7MNE

OH#9,"+/6 =#> ;<'+ $ 9)';+,- 9#:</3/- /.#3'</3' Ŝz =
∑

i Ŝ
z
i 0 ;<'3P,-

9#:</3/- =*/(/ .3/;</3% B9#:</3/- & -':;,-')*+,- 9)';+,- &+'H#++2- /.#?

3'</3' Ŝz
EK

ŜzΨ
[j]
0 =

(
∑

k

jk

)
Ψ

[j]
0 ,

Ŝ+Ψ
[j]
0 = 0.

BL7L7MQE

R'P/D -#</D $ ./F%"/9' 29+,I 9,3'&09 ")2 9#:</3096 2:0 &'"/9/)*+2D<*

%-/90

ŜzΨ[j]
m = (j −m)Ψ[j]

m , BL7L7MME

9 <#3-0+'I &-0++,I 3/&"0)#++27 S)2 ./"')*P/(/ '+')0&% 9'T),9,- $ <#6 U/

=0 ;<'+, <':/T -/T+' /<3,-'<, 2: 3#&%)*<'< m?:3'<+/@ "0@ G./+,T%DH/(/J

/.#3'</3'

Ψ[j]
m = (Ŝ−)mΨ[j]

0 ,

"# S− =
∑

i S
−
i . O;:0)*:, /.#3'</3 Ŝ− -/T+' .3#";<'9,<, % +';<%.+/-%



 !

"#$%&'(

S− ≡ −2(iŜx − Ŝz)− 2Ŝz + Ŝ+, )*+*+,*-

./ "%012( 1.02# /3450./50 Ŝz 6/720 3/'0.# " .08(9 :/56(

Ψ[j]
m =

[
−2(iSx − Sz)− 2Ŝ3 + Ŝ+

]m
Ψ

[j]
0 . )*+*+,;-

<#50= '%& 345>/$/ =?@'742/$/ 1.02@Ψ
[j]
1 )m = 1- = "50A@"022&6 )*+*+,B- C

35/3/5D(92#6 @=0$0%E242/6@ 3/%(2/6@ F&$4550L−(2j+1)
1 (2X)+ G0 /12/"( DE/$/

.0 020%(=@ =0'0H( = N = 1 1:/56@%IC6/ $(3/.4=@J K/ "%012( 1.02# /3450./L

50 ŜzJ &8( 6/720 /?50A@"0.#J 8/5#1.@IH#1E /=20H422&6 )*+*+,;-J " .456(20A

=6(22#A 5/='(%422& 60I.E "#$%&'M

Ψ[j]
m = L(α)

m (2X)Ψ
[j]
0 (X), )*+*+,N-

'4 X = g
∑

i(λi − εi)J α = −(2j + 1)J Ψ
[j]
0 "#=20H42/ @ )*+*+,O-+

P4 ."45'7422& 6/720 '/"41.# 3/ (2'@8D(Q+ R12/"/I '/"4'422& C /3450./5L

20 ././72(1.E )*+*+,*- ( 350"#%/ S2/560%E2/$/ "3/5&'8@"022&TJ ./?./ .08/$/

5/=.0>@"022& /3450./5("J 8/%#X = 2(iSy−Sz) )/3450./5 62/7422& 20 =6(2L

2@ X- 5/=.0>/"@C.E1& =%("0J =0 2#6 /3450./5 S−J '0%( /3450./5 Sz
( 1350"0

U /3450./5 S+
+ V/'028# = /3450./5/6 S+

1350"0 ?@'46/ /3@180.#J /18(%E8#

QA2& '(& 20 "08@@62#9 1.02 '0C 2@%E+

<('/6/J K/ '%& @=0$0%E242#A 3/%(2/6(" F&$4550 60C 6(1D4 548@542.20

:/56@%0

L(α)
n+1(X) = L(α)

n (X)L(α)
1 (X) + 2nL(α)

n (X)− n(α + n)L(α)
n−1(X). )*+*+, -

W@. ( 20'0%( 3/%(2/6# F&$4550 2/56/"02( :(810D(CI 1.05>/$/ 8/4:(D(C2.0J



 !

"#$"# Lα
n(X) = (−1)nXn + . . . !"#$% &'()*+,'#% Lα

0 (X) = 1% Lα
1 (X) = −X +

α + 1 -"." 

/")01,1 23 3 456 #"78#80" 9' $&#1+:$;<% =(*)'<>*=? &' @")01,1 23 3 4A6 

B,C #"78#8&&C &8"DE$#&" -'+"F "D)'E17'-* -'+$ +"01-':$G&$ =($77$#&"H8&&CI

[S+, X] = 2(S+ − Sz); [S−, X] = −2(S− + Sz); [Sz, X] = (S+ + S−);

[S+, X2] = 4XS+ − 4XSz − 4Sz − 2S− + 2S+;

[S−, X2] = −4XS− − 4XSz + 4Sz + 2S− − 2S+;

[Sz, X2] = 2XS− + 2XS+ − 4Sz − 2S− + 2S+.

J' $&#1+:$;< 9 7*+")*=-'&&C0 @")01,* 23 3 4A6 9&'G#80"% ."

N ([Sz, Lα
n]) Ψ

[j]
0 = −nLα

nΨ
[j]
0 . 23 3 4K6

L-F8% (">&80" "D)'E1&"+I

Ψ
[j]
n+1 = S−Lα

nΨ
[j]
0 = (Lα

nS
− + [S−, Lα

n])Ψ
[j]
0 = (Lα

nL
α
1 + [S−, Lα

n])Ψ
[j]
0 . 23 3 4M6

N"+'F80"% ."

[S−, Lα
n]Ψ

[j]
0 ≡ N

(
[S−, Lα

n]
)
Ψ

[j]
0 = (2nLα

n − n(α + n)Lα
n−1)Ψ

[j]
0 . 23 3 4O6

P< @")01,1 #"78#80" -'+"F 9' $&#1+:$;< N)* n = 1 0';0"I

[S−, Lα
1 ] = −[S−, X] = 2(S− + Sz),

N([S−, Lα
1 ])Ψ

[j]
0 = (2Lα

1 − (α + 1))Ψ
[j]
0 ,

-"D-" @")01,' 23 3 4O6 =()'78#,*7' ()* n = 0 $ n = 1 N)*(1=-*0"% ." 7"&'

=()'7#F1;-?=C ()* #"7$,?&"01 n !"#$

[S−, Lα
n+1] = [S−, (Lα

nL
α
1 + 2nLα

n − n(α + n)Lα
n−1)] =

= [S−, Lα
1 ]L

α
n + Lα

1 [S
−, Lα

n] + 2n[S−, Lα
n]− n(α + n)[S−, Lα

n−1].
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N
(
[S−, Lα

n+1]
)
=

= Lα
1 (2nL

α
n − n(α + n)Lα

n−1) + 2n (2nLα
n − n(α + n)Lα

n−1)−

−n(α + n) (2(n− 1)Lα
n−1 − (n− 1)(α + n− 1)Lα

n−2) + 2N(S− + Sz)Lα
n =

= 2N
(
[S−, Lα

n]
)
+ 2N ([Sz, Lα

n]) + Lα
1 (2nL

α
n − n(α + n)Lα

n−1)−

−n(α + n) (2(n− 1)Lα
n−1 − (n− 1)(α + n− 1)Lα

n−2) + 2Lα
nS

− + 2Lα
nS

z.

674+,&./%# . #,$/%&)1 *#$%1'1 ./$&0 89:9:; < 7 ./'1=/%# >#'7)#%Lα
n−2, >#?

+'1-#.1@=/+( *#$%1'#@ 89:9:;A<5

(n− 1)(n+ α− 1)Lα
n−2 = Lα

n−1L
α
1 + 2(n− 1)Lα

n−1 − Lα
n.

B&,/%C%#

N
(
[S−, Lα

n+1]
)
=

= 2(n+ 1) (Lα
n−1L

α
1 − n(α + n)Lα

n−1) + (4n2 + 2n− n(α + n)− (α + 1))Lα
n =

= 2(n+ 1) (Lα
n−1L

α
1 − n(α + n)Lα

n−1 + 2nLα
n)− (n+ 1)(α + n+ 1)Lα

n =

= 2(n+ 1)Lα
n+1 − (n+ 1)(α + n+ 1)Lα

n.

B/ #,$/%&'/ +>7..74)#DC))3 89:9:;E< >$/ n → n + 1: F,GCH >$/>1IC))3

7)41JK7L +>$&.4G12,(+3 >$/ 4#.7'()#%1 n:

674+,&./.D/ +>7..74)#DC))3 89:9:;E< 1 *#$%1'1 89:9:;M<H #,$/%&2%# N&G&?

)/O $C01'(,&,5

Ψn+1 = S−Lα
nΨ

[j]
0 = (Lα

nL
α
1 + 2nLα

n − n(α + n)Lα
n−1)Ψ

[j]
0 = Lα

n+1Ψ
[j]
0
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7#+#89
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Ψ[j]
m (X) = L(α)

m (2X)Ψ
[j]
0 ,

+-

X =
∑

k

Xk = g
∑

k

(λk − εk), α = −(2J + 1).

< &()=%(# 4#$%> 34#(0, ?4,)6@8 (-7,0+(- 56-+34#,.-((: Asl(2) &)+?.1 B-69

&#C 7 ,#D)@ j =
∑

jkE

F)6&?,#4% G0 ,-$4)6% &)=(# 7# +)5)&)D)@ H)6&% I#5),#.),#

〈Ψ[j]
n ,Ψ[j]

m 〉 = δnm
(2j)!n!

(2j − n)!
.

J60& 4)D)* /) &% 5)K?+?,#.% K#7%3 350(),%> 34#(0, ? 76?'(02 H)6&0* &%

&#8&) 6)7L%6-(%2 56)3406 34#(0,* 7 :$)D) &)=(# K?+?,#4% ,-$4)6% &)+-.0

M)+-(#E N46%&#(%2 &)+?.1 B-6&# (-)K&-=-(%2 7(%7? 0 8 6)7L%6-(%& ? 3-(30*

/) $)=-( 34#( )5%3?8413: 5),(%& (#K)6)& N 7&0((%> 6)7+0.-((:E

 ! ! "#$%&'$( )*'+,*+'( -'&)*&'+ )-.$&/01 )*($./ + *#'2.$(1

-&3.$&2./ 456#''(

O6)3406 34#(0,N 9350(),)P 3%34-&% 8 56)34)6)&N 9$6#4()D) 4-(7)6()D) +)9

K?4$? 56-+34#,.-(1 sl(2)E Q)D) &)=(# 6)7$.#34% , 56:&? 3?&? (-7,0+(%>

$)&5)(-(4E

R)K ,0+(),%4% 4-(7)6(? 346?$4?6? 56)34)6? 34#(0,* &% 5),%((0 ,,-34% 4#$

7,#(0 3%(D?.:6(0 ,-$4)6%* :$0 8 34#6L%&% ,-$4)6#&% ? ,0+5),0+(%> (-7,0+(%>

$)&5)(-(4#>;

S+Ψ
[j−l]
0 = 0,
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"# l = 1, . . . , j.

$%&'()*%"+ "*, N = 2 -%)(. /#)-0' 1%2 3%4-5&3(. /(6*,"

Ψ
[j−M ]
j−M =

∑

mk,mp

Cmk;mp
(S−k )

jk−mk(S−p )
jp−mpΨ

[j]
0 ,

"# Cmk;mp
= C j,j

jk,mk;jp,mp
2 )0#789823-%1( :*#;<%=>0'"%3%?

@3%*068A30 "0 3%/#"#3(B / &0&#'#"3C015 &8"&53)-8 18')5/%3C 1( 10D#10

/('%B5/%-(

(S−k )
nΨ

[j]
0 = L−(2jk+1)

n (2Xk)Ψ
[j]
0 , E!?!?!FG

/()0'(4-0/5HA( -%)0D -0. 7%)-+ I0 &0/3(. /%)5513(. 4-%3 2 "0;5-)01 0"30=

4&830/(B /%)5513(B 4-%38/ E!?!?JFG?

K015 4(365*,'38 /#)-0'( "*, N = 2 1%H-C -%)5 70'15L

Ψ
[j−M ]
j−M =

∑

mk,mp

Cmk;mp
L−(2jk+1)
mk

(2Xk)L−(2jp+1)
mp

(2Xp)Ψ
[j]
0 . E!?!?!MG

:034-'5H/%33, 4(365*,'3(B /#)-0'8/ "*, "0/8*C3060 N 2 -#0'#-()0=

6'5&0/0H N%"%A#H+ ,)% 10D# ;5-( #7#)-(/30 '0N/O,N%3% E)03)'#-38 70'15*(

3%/#"#30+ 3%&'()*%"+ 5 '0;0-8 PQRSG? T8"&0/8"38 /('%N( 4)*%"%H-C4, N /#)-0'8/

-(&5 (S−k )
lΨ

[j]
0 + ,)8 1( /('%B5/%*( ,/30 E!?!?!FG / -#'183%B N1833(B '0N"8*#3=

3,?

 !" #$%&' ()$) * $)+,-&%. /,-&&'. +0/1-2)&&3

T(I# 1( &0;5"5/%*( ;%N(4 4&830/(B 4-%38/+ ,)8 2 /*%43(1( 4-%3%1( 0&#'%=

-0'% Ŝz =
∑

i Ŝ
z
i ? U5*0 &0)%N%30+ I0 VB 10D3% /('%N(-( / -#'183%B 5N%6%*C=

3#3(B &0*83018/ W,6#''%+ ,)8 N%*#D%-C /8" 4(1#-'(A3(B )01;83%98. N1833(B
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9())* 20 4'01)& 4(;2#"5 <0.&'82#)&0)&4 =#%()0+

>;#"5120?.#1* %'* 68#<# 2&?@ 4("1&?@ 0)$063 A(2(B *;0 )0$540?281* 0'<(:

C"0D9)5. 0)$06#. A(2(+ E<&%)# %# )8#<#B 4'01)57 120) <0.&'82#)&0)3 =#%()0

.#/)0 -"(%1204525 3 )0123-)&7 F#".&

|Ψ(η1, . . . , ηM)〉 = B̂(η1) . . . B̂(ηM)|0〉,

%( |0〉 ? 40;33.)5. 120)#.B 0 #-("02#" B(ηα) ;#)12"3@?281* $ G-#)5/3@95HI

1-&)#45H #-("02#"&4 ;#/)#<# 1-&)3

B̂(ηα) =
N∑

k=1

Ŝ−k
ηα − εk

,

%( -0"0.(2"5 ηα 45$)090@281* $ "&4)*)8 A(2( JK+L+MNO+

P1;&'8;5 )0. 4%0'#18 45"0$525 *4)# 40;33.)57 120) JK+K+LQO & #C"0H34025

"($3'8202 %&D )0 )8#<# #-("02#"0 Ŝ−k JK+K+KQOB .5 .#/(.# 1F#".3'@4025 0':

<(C"0D9)57 0)$06 A(2( 4 2(".&)0H -#'&)#.&4 R*<(""0+ S( $)09528B T# .0@95

;#"()& A(2( ηαB .#/)0 -#C3%34025 *4)# 4'01)& 120)5 <0.&'82#)&0)&4 =#%()0U

Ψ({ηα}) =
M∏

α=1

(
N∑

k=1

L−(2jk+1)
jk−mk

(2Xk)

ηα − εk

)
Ψ

[j]
0 .

S( -"(%1204'())* ? $"39)5. %'* -#%0'8V#<# 4549())* 4(;2#"&4 A(2( 20 4120:

)#4'())* %(*;5H #1#C'54#12(7 DH)8#D $0'(/)#12& 4&% -0"0.(2"&4 ηα+ E#;"(:

.0B 4 '&2("023"& 4&%#.# -"# %(*;& 6&;04& $4W*$;5 "&4)*)8 A(2( $ "&4)*))*.5

X)5/)5;0:E0.#'#%95;#40 YZQB ZMB ZL[+ P2"5.0)57 45<'*% 4(;2#"&4 A(2( %#:

$4#'*? "3H0251* 4 68#.3 )0-"*.;3+
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Ω =
E2 − E1

~
≃ ω EF=G=GH

I #)$*+4 3, A% 5,),.#'713%12J ,.#& &#63, 3,5$26%3# (,&732.2 +1#'713%1#@

020.%&#@= K,3, &#+%$/ '#()$*+,- 1(,-&#+7@ 020.%&2 .,:2; %L%:.213# +1#9

'713%12; ,.#&71 E3%1(,-&#+7@?2;H ( #+3#&#+#12& %$%:.'#&,)37.32& "#$%&=

M#(3,?2&# ?%'%( |1〉 7 |2〉 0.,32 ,.#&,8 <# 17+"#17+,@./ %3%')7*& E1 7 E28

E2 > E1= N,&7$/.#37,3 ,.#&, 3, A2; 0.,3,;8 #?%12+3#8 &,- 12)$*+ +7,)#3,$/9

3#B &,.'2A7D

ĤA =


E2 0

0 E1


 = (E2 − E1)Ŝ3 +

1

2
(E1 + E2)1̂2, EF=G=OH

+% Ŝ3 =
1
2 σ̂3, σ̂3 - &,.'2A%@ M,4$78 1̂2 - #+232?3#@ &,.'2A%@ 2× 2=

P"%',.#' +2"#$/3#)# &#&%3.4 &#63, "'%+0.,12.2 4 12)$*+7 ,3.2+7,)#9

3,$/3#B &,.'2A7D

p̂ =
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112 0


 = 121Ŝ+ + 112Ŝ−,

+% 121 = e〈2 | 2̂ | 1〉 = 1

∗
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Ŝ+ = Ŝ − =


0 1

0 0
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+(4%./%& ,3-&@
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1(2, t) = −∂3(2, t)

∂t

1& 3(2, t) J 6&2/3#%$L ,3/&%=.(-9 div3 = 0@ M1%3+3136& 26(%/36(%& ,3-& 0

N.2>36(%.L /3)=. 20 ;01&+3 3,$>06(/$ 4&L'&%;&#4.6>82$+ 3,&#(/3#3+O

1̂(20, t) = ı

√
~ω

2ε0V
4(20)[â(t)− â+(t)], CG@H@GE

1& V J 3;PF+ #&'3%(/3#(9 4 J 6&2/3# ,3-5#$'(=.D9 ,#3,3#=.L%$L (+,-./01.

,3-59 â, â+ J 3,&#(/3#$ %(#317&%%5 . '%$B&%%5 26(%/36$* >/(%.6 ,3-59 1-5

52$* 6$23%0F/8>5 23+0/(=.L%& >,.66.1%3<&%%5

[â, â+] = 1.

Q31. 3,&#(/3# 1$,3-8%3D 6'(F+31.D R(/3+:,3-&S ;01& +(/$ 6$4-51O

ĤInt = −ı
~ω

2ε0V
[(4,521)Ŝ+ + (4,512)Ŝ−](â− â+). CG@H@TE



 !

"#$%&'()* +)+,-,.#)%/' ,&,*/-)0$1#'/#)1) +)&2 3 45$60)('7 8,-3/9 3.$%/9 &:;

<, +)+,-,.#' =4'(#)%#) )%' *4$#/34$##2  > *)0+)#,#/: (:+)&9#)1) 0)0,#/3?

@)*&$($A.: ( ,!21) = ı| ||!21|, )/-:0360) 1$0'&9/)#'$# 45$60)('7B

ĤInt = ~g(Ŝ+ − Ŝ−)(â− â+),

(, 44,(,#) +)5#$.,##2 g =
√

ω
2~ε0V

| ||!21|C 2*3 0: #$($&' 83(,0) #$5:4$/:

*)#%/$#/)A 45$60)('7?

@)4#:D 1$0'&9/)#'$# %:%/,0: E$/)0;+)&,F 5 /).#'%/A () #,'%/)/#:G %/$&:G

()($#*'4 83(, 0$/: 4:1&2( HIJKB

Ĥ = ~ΩŜ3 + ~ωâ+â+ ~g(Ŝ+ − Ŝ−)(â− â+). =L?M?N>

O2 0)(,&9 #$5:4$6/9%2 0)(,&&A P$8'?

O'*$4)C Q) .,-,5 (,%2/:&'//2 +'%&2 77 +)24:C 4:24:&)%9C Q) G).$ *&$%:.#$

4,-%'2 R'67 0)(,&' #, 6 '#/,1-)4#)AC *4$#/)4$ 0)(,&9C 2*$ /,S #, 6 '#/,1-)4;

#)AC 6 /).#)-)54T25#)AB 83&) +-)$#$&'5)4$#) 77 %+,*/- /$ )/-:0$#) 4:-$5:

(&2 4&$%#:G U3#*R'D 1$0'&9/)#'$#3 HI C IIC M!!C M!MK?

"#$#$#% &'()*+,--. /0*)12 34 4(,56'7689.

V$34$S:0)C Q) 1$0'&9/)#'$# 45$60)('7 =L?M?N> 0'%/:/9 ()($#*: Ŝ+â+ Ŝ−â+

/$ −(Ŝ+â+ + Ŝ−â)C 2*' 0$A/9 -'5#3 .$%/)/3 )%R:&2R'D? W*Q) 45$60)('2 4'(;

%3/#2C /) Ŝ±(t) = Ŝ±(0)e±ıΩtC â(t) = â(0)eıωtC /)03 +,-<:D ()($#)* )%R:&A6 5

.$%/)/)A ∆ = Ω−ωC $ (-31:D X 5 .$%/)/)A Ω+ω? Y%,-,(#AA.: 1$0'&9/)#';

$# 45$60)('7 +) <4:(*:G )%R:&2R'2G H ZKC 0:C )*-'0 ()($#*3 ~g(Ŝ+â+ Ŝ−â+)C

)/-:0$60) 3%,-,(#,#:D ()($#)*

~g
Ω+ω(Ŝ

+â+ Ŝ−â+)C 2*:D 44$S$/:0,0) 0$&)A

+)+-$4*)A =R, 530)4&,#) 4,&:*)A .$%/)/)A Ω+ ω 4 5#$0,##:*3>? " +)($&9;

<)03 R'6A +)+-$4*)A #,G/34$/:0,0)?
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"#$%&'&('$ )*+*# +$ ,%-' .)$'.' - /.0.1- #$23140.)5'*'$ 3.'-16)$/-./

ĤDicke =
N∑

i=1

~ΩŜ3
i + ~ωâ+â+

N∑

i=1

~g(Ŝ+
i â+ Ŝ−i â

+), 789!9:;

4<5= ,-0+$,-0.( '$0*1- >?*=/%.@A.''-/3%.@>-<<* , B/.C15?*//- D,51-E F$

$C*#).()6%4G 7, ./31$'$,/-= 1-)*#.)&#- H IJKLK-MN OLPQ LRRIJS-TLK-JME UVW;

XY:E !Z[E !Z\]9

^5 C&0*'$ ,5,_.)5 <1.%5_/& ,*#%-` '$0*1- 789!9:;E )$C)$ 05/.'-<& %*@

#*0/-D 2/._*/6 ,-0+$,-0/5D $+*#.)$#-,9 a b-25_/-= 1-)*#.)&#- ).<& '$0*16

/.25,.`)6 B/.+-,<1.%5_/$`GE '.`_5 /. &,.2-E F$ +$1* ( c-1<$' <1.%5_/$`

,*15_5/$`E )$0- 4< .)$' '.( 05%<#*)/- #-,/-E /. ,-0'-/& ,-0 c-1<$' <1.%5_/$d

)*$#-d ,2.('$0-d #*_$,5/5 2 *1*<)#$'.3/-)/5' +$1*'9

 !"!# $%&'()*+,((- .(&,/0)*()%&. 1)2,+.

eC#.D&('$ #$2'-#/-%)6 b.2$,$3$ +#$%)$#& '$0*1- >-<<*9 f)$'/-= +-0%5@

%)*'-E 4<. '-%)5)6 N .)$'-,E <$?*/ 2 4<5D $+5%&()6%4 /.C$#$' {Sx
j , Sy

j , Sz
j }

). ,g422` (Sx
j )

2 + (Sy
j )

2 + (Sz
j )

2 = constE ,-0+$,-0.( 2N /*2.1*?/5D 2'-/@

/5D9 h* 0,- 2'-//- $+5%&`)6 *1*<)#$'.3/-)/* +$1*9 i.<5' _5/$'E 2.0._. '.(

2N + 2 /*2.1*?/5D 2'-//5DE F$ ,-0+$,-0.( #$2'-#/$%)- b.2$,$3$ +#$%)$#&E

4<. 0$#-,/`( 2N +29 j.2$,5= +#$%)-# '$0*1-M2N+2 = S2 × S2 . . .× S2

︸ ︷︷ ︸
N

×R2

( 0$C&)<$' N %b*# k1$D. - 0,$,5'-#/$d +1$F5/59

l3-0/$ )*$#*'5 m-&,-114E ,5<1.0*/$d , +-0#$20-1- !9[E 014 -/)*3#$,/$%)- ,

0./$'& ,5+.0<& +$)#-C/$E F$C %5%)*'. '.1.N +1 -/)*3#.1 #&D& , -/,$1`c-d9

f1* , c-= '$0*1- ( )-16<5 $05/ B$_*,50/5=G -/)*3#.1n

HN+1 =
N∑

j=1

Sz
j + b+b.
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"# $% &'( )*)+*,*-% & ./)01-1 23 ) 4/,#% )/56 /45%$*++7 7&+%8 &%5*9

)1&3 :/ /;%<6=4> 0%+*$1#6 <%<4($%3 #-=,/&%$ ? &<4*+/&-(++7 @@ *-A(B5*@,+/@

1+4(A5/&+/<41 4* ;/B60/&* &10;/&10+/A/ ;5(0<4*&-(++7 C*#<*D

dL(λ)

dt
= [L(λ), A(λ)] . EFG2G H

I &%;*0#6 $/0(-1 J1##( /;(5*4/5 C*#<* $*? +*<46;+%K &%A-70D

L(λ) =




2
gλ− ω

g2 +
∑

j
Sz
j

λ−εj
2
gb+

∑
j

S−j
λ−εi

2
gb

+ +
∑

j
S+
j

λ−εi −
(
2
gλ− ω

g2 +
∑

j
Sz
j

λ−εj

)




EFG2GLH

M<#1->#% 4*#* (&/-=N17 ? 1)/<;(#45*->+/=3 4/ <;(#45 /;(5*4/5* C*#<* )B(9

51A*?4><73 * /4'(3 )B(51A*=4><7 &(-%,%+%3 7#1 &8/074> 0/ 1+&*51*+4+/@ O6+#N1@

 !" [L(λ)− µ1] = 0G P= O6+#N1= $/'+* 5/)A-70*4% 7# A(+(56=,6 O6+#N1=

0-7 1+4(A5*-1& 5686D

µ2(λ) = α2(λ) + β(λ)γ(λ) =

= 1
g4 (2λ− ω)2 + 4

gHN+1 +
2
g2

N∑
k=1

Hk

(λ−εk) +
N∑
k=1

s2k
(λ−εk)2

,

 ! "!#$%$&$

Hk = ∆kS
z
k + g

(
b+S−k + bS+

k

)
+

∑

i 6=k

g2

εk − εi

[
Sz
kS

z
i +

1

4
(S+

k S
−
i + S−k S

+
i )

]
,

'() "$*+,-"./012' '( #$3($ 4*$ 4-#/2+, λ = ǫi, 0+

HN+1 =
N∑

j=1

Sz
j + b+b

2(#+ +/01 &+5)* )&0!6*+#)" *.,. 7- !#) 8)((!9 ∆k = (2ǫk − ω) : 4+*+7!0*9

'($; ,+*+(0!*$<.= *)<&$>/ 7)? %+20-0+7$ 4!*!,- . " +0-7) 0+ %+20-0-/ !#!@

(0*-7+6&)0&-6- 4-#'A
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"#$%& '#()#*+%+, -& .#/012%&30#3 /&4510 6 103073&8 9&/:03#;068 '3#745<

3+= 03%5.$#10) $(=(

HDicke = ωHN+1 +
∑

Hj.

>5?5$ /+ /&*5/& )@%#3&)+%+ A+ 6 /&4512 B0995 03%5.$&)3&8 '# C0()01<

15/D E@90129+ 901290@%2 '3#7453+= 03%5.$#10) $(=( @%#3&)+%2N + 1 0 /&*3#

?5$5)0$+%+, -& )&3+ ?5$5:()#8%2 ) ?&?#$307 03)&18;0F, %&:%& {Hi,Hk} = 0,

%# $&'/0$30@%2 G#'&)&.& ?$&@%&$( @%#3&)+%2 2N + 2, %& %)5$4*533H %5&$5/+

C0()011H )+9&3(6%2@HD I(/0@3&8 ?&)5$=358 $0)3H 03%5.$#10) $(=( {Hi = hi =

const} ≃ TN+1 = S1 × S1 . . .× S1

︸ ︷︷ ︸
N+1

6 %&$ C0()011HD

J9 '#'3#A#1&@H )+-5, 5G59%+)3+/ K1H=&/ 4& 03%5.$()#33H '#4#A0 6 )+9&<

$+@%#33H FF #1.5:$#FA3&F 03%5.$&)3&@%0D " @%#34#$%3&/( )+?#49( ;5, '&9$5/#,

'3#A+%2, -& 0@3(6 )04&:$#*533H ' %&$( C0()011H, H9+7 )04?&)04#6 4#307 @+@%5<

/0 ) 45H9+7 #:515)+7 %&$, H9+7 6 H9&:0#3&/ $0/#3&)&F ?&)5$=30, '#4#3&F @?5<

9%$#123&8 9$+)&8D L$+ ;2&/( 9&/?159@3# $&'/0$30@%2 H9&:0#3( 4&$0)386, '

&43&.& :&9(, $&4( )04?&)043&F ?&)5$=30, # ' 03K&.& :&9( M $&'/0$3&@%0 %&$#

C0()011HD " 4#3&/( )+?#49( @+%(#;0H )04$0'3H6%2@H )04 @%#34#$%3&F, &@90129+

$&'/0$30@%2 %&$# C0()011H N'# $#=(3&9 $&'/0$3&@%0 )+=043&.& G#'&)&.& ?$&<

@%&$(O 3# &4+3+;8 :012K# '# $04 9$+)&FP

TN+1 → TN
C .

Q#')+A#7 ;8 ?$&:15/( )+$0K(8%2 3#@%(?3+/ A+3&/D B1H %&.&, -&: &%$+/#<

%+ @%#34#$%3( '#4#A( &:5$3533H, 35&:=043& '#G09@()#%+ &43( 9(%&)( '/033(,

%&:%& 4)0 '/0330 ( G#'&)&/( ?$&@%&$0 N'$&:+%+ .#/012%&3&)( $54(9;08OD R15

?0@1H '3#=&4*533H %5%#<G(39;0&3#123&.& $&')SH'9( 41HN '/033+=, 35&:=043&



 !

"#$%$&'(' &$&)(*$%+ ,-(+.#/%)--01 2)3+ ()* 3' ,-(+.#/43$ 3$&+56 78+9-:);

<)33,-.:) % =,&#$>&,5, !1?@ $:*,56*' % A6$3/ %'")&*/ #,& &$#,%-B4 $&'-'A, 9

,-(+.#/%)--0 % (+#3,-)C +5,"('D-'C E/-*A,9 3$8-) "#$%+:(' 0%-$1 F56(+#-);

('%-'3 %)#,)-($3 / %'G'C #$&)C 4 ,-(+.#/%)--0 % (+#3,-)C .,"+#+5,"('D-'C

ζ; HIJ σ;E/-*A,9@ >&,9:-+-'3 % #$K$(, L!MN1

O' "#$"$-/43$ "#)AB%)(' > />).)56-+-'3 0*$K,)-$3@ G$ &$>%$5'(6 K/&/;

%)(' %,&$K#)8+--0

TN+1 → T̃N+1
C

.

=#' A6$3/ >3,--, #$>&,5+--0 %%$&0(6:0 ()*@ G$K PC *,56*,:(6 &$#,%-B%)5)

*,56*$:(, %'C,&-'C &'-)3,D-'C >3,--'C1 Q ($D*' >$#/ %,&$K#)8+--0 FK+50 A+

$>-)D)4 9$.$ />).)56-+--0R

Symm(R×R . . .×R︸ ︷︷ ︸
N+1

)→ TN+1
C

= GJac(R),

&+ R S #,3)-$%) "$%+#C-0@ G$ %,&"$%,&)4 )5.+K#)PD-,9 *#'%,9

µ2(λ) =
1

g4
(2λ− ω)2 +

4

g
HN+1 +

2

g2

N∑

k=1

Hk

(λ− εk)
+

N∑

k=1

s2k
(λ− εk)

2 → T!1M1MUV

w2(λ) ≡ µ2(λ)
N∏

i=1

(λ− ǫi)
2 = Q2N+2(λ), T!1M1MMV

GJac(R) S />).)56-+-'9 0*$K,)-1 Q)/%)8'3$@ G$ w2
4 ")#-$B )5.+K#)PD-$B

T.,"+#+5,"('D-$BV *#'%$B #$&/ N 1

W =,&#$>&,5, !1X 3' %%+&+3$ N +1 >3,--/ #$>&,5+--0 T, N +1 :"#08+-'CV@

%'*$#':($%/BD' -)%+&+-, %'G+ &)-,@ () "$K/&/43$ />).)56-+-+ %,&$K#)8+--0

Y*$K,1



 !

 !" #$%&'()* +),*-./0%))1 234*$+ 56*7)&%8

#%22+)-&% ,% %)%$+9 4')%2+()': .*6'2+0

 !"!# $%&'()*+,+-' .'-,/,,/ &+01('

"#$%&'# ( )*+%,#*#-# -+'./0,#%.+%1 '#2&/. 3.))& 4567689: 2& ;#)/+2&'#

N = 1:

Ĥ = ~ΩŜ3 + ~ωâ+â+ ~g(Ŝ+â+ Ŝ−â+). 456<67<9

=.% *.2;#*.2+> '#2&/. 3?&@%A+BC+''.%-A+ * D%+E/F?&%%. G*F/.: H# #E&I,+>B

,0AJK L7M<N: LO8N6

P&@ -+'./0,#%.+% 456<67<9 I+(#' ( 1A.'+ 2F%+'.$%F'F ('.%%F'F *F(%+$&%F@

1 -./0E&I,#*#'1 ;I#A,#I.: J)F@ > ,&%(#I%F' 2#E1,)#' 2*#*F'.I%#-# ;I#A,#I1

+,#'%FG A,+%.* ,+ %&A).%$&%%#*F'.I%#-# ;I#A,#I1 A,+%.* &/&),I#'+-%.,%#-#

;#/J6 Q+ E+(FA%. A,+%F ;#/J *FE&I&'# R#,#%%. A,+%F |n〉: 2/J J)FG

â+â|n〉 = n|n〉, 456<67S9

â|n〉 =
√
n|n− 1〉, â+|n〉 =

√
n+ 1|n+ 1〉. 456<6759

3#*./0%F@ %#I'#*+%F@ )*+%,#*F@ A,+% AFA,&'F D+,#'B;#/&K E12&'# (+;FA1*+B

,F 1 *F-/J2.

|Ψ〉 =
∑

n

(
c1(n)|1, n〉+ c2(n)|2, n〉

)
, 456<67!9

∑

n

(
|c1(n)|2 + |c2(n)|2

)
= 1.

T$&*F2%#: A,+%F #I,#-#%+/0%. ,+ (+2#*#/0%JU,0 1'#*. ;#*%#,F6

VF 1A&I&2%F'# ;# A,+%+G 456<67!9 ;I+*1 ,+ /.*1 $+A,F%F I.*%J%0 W&@(&%B

E&I-+6 DX+;.*)/+AF$%.A,0K ,+)#-# 1A&I&2%&%%J E12& ;#/J-+,F * ,#'1: H# 'F



 !

"#$%&'()* +,-#&*,.). +*/$01231). )34 ")3##.). 5*01 &- -&*)#.). *5$/-6

&*/-). 3 5*+0-7$)*

〈Ψ|â+Ŝ3|Ψ〉 = 〈Ψ|â+|Ψ〉〈Ψ|Ŝ3|Ψ〉

8*73 701 9$/$7#3% "#-:$#; S± = 〈Ψ|Ŝ±|Ψ〉< a+ = 〈Ψ|â+|Ψ〉< a− = 〈Ψ|â|Ψ〉

=01%*) '9$/$7#$##1 ,375*,37#.% /3,#1#; >$?"$#@$/A- *&/.)-()* 9.9&$)' /3,6

#1#;B

ı
dS+

dt
= −ΩS+ + 2ga+S3, CDEFEG!-H

ı
dS−
dt

= ΩS− − 2gaS3, CDEFEG!@H

ı
dS3

dt
= g(S+a− S−a

+), CDEFEG!,H

ı
da

dt
= ωa+ gS−, CDEFEG!AH

ı
da+

dt
= −ωa+ − gS+. CDEFEG!7H

I$/$?7$)* ,37 +*)50$+9#*"#-:#.% J'#+23? S±< a± 7* 73?9#.% ,$0.:.#

S1 =
1

2
(S+ + S−), S2 =

1

2ı
(S+ − S−),

a1 =
1

2
(a+ a+), a2 =

1

2ı
(a− a+)

&- "-J3+9'()* +0-9.:#.? A-)30;&*#3-#

H = ΩS3 + ω(a21 + a22) + g(a1S1 + a2S2).

8*73 ' 5K1&.,.)3/#*)' 5/*9&*/3 ")3##.% {S1, S2, S3, a1, a2} )-&.)$)* 9.9&$)'

A-)30;&*#*,.% /3,#1#;

dSi

dt
= {Si, H}

daν
dt

= {aν, H}. CDEFEGLH
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"#$%& '#&(()*& +,-. (/(012/ - *1%&*)*,3*)4 56/7)8$1*)49 , 2&- 6/:;<8=

{f1, f2} =
∑

ij

Wij
∂f1
∂Si

∂f2
∂Sj

+
1

2

[∂f1
∂a1

∂f2
∂a2

− ∂f2
∂a1

∂f1
∂a2

]
,

81 Wij = εijkSk, det[Wij] = 0. >/(012& 5?@A@B!9 C#81 )(*)6*/2 )CD-%0)2 *&E/F

8)(;,8$1*G@

>/(012& :&2,;G0)*)6/F 7,6*<*G 5?@A@B!9 H&68<%/ *&<6*)(0, 86)F %)2#0#4I

3/F ,*01:7&;,6 7#F#

h0 = S3 + a+a−, 5?@A@B &9

h−1 = λ0S3 + S+a
+ + S+a

−, 5?@A@B C9

81 gλ0 = ∆, 0& 6D<H,

S2
1 + S2

2 + S2
3 = S+S− + S2

3 =
1

4
5?@A@BJ9

- ,*01:7)6*)4 6 (1*(, 01)712/ K,#6,;;< L MN@ O&2,;G0)*,&* (/(012/ 6 0172,*&F

+/F ,*01:7&;,6 7#F# 2&- 6/:;<8=

H = ωh0 + gh−1,

P7/ +G)2#Q H:,8*) 66181*/F 6/R1 P)H*&31*G= ω + gλ0 = Ω. S&H)6/T P7)(0,7

+,-. (/(012/ U 3)0/7/6/2,7*/T 2*):)6/8Q R) - P7<2/2 8)C#0%)2 (V17/ *&

86)6/2,7*/T P;)(%/T P7)(0,7 R
2
=

M≃ S2 × R
2.

W2,**, *& (V17, U +1 P7)1%+,. 8/P);G*):) 2)21*0# S1 , S2 0& ,*617(*& H&(1I

;1*,(0G 7,6*,6 S3Q P)6D<H&*, (P,66,8*)E1**<2 5?@A@BJ9@ X,8P)6,8*) 8) 01)712/

K,#6,;;< (#2,(*& P)617F*< 7,6*< ,*01:7&;,6 7#F# h0 = constQ h−1 = constQ



  

!"#$%&%'#() !*%*"&+'(%&, -%', T 2
./$0 %1234- 1,!$&% ()5"*)-"  !"!# $%&

'(%))*67 8"9-$&, '+*(:(; &%<() .=7>7?@6 A%!)-" , #%'&+ B)49)C

ı
dL̂

dt
= [∇h, L̂], .=7>7>D6

!$ %A$')-%' B)49) &)3 *"EF:!C

L̂ =




λ
2 +

1
λ−λ0

Ŝ3
1

λ−λ0
Ŝ+ + a∗

1
λ−λ0

Ŝ− + a −(λ2 + 1
λ−λ0

Ŝ3)


 ,

G ∇h H &)-'"I("0 E')!+3(- *+! #,(4/+J

h = g(S2
3 + S+S−) + ω(a+S− + aS+ + a3S3),

:4"0 %1')K%*,3-;9: 5) #%'&,F%L

∇h = (λ− λ0)
−1( ∂h

∂S+
Ŝ−

∂h

∂S−
Ŝ+

)
+

+ (λ− λ0)
−2( ∂h

∂a+
Ŝ− +

∂h

∂a
Ŝ+ +

∂h

∂a3
Ŝ3

)
, a3 → 0.

M4 5)5()I)F%9; *"N$O ():*(+9-; A'$!9-)*F$((: B)49) !%5*%F:3 A'" !%9F+H

!<$((+ 9"9-$&" .=7>7?@6 5)9-%9%*,*)-" &$-%!" -$%'+J 94+(I$((%5%((%E% +(-$H

E',*)((: ($F+(+0("K '+*(:(; 9%F+-%((%E% -"A, P?D=Q7 R) %9(%*+ A'$!9-)*F$((:

.=7>7>D6 &%<() 5'%1"-" !$:4+ 5)E)F;(+ -*$'!<$((: A'% 9"9-$&, .=7>7?@6O 5%4'$H

&) &%<() 9-*$'!<,*)-"O N% *%() 3 )FE$1')JI(% +(-$E'%*(%L7 S$ %5()I)3O N%

#)5%*"0 A'%9-+' 9"9-$&" &%<() '%5T"'"-" () 4%&AF$49(+ !"()&+I(+ 5&+(H

(+ + 4%&AF$49("0 I)9 z = t + ıτ 7 U'" /;%&, -%' B+,*+FF: T 2
'%5T"':3-;9:

!% 4%&AF$49(%E% )1$F$*%E% -%', T 2
C
O :4"0O *+!A%*+!(% !% *+!%1')<$((: V1$H

F: -) #%'&,F %1$'($((: M4%1+O %-%-%<(L3-;9: 5 A':&"& 9"&$-'"5%*)("&

!%1,-4%& !*%K $45$&AF:'+* '+&)(%*%J A%*$'K(+C

T 2
C ⇄ (R×R)symm.



 !

"#$%&'() R $*+(,-,./01) )2 ,34%5&,6-(, 2&*$, ,34%5&,6-(*7 &8$()(()79

R : det[L̂(λ)− µ] = 0

,5#

w2 = λ4 − 2λ3λ0 + (4h0 + λ2
0)λ

2+

+ 4(h−1 − 2λ0h0)λ+ 4(h−2 + λ2
0h0 − λh−1), :;<=<=>?

@% w = 2µ(λ− λ0)< A8@ B#$%&'(8 R &8$(*C #@*(*D8< E8@(#1(# (%6 /#& T 2
C
5F@%

F+,4,30(%(*7 )2#58,(#7G /#7F $8@#5&,H%(() I5%3) +,@,$,/*7%/01) 8(/%4&,J

3#7 (% /8302* B%&K#4#G ,3% C /&%/0#4# &#@F<

L830K @%/,30(# 7* D% 5F@%7# #54#$#&M$,/* $ (,1/FB(#7F B8@&#+@838G ,(,J

38+FM-* 7#H3*$#1/8 8(/%4&F$,(() 7#@%38 N822%< I3% 1B#-,/2F B&#8(/%4&F.7#

1*1/%7F :;<=<>O? 5830K B&#1/*7 1B#1#5#7G $*#2&%7*$K* @$8 +78((8G @3) 2#H(#6

+ )2*' 7#H(, #/&*7,/* +,72(%(8 &8$()(()< P,2*7* +78((*7* 5F@F/0S3(t) /,

@%)2, (#$, +78((,

ξ(t) = −S−(t)

a−(t)
.

 !"!" #$%&'()& (%*+,-%./ 0&-+1+%.-2( &2.'&

 !"!"!3 4&')%+%( ,(*%5%%5 %& 0'(%%6 S3 2& 7.8. ,.0*950)$

Q1#53*$81/M @,(#6 +,@,-8 . /%G R# @3) #@(8.6 +78((#6 :S3(t)? 7#H(, #/&*J

7,/* #2&%7% +,72(%(% @*S%&%(D8C(% &8$()(()G 5%&F-* @&F4F B#'8@(F $8@ $8@J

B#$8@(#4# @*(,78-(#4# &8$()(() B%&K#4# B#&)@2F9

d2S3

d(gt)2
= 6S2

3 − (4h0 + λ2
0)S3 −

(1
2
− λ0h−1

)
. :;<=<==?



 !

"#$# %#&'( )'*+,-,+*./(*0 12 ,)/'1''1 345*#'( 671 8(9*0'20 %(9#5m = 1

 !"#$%&'()*%"+, !")'

U(S3) = −2S3
3 +

4h0 + λ2
0

2
S2
3 +

(1
2
− λ0h−1

)
S3.

-). #(/"0 121#$+2  2/"%,3#*1. 4(/"% 45$6$7$%%. $%$68'0

[
dS3

d(gt)

]2
= 2[E − U(S3)]. 9:;<;<=>

? '%@"8" 5"/,A !'B%"1.C2 B" / (B6(#, 6' %.%%. 9:;<;DE > #(  2/"621#" ,F

GC2 6$@#, 6' %.%* 9:;<;DE>A +(3+"H

[ dS3

d(gt)

]2
= −[(S+a−)

2 + (S−a+)
2] + 2a+a−S+S− = 9:;<;<:>

= −(h2
−1 + λ2

0S
2
3 − 2λ0h−1S3) + 2(h0 − S3)(

1

4
− S2

3).

I"B'A 1!' 1#( ).GC2 9:;<;<=> #( 9:;<;<:>A 4%(J"B2+"A K"H E = 1
2(h0 − h2

−1).

L1#(#"C%" +(3+"H [
dS3

d(gt)

]2
= P3(S3), 9:;<;<M>

B$ P3(S3) = −(h2
−1 + λ2

0S
2
3 − 2λ0h−1S3) + 2(h0 − S3)(

1
4 − S2

3) N !")'%"+ #6$#*"0

1#$!$%'; O"8" +"7%( !6$B1#( 2#2 ,  28).B'

P3(S3) =
3∏

i=1

(S3 − ei),

B$ e1, e2, e3 N %,)' &*"8" !")'%"+(A ./' +"7%(  26(42#2 C$6$4 P"8" /"$Q'&'3%#2

"C$ 2B%2+2 1!'  'B%"@$%%.+2H

e1 + e2 + e3 = h0 +

(
λ2
0

4

)
,

e1e2 + e2e3 + e1e3 =
λ0

2
h−1 −

1

4
, 9:;<;<E>



 !

e1e2e3 =
1

4
(h2
−1 − h0).

"#$%& '()*+,-./01 e1 ≥ e2 ≥ e32 3*45 461 7,+)859 S(gt) :%-:* ;*<'=1<*)>

S(gt) = ℘(gt+ ıu2) +
1

3
(e1 + e2 + e3),

4# ℘(u) ? #65@.(A+% 7,+)851 B#-;C.;%0%D 1)% '(<+%A%-./01 @%;%:#.;%:(

Ei = ei −
1

3
(e1 + e2 + e3), E1 + E2 + E3 = 0.

E#;#&4#:* '54 7,+)859 B#-;C.;%0% 4* #65@.(A+*9 7,+)859 F)*G5 <% 7*;:,6*H

℘(u) = E3 +
E1 − E3

IJ

2(
√
E1 − E3u, k)

,

4# k =
√

E2−E3

E1−E3
=
√

e2−e3
e1−e3 D u = u1+ıu22 B(G;%'C( ,1'+, A%0.(+, 7%<( 7,+)859

IJ(z, k) < ,:*'(

√
e1 − e3 u2 = K ′,

4#K ′
K A'#;./ ,1'+*L* @#;5*4, #65@.(A+*9 7,+)859 5 0)*;(0.%'C(0/ 7*;:,6*H

IJ(u+ ıK ′) =
1

k IJ(u)
,

*0.%.*A+* *.;(:%-:*>

S3(gt) = e3 + (e2 − e3) IJ
2(
√
e1 − e3gt, k), MN2O2OPQ

1)% @;( λ0 = 0 < .*A+50.H 4* '(G*;, e1D e2D e3 .% 7%<( <G5L%-./01 < '54@*'54+*H

7*;:,6*H ;*G*.( R!SOT2

 !"!"!" #$%&'& (&)*'+,& +)-$./)01 2*/$3$)0/4+ *40'*

B(456#++1 .($ A( 5+C($ ;#U(:5' 4(+%:5)( 5+'#;0+*9 <%0#6#+*0.5 %.*:%

@#;#4G%A%- %+%65< 75<(A+($ @*A%.)*'($ ,:*' .% 9$ @#;#7*;:,6H'%++1 , .#;?

:5+%$ <+%A#+/ 5+.#L;%65' ;,$, h0D h−1 5 @%;%:#.;, λ02 V0.%++5 *4+*<+%A+* @*?

'=1<%+5 < +,61:( e1D e2D e3D 1)5 - @%;%:#.;%:( ;*<'=1<),2 B ;#<,6/.%.5 .%)*L*



 !

"#"$%&' (" )*+,'$- ./0!0!12 ,*3#" *4-5"(- (+- 6"+"7(8+#% +83-,- 4*98:%#7-

:9*+%9#89*;* "(*," 9 ,*:8$% <38=#5">?",,%#;5"@ &A':38##B "(*," 5$"A7-,

8$87(+*,";#%(#-, 4*$8, .C*:#*)*(*##8D &A':38##B2E 54*#("##8 9-4+*,%#F>

9"##B (" *5G-$BG%H I"A% %#98+5#*H &"58$8#*5(% 8#8+;8(-J#-6 +%9#%90

 ! "#$%&'(() *+,-* ./*#01- '/'0+2,-*3(4+(1- 5,/'-! K86"= '

4*J"(7*9-= ,*,8#( S3(0) = −1
2 E " 4+- t→∞E S3 → 1

2 0 L*:% 5$%: 4*7$"5(-

e3 = −
1

2
, e2 =

1

2
, e1 ≥ e2.

M& 54%99%:#*N8#O ./0!0!P2 9-4$-9"QE R*

e1 = h0 +
λ2
0

4
, h0 ≥

1

2
, h0 = −

1

2
+ n,

:8 n = a+a− S 79":+"( ",4$%(':- 8$87(+*,";#%(#*;* 4*$B "A* CJ-5$* )*(*#%9D

' 79"#(*9%= (8*+%H0

T*7$":8,* λ0 = 0E R* 9%:4*9%:"Q #'$O*9%= N-+-#% +%9#B "(*,"E n = 1 S

,%#%,"$O#" & (*J7- &*+' 79"#(*9*H (8*+%H 98$-J-#" 8$87(+*,";#%(#*;* 4*$BE

h0 =
1
2 0 U GO*,' 9-4":7' k = 1E e1 − e3 = 1 % 9-+"& :$B %#98+5#*H &"58$8#*5(%

+%9#%9 #"A'9"Q 9-;$B:'

S3(gt) = −
1

2
+ tanh2(gt), ./0!0!V2

9-+*:3'FJ-5O %& 8$%4(-J#*H )'#7G%H 9 ;%48+A*$%J#'0

T*98:%#7" )'#7G%H S3(gt) &*A+"38#" 7+-9*F .W2 #" I-50 /0X0 Y7R* :9*+%9>

#89-= "(*, 99"3"(- 5(+*;* +8&*#"#5#-, .& #'$O*9*F N-+-#*F &A':38#*;*

+%9#B2E (* ' 9%:4*9%:#*5(% %& 54%99%:#*N8##B, #89-&#"J8#*5(8=E 48+86%: 9%:A'>

9"(-,8(O5B &" #857%#J8##* :*9;-= J"50



 !

a

b

c

2 4 6 8 10
gt

-

1

2

1

2

S3HtL

"#$% &%' (#)*+,-* ,)./0$)12 3*$/4/)1$5, *51+* S3(gt) 647 0,3)#8 91:*5-1.#8

;+1.% <*= >?;6@/))7 *51+* $4*?-#+ /4/-501+*A),5)#+ 914/+% <B= C/4,),D),

1$E#47E,2 "*?, <F= G91)5*))/ .#901+,)H.*))7% I*0*+/50# )*./6/)1 ; 5/-$5,%

 ! "#$%&%'&% ()*+$,*%- ./0%! J-K1 3?;6@/)1+; $5*); |2〉 90#9#$*5#

$-,):/)); <7- 3*.A16)1 +*4;= L#0#);∆EM 51 3A,6)1 3, $9,..,6)1L/))7+ )/.#N

3)*:/)1$5/D :*$ 9/0/816; 91.#)/) ?;5# $-,):/))#+% I*0*+/50 ~λ0g 3* 13)*N

:/))7+ /O/-5#.)1 A0*P 014Q L#0#)# 0,.)7% R1+; 90# λ0 6= 0M n = 1 +#

150#+;P+1 )/4,),D), 1$E#47E,2 ,)./0$)12 3*$/4/)1$5, 0,.),.

S3(gt) = −
1

2
+ ST

2
(
√

1 +
λ2
0

4
gt, k

)
. <&%U%U =

3 9/0,161+ 1$E#47E,D τ = 4K/

[
g
√
1 + λ2

0

4

]
, 6/ 4K V 6,D$)#D 9/0,16 /4,95#:)12



 !

"#$%&'() *'+,-.'+$# +/$01'%# 2-34056$- %4/.-7 89: $0 ;/<) !)=)

 ! "#$%&'%%( )*#+$,-%.)'%%/! >%?- # ,-@0A%-./B 1-16$A @0<# 0A-1

2$0C-+/AD<E # 23#+56$-1# <A0$'F A-3A- S3(0) =
1
2  ! "#$% &'(!) *n = 0+ ,#

h0 = S3(0)- ./01$203 h0 ) 1&,'45!$#( 5676 !,#( "'5'869!,3(' 6 :86;<'&#(6

/,!&1 %0 :!94#;&# ;#94#- =0># < λ0 6= 0 ,# ?#5(6$! *@-A-AB+ #"3/6) ,!0#<

"5#C'/3 93"5#(1&D9!&&%- E53 C2#(6 &'#871;&# "#F!,0#93G (#('&, F!/6 :(1H

/,3,3 &! "#$#93&6 "'51#;6 ,#8,# &! 9'$3F3&6 t1 =
τ
2 - I' '0919!$'&,&# 567#91

: "#F!,0#9#D 6(#9#D

S3(0) =
1

2
− λ0

2
,

,#8,# : "#F!,0#9# :86;<'&#4# /,!&6 : &'&6$2#9#D J353&#D 519&%- I% < "#H

F!,0#9! 6(#9! 91;"#91;!) /3,6!C1K 0#$3 !,#( "'5'869!) 6 :86;<'&#(6 /,!&1

1 "53/6,&) "#$' : 09!;5!,#( !("$1,6;3 〈a+a〉 = λ0

2 . L1;"#91;&6 ;3&!(106 :#H

85!<'&# 0539#D *M+ &! N3/- @-O-

 !"!# $%&'()*' +%,-./&-0- (-(1&23 '2-('

 !"!#!4 5&'6-+71&&8 +%&'()*% +%,-./&-0- (-(1&23 '2-('

E'5'G;'(# ,'"'5 ;# :&!7#;<'&&% ;3&!(103 ;3"#$2&#4# (#('&,6 !,#(!-

."'5!,#53 Ŝ+ ,! Ŝ− 8':"#/'5';&2# "#9P%:!&1 : "#"'5'F&3(3 0#("#&'&,!(3

;3"#$2&#4# (#('&,6 !,#(!- Q$% :&!7#;<'&&% %9&37 ?#5(6$ %01 #"3/6D,2

91;"#91;&1 /'5';&1 :&!F'&&% S+(t) S−(t) 99';'(# &#96 :(1&&6 5#:;1$'&&%

ξ(t) = −S−(t)

a−(t)
. *@-A-RS+

T':"#/'5';&) ;3?'5'&C1D9!&&% 91;"#91;&# ;# 519&%&2 *@-A-OU+ ;!)V

ı
dξ

d(gt)
= ξ2 + λ0ξ + 2S3, *@-A-RO+



 !

"# λ0 =
Ω−ω
g $ %&"'#(#)* +,-./ & 0&./ 1-(23'/ ,&.'4''4 56$7$89: "* ;.-",-2/<

2*"& .3;*,3(2*./=13 &'2#>,-03 ,/?/ 56$7$9@: 2- .A4BC 56$7$9 : *2,3)-D)*E

[
ı
dξ

d(gt)

]2
= ξ4 + 2λ0ξ

3 + (4h0 + λ2
0)ξ

2 + 4h−1ξ + 1. 56$7$87:

F#>;* +*)&2323< G* +&"(2-'*.;*= ξ = λ − λ0 +*0&'*) / +,-.&H 1-(23'&

56$7$87: B.*"32C(4 "* +*0&'*)/ 56$7$79:< 4;3H .3B'-1-D ;,3./R$ I2J#< "3'-K

)&1'- B)&''- ξ(t) #.*0=L&*'/D '- ,&)-'*.&H +*.#,?'& R$

M&.'4''4 56$7$87: )*J'- +#,#+3(-23 / .3>04"&

ı
dξ(t)

d(gt)
= ±

√
(ξ − ε1)(ξ − ε2)(ξ − ε∗1)(ξ − ε∗2),

"# ε1 = R1e
ıϕ1

< ε2 = R1e
ıϕ2

< ε∗1< ε
∗
2 N ;*,#'& +*0&'*)- / +,-.&H 1-(23'& 56$7$87:$

%,3 LC*)/ .3;*'/=2C(4 ,&.'*(2&

R1cosϕ1 +R2 cosϕ2 = −λ0

R2
1 +R2

2 + 4R1R2 cosϕ1 cosϕ2 = 4h0 + λ2
0

R1R2(R1 cosϕ2 +R2 cosϕ1) = −2h−1 56$7$88:

R2
1R

2
2 = 1 + λ0(h0 − h2

−1).

O*23,3 +*+-,'* (+,4J#'& ;*,#'& ,*B2-P*./=2C(4 '- ;*0& ,-"&/(*)R & B L#'K

2,*) . 2*1L& CE

C =
R2

1 −R2
2

2(R1 cosϕ1 −R2 cosϕ2)
,

R2 = R2
1 + C2 − 2CR1 cosϕ1 = R2

2 + C2 − 2CR2 cosϕ2.

Q&"*R,-B3)* ",*R*.*K0&'&H'3) +#,#2.*,#''4) L# ;*0* '- "&H('/ .&(C< B-K

"-.P3 .&"*R,-J#''4 S*,)/0*=E

ξ =
αz + γ

z + δ.



 !

"#$ %&'() *)+,(' -$(./.0$1 2'* -3+*)-.-45 6,#,73+ 8'#,93- ) -3+6'-3+93 0':

;8$<

ε1 → −1
k
, ε2 → −1, ε∗2 → 1, ε∗1 →

1

k
.

='+3

α = C +R, δ = ı
(C +R)−R2 cosϕ2

R− C +R2 cosϕ2
, γ = (C −R)δ,

k2 =
(C +R−R1 cosϕ1)(C −R−R2 cosϕ2)

(C −R−R1 cosϕ1)(C +R−R2 cosϕ2)
.

>. 8'(6?,8493@ 6?'2$93 8'(6?,849'A B(399'A z 6#'-,+,(' #'B#3B$1 58 6'8.:

B.9' 9. C$4D EDFD

Re Ξ

Im Ξ

Ε1Ε2

Ε1
*Ε2

*

C$4D EDF G'(6?,849. 6?'2$9. B(399'A zD

H8?,A-I$ 6' %$7 #'B#3B.7 +-. ,8B,(6?5#$ 4J,#$ C3(.9.1 '0#$(.K(' #3(.:



 !

"#$% &#$'()"* (#+% ,- '.$/$01'"2"% 013'4(056"/7 .(8$/7

w2 = (1− z2)(1− k2z2).

9. $/+#:# ;<<=- >* .(8$% %"/?#(:/@%A '1/&286"0 ?%".>/B 9.#4/ 20 55 &#)/+"0C

z = DE(u, k), w =
F

FG

DE(u, k).

H#+/ +1B (#@$IB@#. (/$"B""B J<KLKMLN :0A $831B+C

ξ(gt) =
(C +R)DE(u, k) + (C −R)δ

DE(u, k) + δ
, J<KLKM<N

+' u(gt) = agt + ıu2- a =
√
(R + C −R2 cosϕ2)(R− C +R1 cosϕ1), 0 $84/(

&0(0:'2(0 u2 &#$IB@0"87 @ $84#(#: &#602.#$8) %:#$K

O1B @"0)#+P'""B B$"#3# $831B+% ?%".>/7 S±(t) Q.#(8Q20A:#QR 4'@&#Q'('S

+"R# (/$"B""B:8 J<KLK,TNK U#+/18$V8 #48+$/ Q2#(#"8 (/$"B""B J<KLK,T4N "0S−

/ $8.#(8Q20$V8 #@"06'""B @:/""#5 ξ % 2'(:/"0) $8)/+"8) +8"0:/6"8) @:/""8)-

#2(8:0A:#

ı
d

dt
lnS− = Ω+ 2gξ−1S3.

W%+':# V%.028 (#@$IB@.8 % $831B+/

S± = |S±|e±ıϕS .

H#+/ :#+%1R 20 ?0@0 +8&#1R"#3# :#:'"2% $8@"060*2RQB (/$"B""B:8C

dϕS

dt
= −Ω + 2S3XY(ξ

−1),

d

dt
ln |S±| = 2gS3Z[(ξ

−1).



 !

" #$%&'& (&)*+ ,&-*./ 0*$)1#2 S±(t) .3')& 4$5267 4 5.'3(859:$&'& ;<#=>

=#-$&%3$$? @ABCBD EF

|S−| =
√
1

4
− S2

3 .

G8#, 6&'&+ ,&H$5 <&)54567+ I& 0545 -7<&./$&'& ,&,3$6* # 0545 3.3)68&,5>

'$#6$&'& <&.? <&=J?45$# ,#H ;&(&K :3834 &-7$ 4 #$63'85.#= 8*L* @ABCBD!EF

h−1 = 2|a±||S±| cos(φS − φa). @ABCBMNE

O545 3.3)68&,5'$#6$&'& <&.? =785H5P6/;? :3834 #$63'85. =#- -#2;$&9 :5>

;67$7 ξ F

φa = ωt− g

∫
Re ξ dt, @ABCBMQE

5 2&'& ,&-*./ ,&H$5 4$5267 :3834 h0 @ABCBD!EF

|a±| =
√
h0 − S3.

R.? 6&'&+ I&( 4$5267 054* 3.3)68&,5'$#6$&'& <&.? @5 :3834 $39 S # 054*

-7<&./$&'& ,&,3$6* =#-<&=#-$& -& @ABCBMNEE $3&(L#-$& &(85L*=567 #$63'85. =

@ABCBMQEB R.? 1/&'& <3832-3,& =#- 3.#<67:$&9 0*$)1#9 T)&(# -& 0*$)1#9 U3P8>

%685;5 VWXYF

φa = ωt− h−1
2

∫
α℘(u) + β

γ℘(u) + δ
du,

-3 α = 1+ β = −E3+ γ = e1, δ = e3(E1−E3)−e1E3+ u = gtB Z32 #$63'85. ,&H$5

=4?67 ?=$& VDXNY+ # = 834*./656# 0545 3.3)68&,5'$#6$&'& <&.? ,5P =7'.?-F

φa = ωt+ h−1

[
C1gt+ C2 ln

σ(gt+ v)

σ(gt− v)

]
, @ABCBMWE

-3 σ(u) S ;#',5>0*$)1#? G.32$5+

C1 =
1

2e1
− ζ(v)C, C2 =

C

2
, C =

(E1 − E3)e3
δ

,



  

! "!#!$%&# v '()*!+!,&-./ 0) ."0''01*23%**/ ℘′(v) = − δ
γ .

42105 )601*2 0) '(#!)2$ 789:9;<=5 >!)! 1("2?-*26@ $2$%*&A $!, '(6?/1

φS = arccos
h−1

2
√
(14 − S2

3)(h0 − S3)
+ φa, 789:9;B=

1% φa '()*!+%*2 '(#!)2$ 789:9;C=5 ! )!6!?-*(D '(#!) 1?/ S3 E 789:9:C=9

 !"!#!" $%&'(' )'*+(,-' )'./01*/2/ (/(%*34 +3/(+

FG 0 A '("!1GA !*!?0)A 1(*!$0+*(H #%I($0' 0*'%#.*2J )!.%?%*2.&0 #0'*0'

!&2$!5 *%2KH01*2 >0)(+*0 "2+!&G2'0 A$2'( "%#%'%.&( A '(K0# )*!+%*- G2#%*0'

εi. L(I+% $( "#2!*!?0)A,$2 1'! 2.2K?('0 '("!1G( #2)&!3A'!**/ G2#%*0'9

5! 6'7/)&%*'8 9'.+)/- 7/:3+;49+**< -/7%*,9! $%&'( :=4)&%*>

*< +3/(+ ?0+=-'( %0%-37/(+2*,3*'( ./0%(!FGM2 $( '(K%#%$2 G2#%*0

*! A/'*0D 2.0 *!.&A"*($ +(*2$N

ε1 = ε2 = ı,

O% '01"2'01!&($% )!&(.G!**P #2)#0)0' *! #0$!*2'0D "2'%#H*0 &! '(#21I%**P

%?0"&(+*(H >A*GO0D 12 60"%#K2?0+*(H9

Q0D.*25 1?/ )$0**2J ξ $!,$2 '(#!)N

ξ(gt) = ı
RS(gt)

TS(gt)
,

 !"#$%&" " &$'$"!&() S3(gt) *+,&-.()&/ 0*%1-'*2 345656785

9(%,1 ",: %*;#</;*= #!>+*#!> . +%*?$&- ;@->A$""/  (*1 &' @=,1 $'$B

=(%*1 C"!(",1 +*'$1 3; -1*#,D E* λ0 = 08D +%* E* :F'*&/ - +*+$%$>")*1-

+-"=(!5 G ?)*1- #,+ >=- >," 1!= =*1+*"$"( >,+*')"*C* 1*1$"(- *+,&-.()&/

0*%1-' 1,H

S± =
IJ(gt)

KJ

2(gt)
e±ıΩt,
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t

-

1

2

1

2

S3

S2

S1

"#$% &%' (#)*+,-* -.+/.)0)1 2#/.34).5. +.+0)16 1* ,)708$).9 :*$030).$1,

8,7),7 *1.+* 6 7#/*2-6 ε1 = ε2 = ı ;λ0 = 0< h1 = 0=%

* 23> -.+/.)0)1 030-18.+*5),1).5. /.3> +*?+.@

a± = −ı
1

AB(gt)
e±ıωt.

C,2/.7,2)6 2#)*+,-6 -.+/.)0)1 2#/.34).5. +.+0)16 1* ,)708$).9 :*$030).$1,

8,7),7 :.D8*E0). )* "#$% &%'%

 ! "#$%&'#()% '*+&,-./,))0 1*'%)2/! 3%4#$ )%52)26)#7 *89#50:

926 3,;2! F> $#16*G,> 7,2/.7,2*? /.H*1-.7,I 6+.7,< -.3# *1.+ :)*J.2#14$> 7

.$).7).+6 $1*),% K0J*I h1 = 0< 1.2, )* -.80), +*1#+0+. )*$16/), .D+0E0))>@

R1 = R2 = 1, cosϕ1 = − cosϕ2. L 68*J67*))>+ 1.5.< M. :$67 6>7).9 H*$1#)#



 ! 

"#$% u2 = −K ′

2 & '#(')*

ξ = ı
2(1 + k)[1 + k +,

2(u, k)]+,(u, k)

(1 + k)2 +,

2(u, k) + [1 + k +,

2(u, k) + |-,(u, k) .,(u, k)|]2 ,

# /012340# 0#42520/467 S3(gt) )8%49(674: ")3'95); <=>?>?@A>

t

-

1

2

1

2

S3

S2

S1

B%4> =>= C%0#'/D# D)'8)0206 E%8)570)F) ')'2069 6# /012340)G $#42520)46/

3/10/1 #6)'# 9 1%8#ED9 4%'263%H0)F) 3)$6#I91#00: D)320/1 εi <h1 = 0&

λ0 6= 0A>

J#D2 3)$6#I91#00: 095/1 "/$%H0) 1/E8)1/E#( 83)K249 8)F5%0#00: #6)')'

41/65#& $# 9')1%& L) ( 020957)1%M 3)$5#E H#46)6 <λ0 6= 0A> C%0#'/D# D)'N

8)0206 E%8)570)F) ')'2069 6# /012340)G $#42520)46/ 3/10/1 9 K7)'9 32O%'/

$)P3#O20# 0# B%4> =>=> C%0#'/D# 8)10)F) 12D6)3# Q5)R# $)P3#O20# 0# B%4>

=>S>
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1

2

1

2

S1

-

1

2

1

2

S2

-

1

2

1

2

S3

#$%& '&( )$*+,-.+ /0.123+ 4526+ *+ %703- 4526+ 8h1 = 09 λ0 6= 0:&

;+</+=$,2 1+.2=9 >2 < %$%10,-9 >2 32?@5AB+C1D%A9 C B/- 6+3+.103*- E+%12F

1$G E+%121+ ΩAtom ∼ g9 ? A.2H /-BI</+H1D%A +12,*- J03062B$ ,-= 2%*2/*$, 1+

?I<B=0*$, %1+*+,$9 - E+%121+ J32K0%-/ /?+C,2B-L +12,+ ? J250, 812I12 E+%121$

B$J25D*2@2 ,2,0*1< 1+ 050.132,+@*-1*2@2 J25A: M ωint ≈ ω& N2=*+ J030.2F

*+1$%A9 >2 J32K0%$ ?,-*$ *+%050*2%1- 3-/*-/ *+I+@+12 J2/-5D*-O-9 *-= J32K0%$
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#$%&'( )')*+&,- %&. /01#23'0% %#%)'4#% 54#%5 45 )2)64*#%5+'&4'0% 1#2)%7

ΩAtom ≪ ωint.

 !"!#!# $%&'()*+,)-. /)/+'0 1-)/2'3- 3(/)4%(%5 4/ )/6'(3+/7

8-9)%5 (:&8'. 2%1:+' ;<:.)8/7=/22')>8/

85.2090% *):(23454#% 695'4#9#; %#/)2& <.)='>5?@5%%&'+>5 , A90B) 6#?

251>( 45 9&/*#/.)''A 54#%'#; &'9)*>&; CDEFG A6) 1#9HA:(-43 : /0>6*)4'&>4-

I#4#''0J :$(/.)'3 & 995.5-43 #/'0% : 1*A%0J 1&/49)*/.)'3 695'4#9#; 1*0?

*#/0 901*#%&'-95''AK

L#:9HA:60 /2A '51&9625>0M'#; 9)*>&; %#/)2& <.)='>5?@5%%&'+>5G #4*0%5'&

( '5N&= *#$#4&G , 1)*&#/0M'0%0 I('6O&A%0 & 4560J A90B ') 1)*)/$5M5-43K

P &'N#+# $#6(G /#*)M'#- , 1#>45'#965 #$)*')'#; :5/5M&7 9>45'#9040 M0 *)?

52&:(,43>A 1)*&#/0M'5 1#9)/&'65 &'9)*>'#; '5>)2)'#>4& *&9'&9 ( 695'4#9#%(

9015/6(K Q : '); 9012095, 1045''A 1*# >45'0 )2)64*#%5+'&4'#+# 1#2AG A6&

%#.(43 :5$):1)M040 456( 1#9)/&'6(K

R59)/)%# #>'#9'& I#*%(20 695'4#9#; 4)#*&; <.)='>5?@5%%&'+>5 CDSFK 8)?

64#* >45'( >0>4)%0 $(/)%# :510>(9540 ( 90+2A/& TUKVK WXG %5-M0 '5 (95:&G

B# |α, n〉 ≡ |α〉 ⊗ |n〉, α = 1, 2, |α〉 Y >45' 54#%5G |n〉 Y Z?I#4#''0= >45'

)2)64*#%5+'&4'#+# 1#2A TUKVK "XG TUKVK UXK

L#:9HA:#6 *&9'A''A [*)/&'+)*5 : +5%&234#'&5'#% TUKVK VX ( 4)*%&'5J 5%?

12&4(/ >45'&9 %5, 90+2A/7

c1, n+1(t) = c1, n+1(0)

[
cos
(Ωnt

2

)
+

ı∆

Ωn
sin
(Ωnt

2

)]
−

− 2ıg
√
n+ 1

Ωn
c2, n(0) sin

(Ωnt

2

)
eı
−∆t
2 ,  !"#"$%&
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#$

c2, n(t) = c2, n(0)

[
cos
(Ωnt

2

)
− ı∆

Ωn
sin
(Ωnt

2

)]
−

− 2ıg
√
n+ 1

Ωn
c1, n+1(0) sin

(Ωnt

2

)
eı

∆t
2 , %"&'&"!(

)* Ω2
n = ∆2 + 4g2(n+ 1), n = 0, 1, 2, . . .&

+,)- )./ 0*1*)23,4, 52$6*22/ 7$87,9

〈Ψ(t)|Ŝ3|Ψ(t)〉 =

=
∑

n

|c2, n(0)|2
[
cos2

(Ωnt

2

)
+
∆2

Ω2
n

sin2
(Ωnt

2

)]
+

+ |c2, n−1(0)|2
[4g2n
Ω2

n−1
sin2

(Ωn−1t

2

)]
. %"&'&" (

:*;$< = >,6$#?,=@< 7,7*2# 6$0A $#,7 >*1*BA=$8 A ,02,=2,7A 0#$2- |1, n〉C

#,)- c2, n(0) = 0& D E,17A.@ %"&'&" ( .*4?, ,#1@7$#@ =@1$5 )./ -2=*102,F

5$0*.*2,0#- 1-=2-=9

S̃3(t) = −
1

2

∞∑

n=0

|c1, n+1(0)|2
[∆2

Ω2
n

+
4g2(n+ 1)

Ω2
n

cos(Ωnt)
]
. %"&'&"'(

G 5$4$.32,7A =@>$)?A EA2?H-/ %"&'&"'( 8 ?=$5->*1-,)@62,IC $.* 7,J2$

52$<#@ #$?- 0#$2@ >,./C /?- 5$B*5>*6AI#3 FF >*1-,)@62-0#3& K)@2 -5 2@; 7,J2$

>,BA)A=$#@ 2$ ,02,=- ?,4*1*2#2,4, 0#$2A

|α〉 =
∑

n

cn|n〉,

5$2A.@=L@ A 23,7A ?,*E-H-82#@ CnC )./ /?@; 2* =@?,2A8#30/ A7,=$ >*1-,)@M

62,0#- %"&'&"'(

√
n+ 1 = l, l ∈ Z.
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#$%& '&( )*+,-./../ 0-1.2*-*3 4.565+5+-.1 7,.,/8 21 .16,-071%$9.*3 :$.1;,0$

46<.02$+.1 7,.,/8 12*;.*3 ,.-5+%,3 6+$ 〈n〉 = 1&

=*:, 0*5>,?,@.2$ < 4'&A&'A8 -$B.191C2D%/ +*B6*:,7*; -$E7/:<F

|c1, n+1(0)|2 =
e−〈n〉〈n〉n+1

(n+ 1)!
, n = 0, 3, 8, 15, . . .

,G 6*071:1C9$ ∆ = 0G ;1@;*F

S̃3(t) = −
1

2

∞∑

n=0

e−〈n〉〈n〉n+1

(n+ 1)!
cos(2lgt). 4'&A&'H8

I ;52*C 6*+,-./../ 6+5:%21-$;* .16,-071%$9.$J +5B<7D212 :7/ 2,@3 K 6*L

9120*-*3 <;*-$ 95+5B ><.0?,C M5@+N2+1%1 , %0*+$%21@;*%/ 33 +*B071:*; <

+/: O''PF

S3(t) = −
η1
ω1

+
1

3
h0 −

2π2

ω2
1

∞∑

m=1

mqm

1− q2m
cos
[πm
ω1

gt
]
, 4'&A&''8

:5 q = e−ıπ
ω2
ω1
G 1 ω1G ω2 Q :,J%.$J 21 </-.$J 65+,*:$ ><.0?,3 M5@+N2+1%1G

-,:6*-,:.*G η1 = ζ(ω1)& I <;*-$ +,-.*%2, 65+,*:,- ><.0?,J 4'&A&'H8 21 4'&A&''8
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#$%&'()'# #*'+,+--. -( /#012$&'3 4-(5+--. ω16

ω1 =
π

2α
,

/+ α = l
m , α ∈ Z7 ( #$,+7 3 #*'+,+--. -( h0 $( 2+%+/-8 93:;932$; <#$#-3= 1

0#:3 〈n〉> ?#%3=-.--. /&-('39& 0%& 〈n〉 = 1 4#*%(,+-# -( @&2> A>">

 !" #$%&'()*%&$ +,$&&$ )'+-$./&&0 1 ,'-/.$ 2$33/ 4*

,'5.6%'74$ 88 $&4/9)1%*&&0

?+%+B3/ /# '#/+:3 C399+7 $#*$# 4*3:;D+--. 93:;9#2$3 ($#'3=7 0+%+/*(5()

4%#2$(--. 93:;9#2$3 4'3--&B %#4/3:+--.7 4*3:;D+--. %#/1 =3/0#=3/-#E (:F+G

*%(E5-#E 9%&=#E $(7 =3/0#=3/-#7 0+%+B3/ /# $+$(G<1-9H3I =&J&B %#/3=> K H;#G

'1 =&0(/91 2$(-/(%$-+ %#4/3:+--. 4'3--&B ) -+4%15-&'7 #293:;9& /#/($9#=+

3-$+F%1=(--. L= '#/+:3 C,+I-2(GM(''3-F2( = 0#0+%+/-;#'1 03/%#4/3:3 $(9

=3/-#=:8=(:(2; <(4(N 1 =&J&B %#/(B -+ '#,+ *1$& =&9#-(-# .=-#> K /(-#G

'1 03/%#4/3:3 '& ==+/+'# 4'3--3 %#4/3:+--.7 =&9#%&2$#=185& '#/&<39#=(-1

2B+'1 L.9 1 @#4/3:3 ON $( 0%#(-(:341)'# 4(/(51 3-$+F%1=(--.7 .9( =&-&9() =

H;#'1 =&0(/91>

 !"!# $%&'()*++, &-(++./ 0 -%'*)( 1(22*

P$(-/(%$-3 4'3--3 %#4/3:+--. ==#/.$;2. .9 -1:3 %(H3#-(:;-#E <1-9H3Eγ(λ)7

.9( ) +:+'+-$#' '($%&H3 Q(92( LA> >RN> ?+%+$=#%&'# '($%&H8 Q(92( $(97 J#*

20+9$%(:;-( 9%&=( -+ 4'3-&:(2;

L(λ) → L̃(λ) =


a(λ) b(λ)

c(λ) −a(λ)


 ,
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#$ $%$&$'() *$+$(,-+$'-. &/(+)01 &/2(3 ,)4%5#

a(λ) =
β + γ

2
, b(λ) =

β − γ

2
− α, c(λ) =

γ − β

2
− α.

6-#1 '/ +-%3  !"#$#%&'(')* +,,-.)'#/0 λk ,)7$+$&- '8%1 +/01-'/%3'-.

98':01. c(λ);

c(λk) = 0 ⇔ b+ − b

g
+

ω

g2

∑

j

+
ıSy

j − Sz
j

λk − εj
− 2

g
λk = 0.

6/:)& <)'-&= &) &/>&- %1'1?'8 @)@($&8 +1,'5'3= 5:/ *-,A5B8> λk B *-</(:-C

,)&) B&1'')&) b+ − b (/ ıSy
j − Sz

j .

D*+5E$'1 #- ')F ,$%)<)')= 5:1 &-E'/ '/B,/()  !"#$#%&'(')1) 213!%&4

5#1)0 = µk ,)B'/</2(3@5 B +1,'5''5 /%4$7+/.<'-. :+),-.;

µj ≡ µ(λj) =
1

g4
(2λj − ω)2 +

4

g
HN+1 +

2

g2

N∑

k=1

Hk

(λj − εk)
+

N∑

k=1

s2k
(λj − εk)

2 ,

#$ s2k = jk(jk + 1).

G +$B8%3(/(1 &-E'/ ,)+/B)() ,)F1#'1 #)'/&1<'1 B&1''1 &-#$%1 H1::$ 8 ($+C

&1'/F B&1'')F +-B#1%$''5I J-:+$&/= -(+)&/>&- ,)+/B) #%5 '$B/%$E')F @*1C

'-,)F B&1'')F

(ıSy
i − Sz

i ) = −
2

g

N+1∏

k=1

(εi − λk)

N∏

k=1,k 6=i

(εi − εk)

≡ Xi,

(/

Ŝx
i = −

N+1∏

k=1

(εi − λk)

N∏

k=1,k 6=i

(εi − εk)

N+1∑

k=1

N∏

l=1,l 6=j

(λk − εl)

N+1∏

i=1,i 6=k

(λk − λi)

µk.
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#$%&'$()&*+,-$ *./012 0345678& )4%&9:

Sz
i =

1

2

[
X2

i +
1

Xi

(
s2i − (Sx

i )
2
)]

.

 !"!#"! $%&'!"()!* +%,-%./0 1&!""/0 234 &%4"( ./5(1/2/ . 235&!"(0 6/&37

25/8"/0 9:"$)!# .!; 1&!""/0 5%1;!,3""<

b+ − b = 2g



N+1∑

j=1

λj −
N∑

j=1

ǫj


− ω

g
,

b+ + b = g
N+1∑

k=1

N∏

l=1

(λk − εl)

N+1∏

i=1,i 6=k

(λk − λi)

µk.

="23>5(,/ 5:0: &%;3,! 2($%4 &%4"( ./5(1/2/ 83531 1&!""! 5%1;!,3""<?

HN =
1

2

N+1∑

k=1

N∏

j=1

(λk − ǫj)

N+1∏

j=1,j 6=k

(λk − λj)

Mk, @ABCBADE

Hj = −

N∏

k=1

(ǫj − λk)

N+1∏

i=1,i 6=j

(ǫj − ǫi)

N+1∑

k=1

N∏

l=1,l 6=j

(λk − ǫl)

N+1∏

i=1,i 6=k

(λk − λi)

Mk, @ABCBAFE

;3

Mk =
g2

2


µ2

k −
1

g4
(2λk − ω)2 −

N∑

j=1

s2j
(λk − ǫj)2
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 !"!# $%&'(''( ') *+),-.'% /0%''% λi

#$%&'()*+*,$ -,*'./&0 1%&++23 λk 1$4$5)(60 +$6)78+2% 9&,+0++0%:

∂λk

∂t
= {λk,H} = ı

∂H
∂µk

.

;2<*926)*,7.=2 0,+& ,29$12 4'0 >$%&'()*+&$+&, , )-9%&+$3 1%&++23 9*14&'-?

++0 @ABCBADEF @ABCBAGE )$ ,29$1 4'0 <92,*H @AB B !EF *)92%$5%*

∂λk

∂τ
=

N+1∑

j=1,j 6=k

λj − c̃(N)

N+1∏

j=1

(λk − λj)

√
Q2N+2(λk),

4- c̃(N) =
N∑

j=1

ǫj +
g2ω

4
, )$ τ = −4

g ıt.

I& 9&,+0++0 %*J+$ 8-9-K*9%7'.,$)2 +$6)78+2% =2+*%:

N∑

k=1

λi−1
k dλk√
Q2N(λk)

= dxi, i = 1 . . . , N + 1,

4- ~x⊤ = (c1, . . . , cN−1, τ + cN , τ c̃(N) + cN+1), $L*

N∑

k=1

∫ λk

P0

λi−1dλ√
Q2N+2(λ)

= xi, i = 1 . . . , N + 1.

M6)$++&N ,29$1 1$4$5 71$>$'(+-+- ,&4*L9$J-++0 OL-'0F )*L)* ,&4*L9$J-++0 1

62%-)92=+*>* 4*L7)<7 N +1 <*8&H 9&%$+*,*H 8*,-93+&F P* ,&48*,&4$5 $'>-L9$?

H=+&N <92,&N @AB B !EF 1$4$+*>* +$L*9*% 1%&++23 λkF , 71$>$'(+-+2N 0<*L&$+F

+$ 0<*%7 '&+&N+* -,*'./&*+7.)( 1%&++& xiB

 !"!" 123( %'43567&)''( ') 7/)5)+8'3'907 (*9:%)'%

M)J-F %2 %$5%* 8$9+7 >&8-9-'&8)2=+7 <92,7 w2(λ) = Q2N+2(λ) 9*47 g =

N F 4- 8*'&+*% Q2N(λ) +- %$5 <9$)+23 <*9-+&, & N*>* %*J+$ 89-46)$,2)2 7
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"#$%&'"()& *+,-./0

Q2N(λ) = (λ− E1) · · · (λ− E2N),

/1 Ej 2 %(34# ,#-&51"".6 7. 48+*# ($"#91"# :#;+$() ,()(-(,0<

(a1, . . . , aN ; b1, . . . , bN).

=#4(5 )+ )#>)( N + 1 80*"."".

N+1∑

j=1

∫ Pj

P0

λi−1
j dλj√
Q2N(λj)

= xi, i = 1 . . . , N + 1 ?@6A6@BC

/1 Pj = (λj, wj) 2 %(34# "# 48+*0<6 D#;(*(E %(34(E > P0 0 F F ;8&3"( *+:8#%+

* (/"0< ; %(3(4 ,#-&51"".G ;(481)# P0 = (E2N , 0)6

H(5"# '181*08+%+G 9( N 0"%1,8#-0* * ?@6A6@BC )0$%.%I ,(-()(8J"0 /+J1K

81"L0#-+G %(/0 .4 ($%#""0< )0$%+%I /+J181"L0#- %81%I(,( 8(/& ; '(-E$#)+ *

±∞ %# -+M4#)+ ±16 =()& LE $+$%1)& 80*"."I )(5"# '8+*1$%+ /( 4#"("0K

3"(,( *+/&

N∑

j=1

∫ Pj

P0

ω(P ) = z,

N∑

j=1

∫ Pj

P0

Ω∞,∞−
(P ) = Z,

P = (λ, µ) ?@6A6@NC

/1

ω =




ω1

ω2

6

6

6

ωN




= A−1




dλ
µ

λdλ
µ

6

6

6

λN−2dλ
µ




, z =




z1

z2
6

6

6

zN




= A−1




x1

x2
6

6

6

xN




,



   

Z = xN −
N∑

k=1

ckzk, c =




∮
a1

λNdλ
µ

∮
a2

λNdλ
µ

!

!

!

∮
aN

λNdλ
µ




,

"#$%&'( '$ )&#$*+(,'&*- .&#'&/0.$'$ 1$23#3.45060'$

∮
aj
ωi =

δij,
∮
bj
ωi = τij, i, j,= 1, . . . , N ; '0+#$4- "3#5&15/ 7 τ = A−1B. 8$9

23#3.4506 +#3+:&;& #&1( +3< '&<.0 .&#'(/0+$= /51.-/>$ /51 .:&;& 65.5?.(

)&'@5.045A ;&6&'&#2.$B 1$23#3.45065/

Ω =
λNdλ

µ
−

N∑

i=1

ciωi,

+0)= C&

∮
ak
Ω = 0,

∮
bk
Ω = 2ıπ

∫∞
∞−

ωk, k = 1, . . . , N.

D5 #5/.-..- '&<.0 #&E/F-E0+$ G+&%.5>3= &+#$'0+$ -/.5 /$#0E$ 16- *$9

'3+#$%.$B 2(.)45? /51 λk +0 µkH= /$)&#$*+0/>$ )&.43"45A (E0;06:.3.$B

+3+092(.)45? IJKL! M/313'& θ92(.)45A E .0"5/456$'$ B0#0)+3#$*+$)0'$=α =

(α1, . . . , αg)
T
= β = (β1, . . . , βg)

T
= αi, βj = 1/2 0@& N=

θ


 αT

β


 (z; τ) =

∑

m∈Zg

exp
{
(m+α)T τ(m+α) + 2ıπ(m+α)(z + β)

}

GK!O!KJH

M$)&#$*+&/(A%$ 43? 0"0#0+= '&<.0 "&@(1(/0+$ /$#0E$ 16- 1$.0'5%.$B

E'5..$B E010%5= C& &"$*(A+: 0+&'.( +0 "&6:&/( "51*$*+3'$= / +3#'5.0B (E09

;06:.3.$B +3+092(.)45?! P#$ 4:&'( /0<6$/&A E06$>0+$'3+:*- E010%0 3239

)+$/5E045Q &+#$'0.$B 2&#'(6= +&@+& E.0B&1<3..- 25E$%.$B "&%0+)&/$B ('&/



  !

"# $%&%'(&)*+,-#../ 01 )(-(, 2(&%.3- 2&4-(05 $(6*2 7$%83#+9.41 &%:4;

)3-5 <(2&%)#5 7(+3"(..41 #=( >#7"2(-( -4&(?:%.41@ A($&4 )(:+4-3 "%1.3>.3

"&*?.(B35 --%?%.3 .#)4 &3-.($&#-.3 <)3..3 &(<?3+%../ ?(<-(+/,"9 $&(3."%;

C&*-#"4 <#?#>* 6+/1() *<#C#+9.%.(C( (=%&.%../ D=%+/ 3 -3?&#<* $(=*?*-#"4

<#)2.%.3 /-.3 -4&#<45 .# -3?)3.* -3? 7"#.?#&".(C( )%"(?*5 - /2()* <.#1(?:%;

../ (?.3E0 <3 <)3..41 $("&%=*-#+( = ?(?#"2(-(C( 3."%C&*-#../@

 ! "#$%&'(#

F ?#.()* &(<?3+3 =*+( ?(7+3?:%.( )(?%+9 G:%H.7#;I#))3.C7#;G322%@ G#;

.# )(?%+9 E #+C%=&#0>.( 3."%C&(-.(,5 B( ?(<-(+/E %'%2"4-.( <.#1(?4"4 00

?4.#)32*@

J(?%+9 G:%H.7#;I#))3.C7#5 B( ($47*E -<#E)(?3, (?.(C( #"()# < %+%2"&(;

)#C.3".4) $(+%)5 =*+( $&(3."%C&(-#.( 7"#.?#&".4) )%"(?()@ K(="( =*+( --%;

?%.( 7"#.?#&".3 <)3..3 &(<?3+%../5 B( $&4<-%+( ?( .%(=13?.(7"3 ?(?#"2(-(;

C( 3."%C&*-#../ ?+/ "(C(5 B(= ("&4)#"4 '#<*@ L723+924 - ?#.()* -4$#?2*

2&4-#5 B( -3?$(-3?#E <#?#>35 )#E &3?  5 "( &(<-M/<24 <#$47*,"97/ - "%&)3.#1

%+3$"4>.41 '*.283H N2(=3 O"# F%E&6"&#7#P@ Q#<* =*+( -3?.(-+%.( * "%&)3.#1

%+3$"4>.41 73C)#;'*.283H@ D.#+3< $(>#"2(-41 *)(- ?(<-(+4- -4?3+4"4 "# ($4;

7#"4 (2&%)3 '3<4>.3 &%:4)4 ?4.#)324 747"%)4R <(2&%)#5 .%+3.3H.3 (784+/830

S#=35 B( 01 <?3H7.,E 3.-%&7.# .#7%+%.37"9 &3-.3- #"()#5 &%:4) T$%&%2+,>%.;

./U "(B(@

K#2(: .#)4 =*+( --%?%.( <)3..3 &(<?3+%../ ?+/ )(?%+3 G:%H.7#;



  !

"#$$%&'(#)*%++, -'%.&/ -% (0,$/12 34+/54(6#&/1 3 7/7,5,.&8/$9 :/-.%;%< =4

(>/5$9;13#;4 -#.#?9 /@,5&,&&A B+/@%2 A+# 3 .#&/$9 347#.+9 C &,(6#&.#5)

6&/1< D9;/ 7/+#-#&/2 E/ 3/&# $%(6468 &, ;4F, '/;/$/5>&% .4>,5,&G%#;42 #

H /.4& .4>,5,&G%#; 65,68/'/ 5/.9< I/@6/ 3 .#&%H (469#G%J &,/@0%.&/ /@,56#64

9-#'#;8&,&, 3%./@5#K,&&A B+/@%2 E/ $/K&# -5/@464 9 6,5$%&#0 9-#'#;8&,&40

6,6#)>9&+G%H< L,5,3#'/1 6#+/'/ $,6/.9 C 3%.(96&%(68 &,/@0%.&/(6% 5/@464 ./)

.#6+/3, %&6,'593#&&A<



  !

 !"#$% &

#'()*+,) -./+0.(.1.2+3(.4. 536278((9 :

.2(.:'*+;(.*6 3.58<,.(28(-)0+ 1;' ;+5,+= 5*+(+

1);)*80;) :5)>*.2+?

" #$%&'#(%)*+,-./ -0*)' -1,-$*.'2,-3- 4 56 7-&89#-,18,)%:/ 3(-7%(;,-<

:-0-(-3'+,-< $=>&&< ,% 2/? )*):8.* @ 2'&,*A> B%& .'C #',A8$*.* :-+#%.*

0%):#*D " 1%,-./ E-&1'(' .* $*$+%@.- $0(*$ 2'&#-F &.',* 0%2%.8:2'$ )*):89

.* ,% ):%,  5 7-&89#-,18,)%:/ & $'1G:-$?/$%(;,*. 0-:8,A'%(-.H $ >#-./

2'&,*A< B%& ,8)8 -1*, I)'2*J )-(':-,KD L$8,+8. $ 1%,'J &%1%+' @ 2'&#% &.',%

#-,):%,:* $&%@.-1'FH >#/ .-C,% &%78&08+*:* .%,'0/(>A'@< %7- 0-0828+,-<

+%):-:-< $:2*./$%,,>H %7- $8(*+*,-< 1-$C*,* 2-&)'<$%,,> &% 1-0-.-3-<

&-$,'G,;-3- .%3,':,-3- 0-(> MN OD

PB8#: #$8,+/ $*>$(>@:;)> ,8:2*$'%(;,*. $C8 / #$%&'#(%)*+,'J 47-3-(<9

7'$);#'J6 32%,*A'D Q(> :-3-H R-7 &78283:* B%&-$*J &)/$H )-(':-, 2-&0%1%@:;)>

,% +*)(8,,' &7/28,,>H >#' .-C/:; 7/:* %7- )-(':-,%.*H %7- 7-3-(<7'$);#*.*

.-1%.*D E8&/(;:%: #$8,+/ .-C,% -0*)%:* $ :82.',%? $'1,-G8,,> #',A8$-3-

1- 0-+%:#-$-3- &,%+8,; G$*1#-):' &$/#/ $ #-,18,)%:'D

&@A !1'- .2(.:'*+;(.4. 3.58<,.(28(-)06

 !"!" #$%&'()*+,,- &$./(0

" 7-3-(<7'$);#'J 32%,*A' -1,-$*.'2,*J 7-&89#-,18,)%: .-C,% -0*)%:*

#(%)*+,-< 0-(;-$-< .-18((< ?$*(;-$-F B/,#A'F #-,18,)%:/Ψ(x, t) M SNH  STOH



  !

"#$%&' ()* &+,-. /+ $ 0&)+1+,- 02"0% 3+"42"0#5%6 "2 $%47-$#8&'06 9: .  ;<.  ;=>.

&+,- "#4#?% ,* 7-42,+ "#@*$#&* AA 3$#@%3+"42"0#&+,B C$*?'+$# D-"35%6 @#E

4+$+?'"68 )%$"6""F G)+0#EH%&#8$0'3+1+. 632 $ +4"+$*,%)"+,- $*(#43- &#3+I

"#@*$#8&'06 "2?%"%J"*, )%$"6""6, K)24%"12)# LMNKO

i
∂Ψ

∂t
= −∂2Ψ

∂x2
+

c2s
2

(
|Ψ|2 − 1

)
Ψ, L!B B O

42 (+3?#42"+ ~ = 2m = 1B P-"35%6 Ψ(x, t) 8 "+),+$#"+F &#3. /+ $ +0"+$E

"+,- 0&#"% Ψ(x, t) = 1B Q 5*R +4*"*56R (#)#,2&) "2?%"%J"+0&% 0(%$(#4#8 @%

S$*43%0&F @$-3- cs $ 3$#@%3+"42"0#&% 9  ;>B

N%$"6""6 L!B B O +(*0-8 7+@2E3+"42"0#& @ $%4S&+$R-$#""6, Lc2s > 0O ()*

03%"T2""%J 1-0&*"%B M2?%"%J"%0&' 5'+1+ )%$"6""6 ,#8 "#0?%43+, ()*)+4"% +4*E

"*5% 4+$I*"* &# T#0-U 4+$I*"- $%4&$+)2""6 ξ = 1/cs &# 3+)2?65%J"*J T#0

τ = ξ/cs = 1/c2sB H)*)+4"%J ,#0S&#7 4+$I*"*. L. 63*J $*@"#T#8 ,2I% @#0&+E

0+$"+0&% $*/2@1#4#"+1+ 3?#0*T"+1+ +(*0-. ,+I"# $*@"#T*&* @ ?+1#)*D,%T"+A

(+$24%"3* D#@+$+A 3+)2?65%J"+A D-"35%A 9 ;:.  ;=>

L = ξe2πξρ0, L!B BVO

42 ρ0 8 1-0&*"+F +4"+$*,%)"+1+ 7+@2E3+"42"0#&-B

Q (+(2)24"%R )+@4%?#R ,* )+@1?64#?* 2$+?F5%F 0*0&2, $"#0?%4+3 4%A @#E

?2I"*R $%4 T#0- (+?%$ )%@"*R 3+"D%1-)#5%JB Q 4#"+,- $*(#43- ,* R+T2,+

)+@1?6"-&* &#3*J T#0+$*J ()+D%?' @+$"%S"'+1+ $(?*$-. /+ $%4(+$%4#8 &2&#E

D-"35%A C2$%0#J4#. &+7&+ $%4(+$%4#8 ,*&&8$%J @,%"% (#)#,2&)%$ 0*0&2,*B W#3#

)%@3# @,%"# (#)#,2&)%$ 0*0&2,* $ #"1?+,+$"%J ?%&2)#&-)% "#@*$#8&'06 3$2"T2,

LXYZ[\]O % 4?6 4#"+A @#4#T% +@"#T#8 "#0&-("2U

cs → c̃s = ηcs, ξ → ξ̃s = ξ/η. L!B B^O



  !

"# $%&'( )(*#)+#,-.- (*% /(012/(''3$ 4%'5.('.- /)(6$%718 5-5.#$- g9 (*%

)$1'%2 88 :;5.-'- ρ09 %541<=4- cs ∼
√
gρ0> ?- +0-+;54(6$%9 @% +#0#7 .(

+15<3 4/#',; /51 $(5A.(*-9 /(&<-/1 7<3 5-5.#$-9 6 '(*(:(.% $#'A-$- )(L /

01/'3''1 BC> >DE9 .%$; $- $%&#$% *#)+#,'% %+-5;/(.- '(A; 5-5.#$; 01/'3''3$

BC> > E>

 !"!# $%&'(')*+'&&, -./%0,&&1

F541<=4- 4<(5-,'-G %5'%/'-G 5.(' )(<-A(6.=53 '#)$1''-$ +15<3 4/#',;9

$- 5H%4;5;6$% ;/(:; '( %7'%$; 5%<1.%'19 @% 6 '(G+0%5.1A-$ .%+%<%:1,'%

'#.0-/1(<='-$ )*;7&#''3$> I(;/(&-$%9 @% 01/'3''3 6 1'/(01('.'-$ @%7%

:<%*(<='%:% 4(<1*0;/(<='%:% +#0#./%0#''3 Ψ → Ψeiθ> J%<1.%' 6 7%$#''%2

5.1'4%29 @% 0%)71<36 7/( /(4;;$- ) 01)'-$- )'(,#''3$- +(0($#.0( θK

Ψ(x→ −∞)→ 1, Ψ(x→ +∞) = eiθ. BC> >LE

M(/#7#$% )(:(<='-G /-:<37 %7'%5%<1.%''%:% 0%)/N3)4; O   PK

Ψ(x, t) =
1 + eiθ exp

(
x−x0−v(θ)t

W (θ)

)

1 + exp
(
x−x0−v(θ)t

W (θ)

) , BC> >CE

7# x0 6 +%,(.4%/%2 +%)-Q162 7'( 5%<1.%'( .(

W (θ) =
ξ

sin θ/2
, v(θ) = −cs cos

θ

2
BC> >!E

6 A-0-'%2 1 A/-7415.2 5%<1.%'(9 /17+%/17'%> R(<19 *#) /.0(.- )(:(<='%5.19

$- +%4<(7#$% x0 = 0> S;5.-'; .( 0%)+%71< H()- 5%<1.%'( / $%$#'. ,(5; t = 0

+%4()('% '( T-5> C> >

T%)+%71< :;5.-'- 6 %7-'-,'-$ )(:<-*<#''3$ :<-*-'- sin2 θ
2 .( U(0(4.#0'%8



  !

"#$% &% '()*$*+,-*))#. /*01230*4% 56/7)3 89)6+: (6;*)$-/<= /*08*(,+ ><?

$-#)# |Ψ(x)|2@ )#A)3 B C90*1#. 0$<1 Arg Ψ(x) 8* (*1A#), $*+,-*)9% D$)<=

$86E,9+:)#. 1#89(*4 θ = π@ F* )90#19=-:$3 -6;)#; $*+,-*)*;%

G#/#)# W (θ)% H*+,-*) 1#-,$)3= 4,+:4,$-: ;9-6/,I@ 349 ;9= J*K2=;LM

δV (ξ, θ) ≡
∞∫

−∞

dx(1− |Ψ(x, t)|2) = 2ξ sin
θ

2
. N&% %!O

56$: 8/*C,+: $*+,-*))*I ><$-#)# /<79=-:$3 0, G1#(4,$-P v = −cs cos θ/2% Q9?

<19A#;*@ F* 8/*C,+: -9 G1#(4,$-: $*+,-*)< 8*1),$-P 1#0)9R9P-:$3 =(#)#;

89/9;6-/*; θ ∈ [0, 2π)@ 34#. = /,0)#E6P C90 ;,A 9$#;8-*-#R)#;# *K+9$-3;#

N&% %SO% T6)G, 0)9R6))3 C90# θ@ (+3 θ < π@ 1,(8*1,(9P-: G1#(G*;<@ ;,+4,?

G*;< -9 G#/G*;< $*+,-*)< N)91894# (+3 θ > πO% T94$#;9+:)*P G1#(4,$-P



  !

"#$%&#'( ) *+,-.%"&/ 0+(.(1 2# +%-3#+%-4) θ = 0 !"#$%&'()*+ ,*"&-./0 /.'*

θ = π0 )&1*,&23(45 3#6)*6 4.'%3.).6 7%) ,%-".,%-&2 )&+8'*9:.6; 4.'%3.<

);0 5/*+ ,1&8&'% )# =;>&23(45 ?.8. @&1& 6&2 43=*9./ , $#)3=&'()%+ 3.A$%

4.'%3.); 

 !"!# $%&'()%*+( ,(-(./

B* =.18'5-&26. ".A&3/.,*+ 43&) /,&1%/.)-#)4&3; ; ,*8'5-% .-).8. 4.'%3.<

); 1 @&1.,*6 14;,.6 θ % "=*";4/&26.0 C. /,#)A DE F GH ,%-9;,&23(45 6*332,. 

I#8/. 9&A*3*0 C. >,*'(.,& @;)/$%50 5/& ."*4;2 4.'%3.) -. /,#)A;0 "%4'5 )(.8.

,J# )# ,%-".,%-&2 .-).6; 4.'%3.); D3.93. )# 2 =.1,K51/.6 LMN 1% 16%)#)*6*

"&=&6#3=&6*H O -%+4).0 >.A& @&1.,*+ 14;, θ 1&'*:*,45 )#16%))*6 "%4'5 /,#)<

A;0 ,*3%4)#)*+ .9K26 ./=#6.8. 4.'%3.); 6&2 6*332,. 16%)*3*4( ; η =&1%,0 5/

,*-). %1 =%,)5))5 DE F PH Q# 6.J'*,. '*:# ; ,*"&-/;0 /.'* ,*3%4)#)*+ .9K26

"#=#).4*3(45 -.-&3/.,*6* 19;-J#))56*0 5/% 2 =#1;'(3&3.6 /,#)A; L&:.R

1&-&A#R 2 ,*=&>;,&3* >&=&/3#=*43*/* $*> 19;-J#)( 

 !" #$%&'( )$*+,$--$.$ %/0(12--3 4-')*+($5 542-60

 !0!" 12'%- %324)2)%5 ,(-(./ 4%,&/6*())7

S'5 =.1,K51&))5 $%2T 1&-&A% 6* ,*/.=*43.,;26. 6#3.- .9#=)#).T 1&-&A%

=.14%R,&))5 DBUVMH WFFF0 FFXY Q#+ 6#3.- 3&/.J 6.J# 1&43.4.,;,&3*4( -.

9&8&3(.> %):*> )#'%)%+)*> =%,)5)(0 3&/*> 5/ =%,)5))5 Z.=3#,#8&<-# 7=%1&0

!*);4<[.=-.)& 3& %):*> =%,)5)(0 5/% 6&R3( 3.".'.8%A). )#3=*,%&'()% =.1,K51<

/* D-*, 0 )&"=*/'&-0 WFFF0 G\Y 3& ".4*'&))5 , )*>H B#3.- .9#=)#).T 1&-&A% =.1<



  !

"#$%&''( %)*+,)"-+%./ 0+1+2#3'. 4#'#5'. 2+06478 (*& 04( ,#%'(''( 9:; ; <

2+36 =.-) >&1)"&'& % '&"-.1'+2. %)?4(0#@

dF

dx
=
1

2


 −iλ csΨ̄(x, t)

csΨ(x, t) iλ


F ≡ UF. 9:;A;B<

C.- Ψ(x, t) / >'&D6''(2 1+4( % 2+26'- D&". t -& λ '&>)%&/-7"( "16*-,&47')2

1&,&26-,+2; E06( 26-+0. FGHI 1+4(?&/ % ,+>?4(0# 4#'#5'+J >&0&D# 9:;A;B< (*

>&0&D# ,+>"#$%&''( -& . %),&36''# 1+47+%)K >2#'')K Ψ(x, t), Ψ̄(x, t) % -6,2#L

'&K 0&')K ,+>"#$%&''(8 >&*4&06')K % -,&'"M6,L2&-,)N$

T (λ) = Pexp




∞∫

−∞

dxU(x, λ)


 ≡


 a(λ) b̄(λ)

b(λ) ā(λ)


 , 9:;A;!<

06 P 1+>'&D&/ +16,&-+, O&5"+'& %1+,(0*.%&''( 1+ -,&/*-+,#(2; O&'# ,+>"#L

$%&''( P N6 M.'*N#J a(λ) -& b(λ) 04( λ2 > c2s # 0)"*,6-')5 '&=#, λj ∈ [−cs, cs]8
(*# / '.4(2) &'&4#-)D'+ 1,+0+%36'+Ja(λ) ,&>+2 > '&=+,+2 &"+N#5+%&')K >2#'L

')K qj; Q)(%4(/-7"(8 R+ 0)'&2#*& 0&')K ,+>"#$%&''(8 (*& %)14)%&/ > ,#%'(L

''( 9:; ; < / -,)%#&47'+$ S   T@

a(λ, t) = a(λ, 0), b(λ, t) = e−iλ
√

λ2−c2stb(λ, 0), 9:;A; U<

λj(t) = λj(0), qj(t) = qj(0) + tλj

√
c2s − λ2

j . 9:;A;  <

V&"+%& >&463'#"-7 ,+>%W(>*. ,#%'(''( 9:; ; < 2+36 =.-) >'&506'& >& 0+1+2+L

?+$ FGHI > 6%+4$N#J 0&')K ,+>"#$%&''( 9:;A; U<8 9:;A;  <; F6-+0 +=6,'6'+J

>&0&D# ,+>"#$%&''( % >&?&47'+2. %)1&0*. 16,60=&D&/ ,+>%W(>&''( 4#'#5'+L

?+ #'-6?,&47'+?+ ,#%'(''(8 (*6 '&>)%&/-7"( ,#%'(''(2 X647M&'0&LY6%#-&'&L

F&,D6'*+; Z*R+ b(λ) = b̄(λ) = 08 -,&'"M6,L2&-,)N( '&>)%&/-7"( =6>%#0=)L



 !"

#$%&'() *$ (+,-./ 0(1#231(45 # 34(6. +0,-.*'7 %,89 -(%7*(',: ; <&(6. #,=

+$>4. 07#'3''3 ?9%&@$'>$=A9#7*$'$=B$0C9'4( 6(D'$ 0(1#231$*, # 3#'(6.

#,E%3>7: F(G (+,-$*, *$4,H 0(1#231(4 6, #,4(0,-*(#./6( +$0$69*0,1$<7)

λ = cs coshϕ *$ λj = −cs cos(θj/2)5 >9 4(D'$ @$1$ θj ∈ [0, 2π]: I$E$%&',H >7$=

E('$%&',H 9%969'* *0$'-@90=6$*0,<7 JK:!:LM5 34,H #7>+(#7>$/N =-(%7*(''(6.

0(1#2314.5 6$/ '$-*.+',H #,E%3>N

a(λ) = e
iθ
2

N∏

j=1

eϕ + e−iθj/2

eϕ + e−iθj/2
. JK:!: !M

;,4('$''3 E0$',C',O .6(# JK: :PM 1$G91+9C./*&-3 .6(#() '$ θN

θ =
N∑

j=1

θj (mod 2π). JK:!: QM

R91.%&*$*5 34,H >$/ BSIR >%3 *$4(T *0$'-@90=6$*0,<75 6(D'$ 1$+,-$*, #

'$-*.+'(6. #,E%3>7 U   VN

Ψ(x, t) =
det(1 + Ã)

det(1 + A)
, JK:!: PM

>9

Ajk =
2i
√
mjmk

eiθk/2 − e−iθj/2
, Ãjk = Ajke

i
θj+θk

2
JK:!: KM

*$

mj = sin
θj
2

∏

k 6=j

sin
θj+θk

4

| sin θj−θk
4 |

e
x
ξ
sin

θj
2
−qj(t). JK:!: WM

X0, N = 1 07#'3''3 JK:!: PM #,0(>D./*&-3 >( (>'(-(%7*(''(E( 0(1#2314.

JK: :KM: Y E0$',<7 t → ∞ 0(1#231(4 JK:!: PM -4%$>$/*&-3 1 N #7>(4096%9',O

-(%7*('7#5 4(D9' 1 34,O O$0$4*90,1./*&-3 #%$-',6 @$1(#,6 1-.#(6 θj:
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"#$#% $#%#&'#() ') *+*,-./ 01#+2/ 345 567 ',8 9:9;#(:< =) 90,*'*>;?98 .

)'+)@) 9),-;)+/5 A: 1:0)%:9;)1/>() B1:,?)1/ C/+0D-E 345 547 80 $)2*;0)1/

/()1/ ',8 +#,-+-&+)@) %-1+8++8 F%#'-+@#%* . +)1)E G1:'0-9;E .1/0/< 80* >

$-9,8 01#+2/5 H,8 D?)@) (: $-'9;*1:() B1:,?)1/ C/+0D-E 345 547 1 ')$)(-I+/

,-+-&+/ .*'*2/ 345!5J7 - )K%*B/>() ;%*+9C#%L(*;%:DE 345!5M75 N1)'82: .(-++/

z = tanh ν(x−x0)
2 (: ()I#() $%#'9;*1:;: %-1+8++8 345!5J7 / 1:@,8'-

dF

dz
=

(
A−
1− z

+
A+

1 + z

)
F, 345!5 O7

'#

A− =
ω

2ν


−i coshϕ e−iθ

eiθ i coshϕ


 , 345!5 J7

A+ =
ω

2ν


−i coshϕ 1

1 i coshϕ


 . 345!5 M7

P# %-1+8++8 > %-1+8++8( @-$#%@#)(#;%:2+)@) 1:@,8'/ - $%:1)':;? ')

;%*+9C#%L(*;%:D- 1:'/

T =
ρ

η


 αγ− −iγ

−iγ −ᾱγ+


 , 345!5!Q7

'#

ρ =
iη sinhϕ

sin θ
2

, α =
sin θ

2

sin
(
θ
2 + iϕ

)
345!5! 7

;*

γ =
Γ(−ρ)Γ(ρ)
Γ(−η)Γ(η) , γ± =

Γ(±ρ)Γ(±ρ)
Γ(±ρ− η)Γ(±ρ+ η)

. 345!5!!7
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*.32,56 T $.(C&'D3@;'1 #39)1 +#(. 4 E)$+6/E,+.&@(#D1 3#*C -2,;C3(6 &,<)

;#&63#((6 $EC/9)(('7 F 5@#*C +,-./0C 0#)A6564(3 a(λ) (.EC+.4 +,/C =>7!7 !?

$ (.E#2#* A.$1 :# $./.D3@;' (.;3C-(,*, +,2.$.*,G

θ0 = θ, θ+k = 2 arcsin
k

η
sin

θ

2
, θ−k = 2π − θ+k =>7!7!H?

6 -#I.30#+,*, $(.I)(('*, qi(0) = 0 /&' +;6J (2η − 1) -.2.*)326+7

K)2)$ /)'0,L I.; -6;&' 0+)(IC (2η− 1)B2#$+M'$#0 2#$-./.43@;' (. #/(#;#B

&63#((61 η $ '0,J 2CJ.D3@;' + 3#*C 9 (.-2'*0C1 :# 6 -#I.30#+,L ;#&63#(1 $6

<+,/0#;3'*,

v+k = −c̃s

√
1− k2

η2
sin2

θ

2
, k = 1, 2, . . . η =>7!7!N?

3. η− 1 ;#&63#(6+1 '06 2CJ.D3@;' + -2#3,&)9(#*C (.-2'*0C1 6$ <+,/0#;3'*,

v−k = c̃s

√
1− k2

η2
sin2

θ

2
, k = 1, 2, . . . η − 1. =>7!7!>?

O +,-./0C 2#$-./C 3)*(#%# ;#&63#(C1 #/,( ;#&63#( $.&,<.43@;' 3)*(,*1 3#E3#

() 2CJ.43@;'1 3#/6 '0 2)<3. ;#&63#(6+ A#2*CD3@ η − 1 -.21 '06 ;,*)32,I(#

+360.D3@ +6/ 3)*(#%# ;#&63#(C7

$%&'()* η = 2!

P2#.(.&6$C4*# )+#&D56D ;,;3)*, -6;&' 0#(02)3(#%# 0+)(IC η = 27 "#$B

-./ 3)*(#%# ;#&63#(C =3#E3# 3.0#%#1 :# A.$#+,L $;C+ θ = π? -2,$+#/,3@ /#
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b(λ) 70*$ A 2-*-;*$,$ ?7$26,$G I0 *+<$7+@3D%6 J0102@J-7%D.$,$ ,0=+,$& K+
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